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Abstract. In 2008, Tao and Wang [3] proved a uniqueness theorem of meromorphic functions whose
some nonlinear differential shares 1 IM with powers of the meromorphic functions. In this paper,
we improve their results by introducing another transcendental meromorphic function. We prove
uniqueness theorem of differential polynomials of two transcendental meromorphic functions whose
some nonlinear differential shares 1 IM with powers of the meromorphic functions, where the degrees
of the powers are equal to those of the nonlinear differential polynomials.
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1. Introduction and Definitions

The meromorphic functions mentioned throughout the paper will mean meromorphic in
the whole complex plane. For any non-constant meromorphic function f, S(r, f) means

S(r,f)=0o(T(r,f)),
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possibly outside of a set of finite linear measure. Let f and g be two non constant meromorphic
functions defined in the open complex plane C and let a € CU{oo}. If f —a and g —a have
the same zeros CM (Counting Multiplicities) and IM (Ignoring Multiplicities) then we say that
f and g share the value ‘a’ CM and IM respectively. Similarly, f, g share ‘c0’ CM or IM means
that %, é share ‘0’ CM or IM respectively. For the standard definitions and notations on value
distribution theory we refer Hayman [1].

In 2018, Tao and Wang [3]] proved the following theorem.

Theorem 1.1 ([3]). Suppose [ is a non-constant meromorphic function, k is a positive integer, n
is a positive integer and satisfies 2n = 3k + 13+ V9E2 + 62k + 129, if f™(f —1) and f*1(f —-1)f®
share 1 IM, and the zeros of f — 1 with multiplicity 2 at least, then f = f®.

Here we mainly extend Theorem 1.1 of Tao and Wang [|3]. We consider two differential
polynomials fPg?(f —1)0(g—1) and fP 1g971(f - 1)(g-1)f® g® formed with two transcendental
meromorphic functions f and g such that they share 1 IM and then study the uniqueness of
them.

Let f(z) and g(z) be two meromorphic functions and a;, 1 <i <(p +1)(q + 1) are small
functions of either f or g. Set

p+lg+1
Ppo(f,8)=Y. Y ag-1ygsnifP gt 7!
i=1 j=1
=a1fPg+asfPg?  + - +agifP +agiaf’ gl +ag.sfP g+
+agqinfP T+ apgin18T + apgenia8 T+ A (1.1)

2. Lemmas

In this section, we present some lemmas which will be needed in the sequel.

Lemma 2.1. Let f and g be two transcendental meromorphic functions with N(r,f)=S(r,f),
N(r,g)=S(r,g). If a1 #0 in (L.1), then

T(r,Ppo(f,g)zpT(r,f)+qT(r,g)+S(r,f)+S(r,g).

Proof. Let b; = a(i_+11’ 1<i<(p+1)g+1)—1. Then b;’s are meromorphic functions satisfying

T(r,b;)=S(r,f) as r — oco.
Further

Pp,q(f,g):alfpgq q) ( q+1 q+2 et 2q+1) N

gt )\ e T e

" (bp(q+1) n bpg+1+1 R b(p+1)(q+1)—1)]
fP fPg fp gt

%
1+—+---4
g

For sufficiently large r, set

1
A(z) = max {maxlbiIT}.
1<is(p+1)(g+1)-1\ |z|=r

Let E1 =1{0:0<0 <27, |f5(rei®)gl(re?)| = [2A(re'?)F 4D+ 0 <s<p and 0 < ¢t < q}, Eg =
[0,271\E;.
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On E, we have

Py o(f @)= laslIf1Plgl? [(1— % ----- :;qq') _ ('bl‘;jll' + 'll;q”*;' A ||l,)02||§|1q|) .
_ (lbp(q+l)| N 1D p(g+1)+1l i |b(p+1)(q+1)—1|)]
If1P If1P1gl If1Plgl?
ctasippignfi- AL A (A0 (Ao
2A(2) [2A(2)]4 [2A(2)]9+1 [2A(2)]29+1
[A(z)]p(qﬂ) [A(Z)]p(q+1)+1 [A(z)](p+1)(q+1)—1
} ([2A(z>]p<q+1> " 2A@PEDT T A a1 )]
] (SO T T NSO
1 1
- (2p(q+l) ot 2(p+1)(q+1)—1)]
_lasllf1P1g1?

