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Abstract. Let V be a ternary ring of operator, and let B be a C*-algebra. We study the structure of
the ideal space of the operator space injective tensor product V @™ B via two maps:

®(I,J) =ker(g; ™" qy) and AU,J)=1s™"B+V gtmn,J.
We prove that ® is continuous with respect to the hull-kernel topology, and that its restriction to
primitive and prime ideals defines a homeomorphism onto dense subsets of the respective ideal spaces
of V ®™in B We prove that if ® = A, then ® induces a homeomorphism between the space of minimal
primal ideals of V ®"™™ B and the product of the spaces of minimal primal ideals of V and B.
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1. Introduction

The study of ideal structures in tensor products of operator algebras has been a central theme in
C*-algebra theory. Of particular interest is understanding how the ideal spaces of the individual
algebras relate to the ideal space of their tensor product. This line of investigation dates back to
seminal work on minimal tensor products and has since been extended to various tensor norms
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and categories of algebras. In this context, classical results by Tomiyama, Archbold, Lazar,
Somerset, and others have characterized the primitive and prime ideal spaces of A ™" B (see,
e.g., Kaniuth [6], Lazer [[11], Walker [13]l, Zaki [[15]]).

Motivated by these developments, we study an analogous problem in the category of ternary
rings of operators (TROs), which generalize C*-algebras by focusing on ternary operations
rather than binary multiplication. TROs arise naturally as off-diagonal corners of C*-algebras
and play a key role in the theory of Hilbert C*-modules, Morita equivalence, and non-self-adjoint
operator algebras. While the ideal theory of C*-algebras is well-developed, TROs present new
challenges due to the absence of a multiplicative structure, requiring more refined techniques
to study their ideal lattices and dual spaces.

In this work, we focus on the ideal structure of the ¢-minimal tensor product V ®™ B, This
tensor product, defined as the closure of the algebraic tensor product V ® B under a natural
ternary product inherited from their embeddings into operator spaces, generalizes the minimal
C*-tensor product and preserves the TRO structure. Despite its natural construction, the
behavior of ideals under ®™™ has not been thoroughly investigated. The goal of this paper is to
initiate a systematic study of this ideal structure and to understand the extent to which known
results from the C*-algebraic setting carry over to this more general context.

We introduce and analyze the canonical map
®:1d'(V) x1d'(B) — Id'(V @™ B), &(I1,I3):=ker(qr, ®™" q7,),

where g7, : V — V/I; and q7, : B — B/I3 denote the respective quotient maps, and Id'(X) denotes
the collection of all proper closed ideals of a space X. We examine the algebraic and topological
features of this map. Our study focuses particularly on how classes of ideals such as prime,
primitive and primal ideals are reflected and preserved under this map. We provide a complete
characterization of the image of ® in the case of primal ideals of V @™ B in terms of the
primal ideals of V and B. These results extend and generalize known descriptions from the
C*-algebraic framework to the setting of TROs.

The paper is organized as follows. In Section [2| we collect the essential background and
preliminary results on TROs and the construction of the ¢-minimal tensor product with a
C*-algebra. In addition, we discuss the associated linking C*-algebra A(V'), the correspondence
between ideals of V and A(V), and review various classes of ideals such as prime, primitive and
primal ideals, along with their topological properties.

In Section [3, we introduce and study the maps ® and A between the ideal spaces of V, B,
and V ™ B. Our primary focus is on the algebraic and topological behavior of @, including its
continuity and interaction with different classes of ideals. In particular, we show that @ restricts
to homeomorphisms onto dense subsets of the prime, primitive ideal spaces, and becomes a
homeomorphism onto its image when extended to all proper closed ideals.

In Section [4, we study the structure of primal ideals in the #-minimal tensor product
V 'min B We begin by recalling the definition and basic properties of primal ideals, followed
by a detailed analysis of how primality behaves under the canonical map ® and its interaction
with the product-type map A. In particular, we characterize the image of ® restricted to the set
of primal ideals of V ®'™" B and establish the necessary and sufficient conditions for an ideal of
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the form A(Z,J) to be primal. We also show that, under natural assumptions, the map
®: Min-Primal(V) x Min-Primal(B) — Min-Primal(V ™" B)

is a homeomorphism.

2. Preliminary Results
Let V € B(H,X) be a TRO, that is, a norm-closed subspace closed under the ternary product:
(x,y,2)—xy*z, forallx,y,zeV.

