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1. Introduction

The Euler’s integral of second kind, which is commonly referred to as the gamma function, is
defined as

T(u)= f et de,
0
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for u > 0 and satisfies the basic properties

I'u+1)=ul'(n),

I'(s+1)=s!, seNp,
where Ng = NU {0} and N = {1,2,3,...}. It is frequently chanced upon in the theory of
special functions. This is largely due to its strong relationship with other special functions.

Its applications span across almost every scientific discipline. The upper incomplete gamma
function is defined as

[(u,y)= foot”_le_tdt, (1.1)
for u >0, Whilsty the lower incomplete gamma function is defined as

Y(u,y) = fy t“ e tdt, (1.2)
for u>0.Itis egsily observed that

y(u,y)+T(u,y) =T(u). (1.3)

The incomplete gamma functions are non-trivial generalisations of the ordinary gamma function.
A lot of their special cases have applications in areas such as statistics, probability theory,
mathematical physics and engineering. They were first considered by Prym [[15] and as result,
they are also called Prym’s functions. For the purpose of this study, we are interested in the
upper incomplete gamma function. It satisfies the following properties among others [7,13]

IF'wu+1,y)=ul(u,y)+y“e™”, (1.4)
0
—T(u,y)=—-y*“ e, (1.5)
Oy
m—1 ys
I'(m,y)=(m-1)le™” Z - meN. (1.6)
s=0 °°

Closely connected to the upper incomplete gamma function is the classical exponential integral
function which is defined as [[1}, p. 228],

oo e—t
E(y):f —dt 1.7
y t
oo e—yt
:f —dt (1.8)
1 t
=I00,y), fory>D0. (1.9
A generalised version of the exponential integral function is defined as [6,/13]],
o0 ,—t
Ek(y):yk_lf i—kdt (1.10)
y
0o e—yt
= f ——dt (1.11)
1t
= y* T (1~ &, ), (1.12)

for y > 0, where % € (—00,00). The particular case E1(z) = E(z) is otherwise known as the Theis
well function [2].
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Derivatives of the generalised exponential integral function are given as [6]]

E;;)(y) =(-1) f - "RV dt (1.13)
1

=(-1YEp_r(y) (1.14)

= (=1 y* DL =k +1,y). (1.15)

The exponential integral function has many applications in areas such as transient
groundwater flow, hydrological problems, mathematical physics, engineering, quantum
mechanics, and applied mathematics. Due to this, it has been studied along different directions.
Interested readers may refer to Barry et al. [2], Bhandari and Bissu [3], Chiccoli et al. [5], Lin et
al. [9]], Salem [[16], Sroysang [17], Sulaiman [18], Zenku et al. [21] and the references in there.

Nantomah [11]] established the following mean inequalities,

1
E(y)+E (—) =2I'0,1), y>0, (1.16)
y
1
E(y)E(—) <I(0,1)?%  y>0, (1.17)
Yy
2E(y)E(1/y)
——<TI(0,1), > 0. (1.18)
E()+E(/y) '
Later on, Nantomah [12] extended (1.18) to the generalised exponential integral function by
proving that
2E 1, (y)E,(1/y)
<I'(1-~%,1), >0, keN. (1.19)
Ex(y) +E(1/y) ’

Motivated by the works [11] and [12], the goal of this paper is to, among other things, extend
(1.16), and to derivatives of the generalised exponential integral function. Results of
this nature, concerning other special functions can be found in the works of Bouali et al. [4]],
Li and Qi [8], Matejicka [[10]], Yildirim [19], Yin et al. [20]. We present our results in the next
section.

2. Results and Discussion

We begin with the following result which is known in the literature as ’'Hospital rule for
monotonicy.

Lemma 2.1 ([14]). Let —co < a < B <00 and f and g be continuous functions that are
differentiable on (a, ), with f(a+) = g(a+) =0 or f(f-) = g(B-) =0. Suppose that g(y) and

g'(y) are nonzero for all y € (a, B). If % is decreasing (or increasing) on (a, f8), then % is also
decreasing (or increasing) on (a, B), respectively.
Lemma 2.2. For m €N, the assertion

I'm,y)-T(m+1,y)<0 (2.1)

is true, that is, for a positive integers m, the function I'(m,y) is increasing in terms of m.
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Proof. By applying (1.6), we have

lys s
I'm,y)-T(m+1,y)=(m— 1)'e_yZ——m' Y =
=0 8!

-1 s m-1 .s m

- Yoy

= Dle™ — —mle™V AT A

=(m=Dle- Z me Lg(’)s! m!