T 9(p+D(g+D)-1"
Now

pm(r,f)+qm(r,g)=m(r,fg9)

1 1
:—f log+|fp(z)gq(z)|d9+—f log™ |fP(2)g%(2)|d0
21 JE,
2(p+1)(q+1) 1

2n
<_\[
lal

27
+— f log*[2A(2)1P4 D+ g9
271 Jo

—————IPpq(f ,g)l] do

=m(r,Pp o(f,8)+S(r,f)+S(r,g) (since a; are small
functions of either f or g). (2.1)
Again since N(r,f)=S(r,f), N(r,g)=S(r,g) and a; are small functions of either f or g, thus
N(r,Ppo(f,8)=8(r,f)+S(r,g). (2.2)
Therefore, from and (2.2)), we have
T(r,Ppqo(f,8)=mr,Ppo(f,8)+ N(r,Ppo(f,8)
>pm(r,f)+qm(r,g)+S(r,f)+S(r,g)
=pT(r,f)+qT(r,g)+S(r,f)+S(r,g). O

Lemma 2.2 ([2]). Let f be a non-constant meromorphic function with zero point of f — 1 is at
least 2, then

_ 1 _ f - (1
N(r,—) SN(r,—) <N(r,f)+N r,—)+S(r,f).

f-1 1! f
Lemma 2.3 ([3]). Suppose F and G are non-constant meromorphic functions and satisfy
Z\_/'(r,F)+N(r,}%) =S(r,F), N(r,G)JrN(r,é) =S(r,G). If F and G share a non-zero constant
a IM, then F =G or FG = 1.
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3. Main Theorems

Theorem 3.1. Let f and g be two transcendental meromorphic functions with N(r,f)=S(r,[),
N(r,g)=8(r,g). Let F = fPgi(f - 1)(g-1) and G = fP 1g? X (f - (g - Df® gD, where k, I, p
and q (at least one of p or g = 2) are four non-negative integers. If F and G share 1 IM, then
S(r,F)=Sr,G)=8(r,f)+S(r,g).

Proof. According to Lemma 2.1, we obtain

Tr,F)z(p+1T(r,f)+(@+1D)T(r,g)+Sr,f)+S(r,g). (3.1)
Also,

Tr,F)<T@,f)+T(r,g)+T(r,f-1)+T(r,g—1)

<(p+1T,f)+(q+1)T(r,g)+01). (3.2)

From and (3.2), we have

S(r,f)+S8(r,g)=0Q). (3.3)
Hence

Tr,F)=(p+1)TF,f)+(@+1)T(r,g)+0(1). (3.4)
From and (3.4), we obtain

S(r,)+S(r,g) _ o)

T(r,F) (p+DT(r,f)+(@+DT(r,g)+0(1)

ie.,

S, f)+S(r,g)=0(T(r,F))=S(r,F). (3.5)

Further using second basic theorem, since F' and G share 1 IM, we obtain

T(r,F)SN(r,Fi1)+N(r,%)+Z\7(r,F)+S(r,F)
L +J\7(r,%)+N(r,ﬁ)+]\7(r,§)+]\7(r,gil)
+N@r,f)+N@r,f-1)+N(r,g)+N(r,g—1)+S(r,f)+S(r,g)
<T(r,G)+2T(r,f)+2T(r,g)+S(r,f)+S(r,g).
Thus, using and (3.4), we have from above
Tr,G)z(p-DT(,f)+(q-DT(r,8)+0(). (3.6)

Also, from and (3.6), we obtain
S(r,f)+S(r,g) - o)
T(r,G) (p-DT(r,f)+(q-1T(r,g)+0(1)
and since at least one of p,q =2, thus
S, f)+S(r,g)=o(T(r,G)) =S(r,G). 3.7

Hence (3.5), (3.7) give the required result. O

sN(r,

Theorem 3.2. Let f and g be two transcendental meromorphic functions with N(r,f)=S(r,[),
N(r,g)=S(r,g). Let F = fPgi(f - 1)(g-1) and G = fP Lg% 1(f - 1)(g - Df P g, where k, I, p

Journal of Informatics and Mathematical Sciences, Vol. 17, No. 2, pp. [163 , 2025



Uniqueness of Two Transcendental Meromorphic Functions...: D. Banerjee and I. Ghosh 167

and q (at least one of p or q =2), p>3k+1, q >3l +1 are four non-negative integers. If F and
G share 1 IM and the zeros of f — 1 and g — 1 are with multiplicity 2 at least, then fg=f®g®.

Proof. Let H=(fr - #5) - (& - %)
Case 1.H¢0.ThenF¢G.SetU:FFT'1_GL_'1.