TROs naturally arise as off-diagonal corners in certain C*-algebras. In particular, following [5],
to every TRO V one can associate a linking C*-algebra A(V') given by:
cwv) Vv
% D(V)] ’
where C(V)=C*(VV*)and D(V)=C*(V*V) are the C*-algebras generated by VV* < B(X) and
V*V < B(H), respectively.

AWV) = [

Definition 2.1. Let V be a TRO, and let I =V be a closed subspace. We consider several classes
of ideals within V as follows:

(1) A subspace I is called an ideal of V if it satisfies the inclusion
IV*'V+VV*IcI.

We denote the set of all closed ideals of V by Id(V). We equip Id(V) with the weak topology
Tw, which is generated by sub-basis sets of the form

UWJ)={Ield(V):I2J}, fordeldV).
(2) Anideal P € Id(V) is said to be prime if for any ideals I,J,K € Id(V), the inclusion IJK < P

implies that at least one of I £ P, J < P, or K € P holds. The collection of prime ideals of
V is denoted by Prime(V), equipped with the subspace topology inherited from Id(V).

(3) An ideal I € Id(V) is called primitive if it is the kernel of an irreducible representation
of V. The set of primitive ideals is denoted by Prim(V'), also equipped with the subspace
topology inherited from Id(V).

We now recall a natural map that connects the ideal structure of a TRO with that of its
linking C*-algebra. The canonical map

0 :1d(V) — Id(A(V))
is defined by
0(I) := A),
where A(I) denotes the ideal of the linking C*-algebra A(V) generated by I. The following

theorem summarizes known results regarding the behavior of 6 on various ideal classes.

Theorem 2.1. The map 0 :1d(V) — Id(A(V)) satisfies the following properties:
@1) (7], Theorem 2.6) The restriction of 6 to Prime(V') is a homeomorphism onto Prime(A(V)).

(i1) ([8], Proposition 3) The restriction of 6 to Prim(V') is a homeomorphism onto Prim(A(V)).
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For each subset S of V', define
hull(S) ={P € Prim(V) | S < P}
and for each subset B of Prim(V), let
ker(B)=("|{P | P € B}.
For any ideal I of V, we have ker(hull(Z)) = I. As a consequence, we obtain
U(J)={I €Id(V) |hull)nV(J) # ¢},
where V(J)={P e Prim(V) | P 2 J}.

Let V € B(H1,X1) and W € B(Hg,XK32) be two TROs. On the algebraic tensor product Ve W,
one defines a natural triple product:

(v1®w1)(ve @ wa) (V3 ®wW3) = (V1V4V3) ® (W1W4W3),
forallv;eV,w;eW.

The ¢-minimal tensor product V ®'™® W is defined as the closure of this algebraic tensor
product under the induced operator norm in B(H; ® Hs, K1 ® Ks). That is, V o™ W <
B(H; ® Hqg,K1 ® K9) is again a TRO with respect to this ternary product. For more details,
the reader is referred to (Effros and Ruan [3], Kaur and Ruan [10]).

An important feature of this construction is that when both V and W are C*-algebras,
the t-minimal tensor product agrees with the minimal C*-tensor product:

VoMW =V o™ W,

Moreover, A(V &'™in B) = A(V)®™" B ([10], Proposition 3.1). The ¢-minimal tensor product

also behaves well under homomorphisms, as captured in the following proposition:

Proposition 2.2 ([3], Proposition 9.2.5). Let V;,W; be TROs for i = 1,2, and let f; :V; — W, be
maps. If f1 and fo are TRO-homomorphisms, then so is the map [1® fo : V1 @™V, — W, @M™in W,

3. Ideals of V ¢'™"B

In this section, we investigate the topological behavior of the canonical map

®:1d'(V) xId'(B) — Id'(V @™ B), ®(I1,I5):=ker(gr, ®™" qy,),
Alongside, we also consider the map

A 1,I3):=11 ™" B +V g™ [,

Our aim is to explore various topological aspects of ®, particularly when restricted to

distinguished classes of ideals such as primitive and prime ideals. We show that under
appropriate conditions, these restrictions are continuous and yield homeomorphisms onto

their respective images. The main results of this section are summarized in the following
theorem.