= m-1,,s
=(m-1le™” Z y——m!e_y Y y——yme_y
s=0 s! $=0 s!
-1
=(1—m)(m—1)'e_ymz’ Y —yme™
. s=0 s!
<0.

Lemma 2.3. Let y >0, r e Ng and k €N such that r—k +1=0. Then, the function

is increasing if r is even and is decreasing if r is odd.

Proof. By differentiating and applying (1.14), we have
P'(y)=EV " D(y)+yEV(y)
= (-1 Ep ) + ¥~ 1 PEp_ra2)(¥)
= P(y).

Suppose that r is even. Then with the aid of identity (1.15) and Lemma we arrive at

O)=-Er_¢+1) M)+ YEL_+2)(y)
=y* T2 (r -k +3,y)-T(r—k +2,y)]
> 0.

By the same procedure, if r is odd, then we arrive at ¢(y) <O0.
Theorem 2.1. Let y >0, r e Ng and k € N such that r = k. Then
1
EV(y)+EY (—) >20(r—k+1,1)
Yy
holds if r is even, and
1
EV()+EY (—) <-2I(r-k+1,1)
y

holds if r is odd. In both cases, equality occurs if y = 1.

(2.2)

(2.3)

(2.4)

Proof. The cases for y =1 are easy to establish. For this reason, we shall prove the results for
only y € (0,1)U(1,00). Let A(y) = EV(y) + E{(1/y) for y € (0,1)U(1,00), r € N and & € N. Since
A(y) remains the same when y is replaced with 1/y, it suffices to prove the results (2.3) and

(2.4) for y € (1,00). Now suppose that y € (1,00). Upon differentiating, we obtain

y y

= h(y).
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At this stage, suppose that r is even. Then, the increasing property of the function P(y) in
Lemma [2.3|implies that, for y > 1/y, we have P(y) > P(1/y). Thus, h(y) > 0 and accordingly, A(y)
is increasing.

Therefore, for y € (1,00), we have

Ay)> lim A(y) = 2EV(1)=20(r—k +1,1),
y_, +
which gives rise to (2.3). Likewise, suppose that r is odd. Then, the decreasing property of

the function P(y) in Lemma [2.3]implies that, for y > 1/y, we have P(y) < P(1/y). Thus, h(y) <0
and accordingly, A(y) is decreasing. Therefore, for y € (1,00), we have

A(y) < lim A(y) = -2E;”(1)= -2~k +1,1),
y— +

which gives rise to (2.4). O
Lemma 2.4. Let y >0, r € Ng and k € N such that r = k. Then, the function
E(r+1)(y)
B(y)=y—r—— (2.5)
ED(y)

is decreasing.

Proof. With the aid of identity (1.15), we have
YEYVO) Te-k+23) _ i)
Eg’)(y) IF'r-k+1,y) gi1(y)’
where f1(y)=1T(r—-k+2,y), g1(y)=TI'(r—-k+1,y) and f1(c0) = g1(c0) =0. Then
1) 3 —e Yy h+l

—B(y)=-

g1) e yyrk -
and

(f{(y))’_1>0

g1 '
Hence, gg is increasing and by Lemma —B(y) is increasing. Therefore, B(y) is
decreasing. O

Theorem 2.2. Let y >0, r e Ng and k € N such that r = k. Then
1
EV(EY (—) <I(r—-k+1,1)% (2.6)
Yy
Equality occurs if y = 1.

Proof. The case for y =1 is easy to establish. Due to this, we shall prove the results for only
y €(0,1)u(1,00). Let G(y) = EV(»EV(1/y) for y € (0,1)U(1,00), r € Ng and & € N. Since G(y)
remains the same when y is replaced with 1/y, it suffices to prove the result for y € (1,00).
Now let y € (1,00). After differentiating and rearranging, we obtain
9,(3’) E2r+1)(y) 1 E2r+1)(1/y)
Y5 Y EDG) vy ED = aly).
Dy ¥ EDWy)
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The decreasing property of the function B(y) in Lemma [2.4] implies that, for y > 1/y, we have
B(y) < B(1/y). Thus, a(y) <0 and consequently, G(y) is decreasing.
Therefore, for y € (1,00), we have

S < lim () =B =T~k +1,1)%,
y—1*
which gives rise to (2.6). O

Corollary 2.3. Let y >0, r e Ng and k € N such that r = k. Then, the limits
E(r+1)(y)
=0t EL(y)
EPWETP()  r-k+2
im =
y—0* (EZH)(y))Z r-k+1’

=—(r—k+1), 2.7)

(2.8)

are valid.