Subcase 1.1. U =0.
Then

F=CG+1-C, C#0isaconstant. (3.8)

If C =1, then F =G, a contradiction. Therefore, C # 1.
Thus, from (3.8) we have

i__ €
G F-(1-C)
ie.,
_ 1 _ 1
N(T‘,a)—N(f‘,m). (39)

Now ifN(r, %) #8S(r,f), 3 z9 € C such that f(z) = 0.
Putting z = z¢ in (3.8), we get C =1, a contradiction.

Thus,

N r,%) =8, f).

Similarly, we get
1

g—-1

N r,§)=S(r,g), N(r, )=S<r,f>, N(r, )zS(ng)-

f-1

_ 1 _ 1 - 1 - 1 - 1
N r,—)SN(r, )+N(r, +N(r,—)+N(r,—)
fr1 g1 f-1 g-1
f g

r,m)'i'N r,E)+O(1)

- 1 _ 1 f(k) @)
SN(r,—) +N(r,—) +S(r,f)+S(r,g)+T(r,—) +T(r,—) +0(1)
f g f g
f(k)
<S(r,f)+Sr,g)+T r,—)+T

f
(k) (k) @) @)
:m(r,fT)+N(r,fT)+m(r,g?)+N(r,g?)+0(1) (using (3.3))

sk]\_/'(r,f)+k]\_/'(r,% +l]\_/'(r,g)+l]\7(r,§) +0(1)

)
ng—)+ou)
g

(k) 0]
(since m (r, £ ) = S(r, f) and m (r, £-) = S(r, ).
Thus, using (3.9),

N ) =0(1).

( 1
"F_1-0)
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Now using Lemma 2.1 and (3.3), we get
(p+DT(r,f)+(q@+DT(r,g)+O01)<T(r,F)

SN( ﬂ+N

"E )+N(r,F)+O(1),

(“F—u—C)
(by second basic theorem)

=0(1), a contradiction.

Subcase 1.2. U #0.

Firstly, suppose that f and g have no common zero.

Let zg is a zero of f with the multiplicity r and z; is a zero of g with the multiplicity s (r,s # 0).
Then, z¢ is a zero of 1% with the multiplicity pr -1, a zero of GL—,l with the multiplicity
(p—-Dr+r—-k—-1=pr—k—1and z; is a zero of FL_,l with the multiplicity gs —1, a zero of GL_,I
with the multiplicity (¢ —1)s+s—-1—-1=¢gs—1—1. Thus, U has zero at z¢p with multiplicity
p —k —1 and has zero at z; with multiplicity ¢ —/ — 1. Noting that m(r,U) = O(1), we have

(p—k—l)]\_f(r,l)+(q—l—1)N(r,l) SZ\_/(r,i)+O(l)
f g U
<T(r,U)+0()

<N(r,U)+0(1)
(F-1) )+N(r,(G_1)

sN(r, )+0(1)

F-1 G-1
_ _ 1 _
=N(r,F-1)+N NE 1 +N(r,G-1)
+N(r,G1_1)+O(1). (3.10)
Now where I,%l and ﬁ have poles, there G; also has poles. Thus,
F—l
_ 1 _ 1 _ 1 _ 1
N(r,F_l)SN(r,%) and N(r,G_l)SN(r,%). (3.11)
Thus, from (3.10) and (3.11) and since N(r,F) = O(1) = N(r,G), we get
- 1 _ 1 _
(p—k—l)N(r,—)+(q—l—1)N(r,—)SZN rG +0(1)
f g Z-1
(k) ()
< 2T(r,f—g) +0(1)
fg
(k) () (&) (1)
:2m(r,f g )+2N(r,f fj )+0(1)

<2 +0(1)

EN(r,f)+EN (r,%) +IN(r,g)+IN (r,é)

(since m (r, f(l;)g(l)) =0(1))
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=2kN (r,l) +2IN (r,l) +0(Q)
f g

Hence
(p-3k-1)N (r%) +(g-3I-1)N (r,é) =0(1)

= N(r,é) =8(r,g) and N(r,%) =8, 1), (3.12)

because p >3k +1,qg>3[+1.