Theorem 3.1. Let V be a TRO and B a C*-algebra, then the following hold:

(i) The restriction of ® to Prim(V) x Prim(B) is a homeomorphism onto its image which
is dense in Prim(V ™™ B). If V or B is exact, then ® maps Prim(V) x Prim(B) onto
Prim(V @'™i" B),
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(i) IfI,Ke€Id'(V)and J,L € Id'(B) are such that I =K and J <L then ®(,J)< ®(K,L).
(iii) The mapping @ is 1, -continuous.
(iv) The restriction of ® to Id'(V) x Id'(B) is a homeomorphism onto its image in 1d'(V @'™» B),

(v) The restriction of ® to Prime(V') x Prime(B) is a homeomorphism onto a dense subset of
Prime(V ™" B),

Proof. (i) We first note that the map ® restricted to Prim(V) x Prim(B) is well-defined by
(14} § 21, (7, Theorem 2.6]) and the property that ker(q s,y ®™" q71,) = A(ker(qr, ®™" q7,))
(7, Lemma 2.7]). The map 6 x1 : Prim(V)x Prim(B) — Prim(A(V))xPrim(B) is a homeomorphism.
Moreover, the map ¥ : Prim(V ™ B) — Prim(A(V) @™ B) is also a homeomorphism ([10,
Proposition 3.1]). Furthermore, the map @' : Prim(A(V)) x Prim(B) — Prim(A(V)®™"B) is a
homeomorphism onto its image ([4, Theorem 5]). Thus, we obtain the following commutative
diagram

Prim(V) x Prim(B) L} Prim(V ®t™in B)

] |

Prim(A(V)) x Prim(B) T> Prim(A(V) @™ B)

Using the commutativity of the diagram, it follows that the restriction of ® to Prim(V') x
Prim(B) is a homeomorphism onto its image. If V or B is exact, then A(V) is exact by ([8, Lemma
3]). Thus the result follows from ([2, Propositions 2.16 and 2.17]).

(i1) Let I <K be ideals in V and J €L in B. Then there exists a natural *-homomorphism
Ok 1. : (V/I) @™ (B/J) — (V/K) ®™" (B/L)

which is defined on the algebraic tensor product by
Ok L(v+De(b+J)=w+K)e(b+L),

and extends by continuity to the minimal tensor product (Proposition This homomorphism
satisfies:

Ok o(qr®™" q ) = qx ®™" gz,

from which it follows that:

tmin

tmin tmin

ker(q; ® qL),

qj)<ker(qgg ®
ie.,
O, 1) D(K,L).

(iii) It remains to prove that if K € Id'(V ®'™® B) and I € Id(V), J € Id(B) satisfy ®(Io,Jy) €
U(K), there exist 7,,-neighbourhoods U; of Iy and Uy of Jj in Id(V) and Id(B), respectively,
such that ®(U, x Us) < U(K).

Since Iy and Jy are necessarily proper, it follows, by ([11, Remark 2.4]) and ([7,
Theorem 2.6(4)]) that the kernel of this map can be expressed as

ker(q 4o ®™" q.7,) = N ker(qap) ®™" q@).
(P.@)ehull(Ig)xhull(Jo)
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On the other hand, it follows from ([[7, Lemma 2.7]) that

mianO) — A(ker(qlo ®tmian0))’

and since the functor A is injective on ideals, we conclude that

ker(qA(IO) ®

tmin tmin

qJ,) = N ker(gp ® " qq),

(P,Q)ehull(Iy)xhull(Jy)
that is, @I, Jo) = Npehullly),Qehully) PP, Q). Since P is continuous on Prim(V) x Prim(B) and

®(Py, Qo) € UK) N Prim(V &™ B),
there exist open neighbourhoods Vj of Py in Prim(V) and Wy of @y in Prim(B) such that
D(Vy x Wy) < U(K). Now, define

Ui ={I €ld(V):hull)nVy # @}, Usz={J €Id(B):hull(J)n W, # @}.
Then Iy € Uy and Jy € Ug, and Uy, Uy are 1,-open in Id(V) and Id(B), respectively. Finally, let

I €Uy and J € Uy. Then, there exist P € hull(Z) nVy and @ € hull(J) " W,. Then by (ii) part,
O(P,Q)2D(1,dJ). Since P(P,Q) e U(K) and so ®(I,J) € U(K).

(iv) Consider the map ¥ : Id'(V &'™i» B) — Id'(V) x Id'(B) defined as Y(I) =y, ,Ig), Iv ={veV :
vebel,forallbeB},and Ig={beB:v®bcecl, for all v e V}. We first show that this map is
well-defined. Let I be the closed ideal in V ™™ B, then by the construction of the associated
functor A, A(I) is a closed ideal in A(V) @™ B and therefore the corresponding ideal in A(V) is
given by
.A(I)A(V) = .A(IV) ={ac€ A(V) | a®Bc A(I)}

This implies that A(Ivy) is a closed ideal of A(V) (Blanchard and Kirchberg [2]) and hence Iy is
a closed ideal of V. The same happens to Ip.

ker(qr, ®

Next, we show that the composition W o ® restricted to Id'(V) x Id'(B) is the identity map.