Proof. By using identity (1.15)), we have
. EVPy  Tr-k+2,y) Tr-k+2)
11m+y—(r) =— lim Tor—h+l ):_F( v D)
y—0 Ek (y) y—0 r—-r+1,y r—Rr+
=—(r—k+1).

Similarly,
EPOEW) T —k+ 1) —k+3,)
im = m
=0 By =t Tk 2,y
_Tr-k+DI'(r-k+3)
- (T(r-k+2)2
_r=RMr-k+2)! r-k+2
T (r—k+D)?  r—k+1’
Lemma 2.5. Let y >0, r € Ng and k € N such that r = k. Then, the function
yEg+l)(y)

(EPw)

is decreasing if r is even and increasing if r is odd.

T(y) = (2.9)

Proof. A direct computation yields
E(r+1)( ) ! E(I“+1)( ) E(r+1)( )
PG} ) 1. ( PR ) PG
B) B) ) T P2
E,(y) ) E, () E,(y) ] (E, ()
2
(yEg+1><y>)’_ (E;;“’(y))
E"(y) EY(y)
In view of Lemma the expression in the square brackets is negative. Also, Eg)( y)>0if ris
even and Ez)(y) <0 if r is odd. Therefore, T'(y) < 0 if r is even and T'(y) > 0 if r is odd. O

T'(y)= (y

B 1
EZ)(y)
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Theorem 2.4. Let y >0, reNg and k € N such that r = k. Then
2BV ()E(1/y)
EP () +E]Wy)

holds if r is even, and
2E(y)E} (1/y)
E () +E}(1/y)

holds if r is odd. In both cases, equality occurs if y = 1.

<I'(r-k+1,1) (2.10)

>-I'(r-£+1,1) (2.11)

Proof. The cases for y =1 are easy to establish. For this reason, we shall prove the results for

2BV (nEY (1/y) :
only y € (0,1)u(1,00). Let H(y) = —oi——5——, for y €(0,1)uU(1,00), r € Ny and & € N. Since H(y)
E, (N+E,"(Uy)

remains the same when y is replaced with 1/y, it suffices to prove the results and
for y € (1,00). Now suppose that y € (1,00). After differentiating and rearranging, we arrive at
1 1 1%y EYPe) 1ETPWy
"E9G) " EDwm 70 T @0GE v @0y
At this stage, suppose that r is even. Then, the decreasing property of the function 7'(y) in
Lemma implies that, for y > 1/y, we have T'(y) < T(1/y). Thus, D(y) < 0 and consequently,
H(y) is decreasing. Therefore, for y € (1,00), we have

Hy) < lim () =E(D=T(~k+1,1),
y— +

=D(y).

which gives (2.10).

Similarly, suppose that r is odd. Then the increasing property of the function 7'(y) in
Lemma implies that, for y > 1/y, we have T'(y) > T'(1/y). Thus, D(y) > 0 and consequently,
H(y) is increasing. Therefore, for y € (1,00), we have

H(y)> lim () =E’1)=-T~k+1,1),
y— +
which gives (2.11). O

3. Some Remarks
Remark 3.1. Lemma [2.3]implies that
EV () +yETP(5)>0 (3.1)
if r is even and
EV () +yETP(y) <0 (3.2)
if r is odd.

Remark 3.2. The decreasing property of the function B(y) in Lemma [2.4]implies that
EZ'-F 1)(y)
y—
for y >0, r €Ny and k& € N such that r = &.

<—(r-k+1) (3.3)
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Remark 3.3. Lemma [2.5implies that
EVWET P (5) + yEVET P (y) - 2BV D(y)%]

<(>)0 (3.4)
[EY ()P
if r is even (odd), respectively. This also implies that
EVWMET V() + yIEVWET(y) - 2BV P())*1 <0, (3.5)

for all r € Nj.

Remark 3.4. If r =0 in Theorem then we obtain (1.19) as a particular case. Also, if r =0
and k& =1 in Theorem Theorem [2.2| and Theorem then, we respectively obtain (1.16),
(1.17) and (1.18). Therefore, this paper is a generalisation of the papers [11] and [12].

4. Conclusion

We have established arithmetic, geometric and harmonic mean inequalities for derivatives of
the generalised exponential integral function. The results obtained serve as generalisations of
some known results in the literature. Also, along the way, we established some limit properties
involving certain ratios of the function. The findings further broaden the areas of application of
the function.
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