Secondly, suppose that / and g has atleast one common zero.
Let z¢ is a zero of f with the multiplicity r and a zero of g with the multiplicity s (r,s # 0).
Then z is a zero of FL—,l with the multiplicity pr+qs—1, a zero of GL—,l with the multiplicity
(p-Dr+(g—1s+r—k+s—-1—-1=pr—k+qs—1—1.So z is a zero of U with multiplicity atleast
p—k+q—1-1.Noting that m(r,U) = O(1), we have

(p—k+q-31-1)N (r,l) +2IN (r, 1) <2kN (r,l) +2IN (r,l) +0(1)
f g f g

= (p+q—3k—3l—1)]\7(r,%)=0(1)

= N(r,%) =0() (3.13)

because p>3k+1,q>3l+1.
We can also write

2kN(r,1) +(p-3k+qg—-1- 1)]\_/'(r,1) SZk]\_/'(r,l) +2l1\7(r,l +0(1)
f g f g

= (p+q—3k—3l—1)]\_/'(r,§)20(1)

e N(r,é) =0(1) (3.14)

because p >3k +1,q>3l+1.
In all cases, from second basic theorem, we get

T(r,F)SN(r,%)+]\_/'(r, )+]\7(r,F)+S(r,F)

F-1

sN(r,%)+N(r,§)+N(r,%

1 )+J\7 r, 1 +0(1)
g-1 &1

(using (3.11) and since N(r,F) = O(1))

+]\7(r,

<(k+2)N (r, %) +(+2)N (r, é) +0(1)  (by Lemmal[2.2)and since
N(@r,f)=S(r,f),N(r,g)=S(r,g))
=0(1)  (using (3.13), (3.14)),

a contradiction.
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Case 2. H =0.

Then
1 A

F-1 G-1
Subcase 2.1. Suppose N(r, %) =8(r,f) and N(r, ) = S(r,g). Then, N(r,F)+N(r, %) = S(r,F) and
N(r,&)+N(r,$)=S8(r,G). Thus, by Lemma 2.3, we get F =G or FG = 1.

First suppose that F = G. Then fg = f® gD, conclusion established.
Next suppose that FG = 1. Then, we get

rg
fngZq(f _ 1)2(g — 1)2 = f(k)g(l) )

+B. (3.15)

So,
F®) g
T(r,fg%(f -1)%(g - 1> +0Q)<T (r, 7) +T (r, ?)

= Cp+2T(r,/)+Q2q+2)T(r,g)<kT(r,f)+I1T(r,g)+0(1) (using Lemma [2.1)
= @Cp+2-R)T(r,/)+Q2qg+2-1)T(r,g)<0(1),

a contradiction since p >3k +1, ¢ >3 + 1.

Subcase 2.2. Suppose N(r,%) # S(r,f) or N(r,é) # S(r,g). Without loss of generality let
N(r, ) #8(r,f). Then, 3 29 € C such that f(zo) =0.
Putting z = z¢ in (3.15), we get B=A — 1.

First suppose that A = 1. Then B = 0 and thus F = G, ie., fg = f®g®, conclusion
established.

Next suppose that A # 1. Then, we get

G 1 1
7 _ g (3.16)
_ A
F A-1fp_— 21
Now from Lemma we have
(p+DT(r,f)+(q+DT(r,g)
<T@r,F)+0(Q)
_ 1 _ 1 - .
<N (r, —) +N|r, " +N(r,F)+0(Q) (by second basic theorem)
F F-33
_ 1 _ 1 _ 1 . 1 - G .
SN(r,— +N(r,—) +N(r,—) +N r,—) +N r,—) +0(1) (using (3.16))
f f-1 g g-1 F
(1 _ 1
<2T(r,f)+2T(r,g)+kN (r, ?) +IN (r, E) +0(1) (using Lemma [2.2))
<@Q+RT(r,f)+2+DT(r,g)+0(Q).
Therefore,
(p-1-R)T(r,f)+(q-1-DT(r,g)=0(1),
a contradiction.
Hence the theorem. O

Journal of Informatics and Mathematical Sciences, Vol. 17, No. 2, pp.[163 , 2025



Uniqueness of Two Transcendental Meromorphic Functions...: D. Banerjee and I. Ghosh 171

Example 3.1. Let f =e?, g=e"?,k=1,1=0, p=4, g =3. Here f and g are two transcendental
meromorphic functions with N(r,f)=S(r,f) and N(r,g)=S(r,g). Also, k, L, p, q satisfy all the
conditions of Theorem

Now F = —(e? —1)? and G = —(e? — 1)2. Thus, F and G share 1 IM.
Hence our chosen functions and integers satisfies all the conditions of Theorem except
the zeros of f —1 and g — 1 are with multiplicity 2 at least.

But fg=1=f®g® Hence, the conclusion established.
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