Let (I1,15) € Id'(V) x Id'(B) and set I := ®(I1,15) = ker(qr, ®™" qr,). It follows that I; < Iy
and Iy < Ip. Now let v € Iy. Then v®b € I = ker(q, ® q1,), and so (v+11)®(b+13) =0,
it follows that v € I;. Hence, Iy = I;. A similar argument shows Ig = I9, proving that
Yo ® =1id. We now show that ¥ is a continuous map. Consider a basic open set U(l1) x U(I9).
Then W' (UI1) x U(I2) = {I € Id(V ™" B) | hull(Iy)) n V(1) # @,hullIp) NV (I2) # @} = {I €
Id(V ™" B) | Iy 211,Ip 2 s} ={I € 1d(V e™"B) [I2V e™r[p 2V o™, [ 2 Iy ™" B 2
[18™PB} ={I e IA(V @™ B) | ] 2V ™[y [ 211 ™ B} = U(V ™" [5)nU(I1 ™" B), which
is open in V @'™i" BTt follows that ® maps open subsets of Id'(V) x Id’(B) onto relatively open
subsets of V ™ B Thus, ® is a homeomorphism onto its image.

To show density: let W, < Prim(V ®™i” B) be open subsets for 1 < r < m. Since the map
Prim(V) x Prim(B) is a homeomorphism onto its image which is dense in Prim(V '™ B) by
(i) part. There exist primitive ideals Pﬁl) € Prim(V) and Pﬁz) € Prim(B) such that CD(Pﬁl),P?)) €
W... Define

m m

I;:=NPY, I,:=NP2.
r=1 r=1

Then ®(I1,15) € {I € Id(V o™ B) | hull(I) € W, for all r}, proving that the image of ® is dense
in I1d'(V ¢'™in B).
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(v) The result follows lines similar to those used for (i) using ([8, Proposition 3]) and ([2,
Lemma 2.13(v)]). O

4. Primal Ideals of V ¢'™i» B

In this section, we investigate the structure of primal and minimal primal ideals in V @'™»B.
To do so, we begin by recalling the notion of primality for ideals in a TRO.

Definition 4.1. An ideal P of a TRO V is called primal if for every collection of ideals
J1,do,...,Jons1 €V, with n € N, the condition

J1dg - Jop1 = {0}

implies that J;, < P for some 1 <k <2n + 1. The set of all primal ideals of V is denoted by
Primal(V).

Example 4.2. Let X be a compact Hausdorff space, and let V be a TRO. Consider the
TRO C(X,V), consisting of all continuous functions from X into V, equipped with pointwise
operations. For any xy € X and any primal ideal P €V, define

I, p:={f€CX,V):f(xo)€P}.
We claim that I p is a primal ideal in C(X,V). Assume the contrary. Then there exist ideals
Jl,...,J2n+1 o C(X,V) with J1J2"'J2n+1 = {0} and Jk z Ixo’p, for all k.

Let &5, : C(X,V) — V denote the evaluation map at xo, given by &,,(f) = f(xo). Applying &,,,
we obtain TRO ideals &,,(J;) €V with

Ex()(Jl) toe gxo(J2n+1) ={0}.

Since P is primal, there exists £ such that £,,(J;) € P, implying J; < I, p, a contradiction.
Hence, I, p € Primal(C(X,V)).

Remark 4.3. An ideal P €V is primal if and only if the ideal A(P) < A(V) is a primal ideal in
the linking C*-algebra. Indeed, this follows from the fact that every ideal in A(V) is of the form
A(I) for some ideal I <V, and that the ternary product of an odd number of ideals in V reduces
to their intersection ([8]], Lemma 1). The correspondence between products and intersections of
ideals is preserved under the functor A, as is the inclusion I < P if and only if A(I) < A(P).

Proposition 4.1. For proper primal ideals I €V and J < B, ®(I,J) is a primal ideal in V ™" B.
In particular, if V or B is exact, then I @™ B +V @™ J js q primal ideal of V ™" B.

Proof. As g™ q ;:V e'™nB . V/[ ™ B/J is a ternary homomorphism, so applying the
functor A and using ([9, Proposition 4.6]) A(gr ™" q ;) : A(V)@™1 B — A(V)/.A(I) @™ B/J
is a C*-homomorphism. Since ker(A(g; @™ ¢ 7)) = A(ker(g; ®™ ¢ 7)) ([7, Lemma 2.7]) and
ker(A(qr ®™" g 7)) is primal ([15, Proposition 3.3]). Therefore, ker(q; ®™ ¢ ;) is a primal ideal
in V ®'™i" B by last remark. Second assertion follows immediately from ([8, Lemma 9]). O

Remark 4.4. Since C(X) is exact, Example [4.2] can also be obtained from Proposition [4.1I by
considering C(X,V) as C(X) ®™V ([7, Proposition 3.4]).
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The next result shows that the second part of the previous proposition also admits a converse
under the same assumptions.

Proposition 4.2. If V or B is exact and I @™ B +V @™ J is a primal ideal in V ™" B, then
I and J are primal ideals.

Proof. Using Remark A o'min B 4V gtmin gy = A(I) @™ B + A(V) @™ J ([10,
Proposition 3.1]) is a primal ideal in A(V)®™"B. Since V or B is exact, it follows from
(10, Theorem 4.4]) that A(V) or B is exact. Then by ([6, Lemma 1.2]), the ideals A(I) and </ are
primal. Consequently, I and J are primal ideals. O

We observe that an ideal I of a TRO V is minimal if and only if the corresponding ideal A(1)
is a minimal ideal of A(V). Using this fact, the proof of the next result follows along the same
lines as the proof of the previous proposition, combined with ([|6, Lemma 1.3]).

Proposition 4.3. If V or B is exact then I and J are minimal primal ideals if and only if
I e™in B 4V oM J s g minimal primal ideal in V @™ B.

The previous result shows that under the assumption that either V or B is exact, the map ®
defines a bijection from Min-Primal(V) x Min-Primal(B) onto Min-Primal(V ™" B). In the next
result, we show that ® is, in fact, a homeomorphism under a condition that is weaker than
exactness.

Theorem 4.4. Suppose that V is a TRO and B is a C*-algebra such that ®(1,J) = A,]), for
all ideals I €V and J < B. Then, the map

®: Min-Primal(V) x Min-Primal(B) — Min-Primal(V '™ B)

is a homeomorphism.

Proof. Let
®': Min-Primal(A(V)) x Min-Primal(B) — Min-Primal(A(V) eMin B ), and
A': Min-Primal(A(V)) x Min-Primal(B) — Min-Primal(A(V) eMin B )
be the maps defined in the same way as ® and A.
Since ®(I,J) = A(l, ) for all ideals I =V, J < B, applying the functor A to both sides yields
O'(AD),J) = A(A), )

for all ideals A(I) = A(V) and J < B. Thus, ® = A’. Consequently, ® is a homeomorphism by
([1, Theorem 4.1]).

Therefore, we obtain the following commutative diagram:

Min-Primal(V') x Min-Primal(B) L} Min-Primal(V ™ B)

- o

Min-Primal(A(V)) x Min-Primal(B) T Min-Primal(A(V) @™ B)

Since 0 x 1, @', and @' are all homeomorphisms and the diagram commutes, it follows that
@ is also a homeomorphism. O
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From Example we know that for xo € X and a primal ideal P of V, I, p = {f € C(X,V) |
f(xo) € P} is a primal ideal of C(X,V). Let I be an arbitrary primal ideal of C(X,V). Then A(I)
is a primal ideal of C(X,A(V)) (see Remark [4.3). By ([15, Proposition 4.2]), we have

A) =1, 4p) = Al xy,pP)
for some primal ideal P of V. It follows that I = I, p. Thus, we obtain the following result:

Proposition 4.5. Suppose that I is a primal ideal of C(X,V). Then there exist xo € X and a
primal ideal P of V such that

I=1I,p.
Example 4.5. Let HH be an infinite-dimensional separable Hilbert space and V be an exact TRO.

Then C(X,V) is also exact, since its linking C*-algebra C(X,.A(V)) is exact. By Propositions
and it follows that

Iy p ®™2 B(30) + C(X,V) @™ K(F{)
is a primal ideal of C(X,V).

5. Conclusion

We analyzed the ideal space of the operator space injective tensor product V ®™" B where V is
a ternary ring of operators and B is a C*-algebra. The map

(I, J) =ker(qr 8™ g )

was shown to be continuous, and its restriction to primitive and prime ideals defines a
homeomorphism onto dense subsets of the respective ideal spaces. Under the condition ® = A,
the minimal primal ideals of the tensor product correspond directly to the minimal primal ideals
of V and B. These results provide a clear framework for understanding the structure of ideals
in operator space tensor products and offer directions for further research in this area.
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