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Abstract. We are interested in one dimensional nonlinear stochastic partial differential equation: the
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1. Introduction

It is well known that the Burgers equation is not a good model for turbulence. It does not display
any chaos; even when a force is added to the right hand side all solutions converge to a unique
stationary solution as time goes to infinity.

However the situation is totally different when the force is a random one. Several authors
have, indeed, suggested to use the stochastic Burgers equation as a simple model for turbulence
(I, 12, 131, 191). The equation has also been proposed in ([10]) to study the dynamics of
interfaces.
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Here we consider the generalized Burgers equation with a random force which is a space-time
white noise
ou(t,x) 0%u(t,x) W
= -0 t,x)+ —— 1
Py P52 of (u(t,x)) FYE (1)

where p is the viscosity coefficient and, W(t,x), t=0, x € R is a zero mean Gaussian process

whose covariance function is given by
E [W(t,x)W(s,y)] =({tAS)xAy), t,s=0,x,yeR.
Alternatively, we can consider a cylindrical Wiener process W by setting
oW X
Wit)=—= Zﬁheh, (2)
ox ;=

where {e;,} is an orthonormal basis of L2(0,27) and {8} is a sequence of mutually independent
real Brownian motions in a fixed probability space (Q2,F,P) adapted to a filtration {F;};>¢. The
series (2) defining W does not converge in L?(0,27) but it is convergent in any Hilbert space U
such that the embedding

L*0,2m)cU

is Hilbert-Schmidt ([5]).
In the following we shall write (I) as follows:
?u(t,x)

0x?
where W is defined by (2). We assume that f : R — R is a locally Lipschitz continuous function.

du(t,x)=|p —0xf(u(t,x))|dt+dW, x€[0,2n], t>0, (3)

Equation (3) is supplemented with Dirichlet boundary conditions
u(0,t)=u2n,t)=0, (4)
and the initial condition

u(x,0)=uo(x), x€[0,27]. 5)

Our aim in this paper is to prove problem (3) with boundary and initial conditions (4), (5) has a
unique global solution.

The next section, we set the notations, introduce the stochastic convolution and prove local
existence in time.

2. Local Existence in Time

Define the unbounded self-adjoint operator A on L2(0,2n) by
%u

0x2’

for u on the domain

D(A) = {u € H%(0,27) : u(0) = u(27) = 0}.

Au=p

Denote e?4, t = 0 the semigroup on L2(0,27) generated by A. It is well known that e®4, ¢ = 0, has
a natural extension, that we still denote by 4, ¢ = 0, as a contraction semigroup on L2(0,27)
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for any p = 1. Finally, we denote by {e;} the complete orthonormal system on L?(0,27) which
diagonalizes A and {A;} the corresponding eigenvalues. We have

2
ep(x) = \/;sinknx, k=12,...

Ap=-n2k%, k=1,2,....
Now, we rewrite (3), (4), (5) as the abstract differential stochastic equation
{du = (Au—0.f (w)dt+dW,

and

6
u(0)=uy. (&

Recall that the solution to the linear problem
du=Audt+dW,
u(0) =uy

is unique and given by the so-called stochastic convolution

(7

t
Wa(t) = f AW (s). (8)
0

It can be shown that W4 is a Gaussian process and it is mean square continuous with values in
L%(0,27). Moreover, W4 has a version which is, a.s. for w € Q, a-Hélder continuous with respect
to (¢,x) for any a €[0,1/4[ ([5]).

We set

v(@)=u@®)-Wa®), t=0,
then u satisfies (6) if and only if v is a solution of

9 = Ay =0, f(w+Wa),
v(0)=uyg.

From now we will study equation (9) a.s. w € Q and consider for the moment that W, is an

9

a-Holder continuous function with respect to (¢,x) for any a € [0,1/4[. We will return to the
stochastic point of view (and to equation (6)) at the end of §
Let us write (9) as

t
v(t) = et u —j =945, F(w+Wa)ds; (10)
0

then if v satisfies we say that it is a mild solution of (9).
We are going to solve equation by a fixed point argument in the space C([0,7*1;L?(0,2))
for p > 1 and for some 7" > 0. We set

Zp(m,T*)={veC(0,T*;LP(0,2m)) : [v(®)|Lr,2m) < m, for all ¢ € [0,T]},

and consider an initial datum u¢ Jy-measurable and belonging to L?(0,2r), w € Q a.s. We will
see, in the proof of the Lemma below that if z(¢) is, a bounded function from [0,T] into
LP(0,27), then, for ¢ > 0, the function e’ % f(2) is also in L?(0,2m). Hence the integral in is
convergent in L?(0,2r) a.s. Thus has a meaning as an equality in L?(0,2r).
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Lemma 2.1. For any p =2 and m > |uglLr0,2x), there exists a stopping time T* > 0 such that
(10) has a unique solution in Z,(m,T™).

Proof. Take any v in X,(m,T") and define z = Gv by

t
2(t) = e ug —f =945, F(v+Wy)ds,
0

where G : C([0,T*];LP(0,27)) — C([0,T*];L?(0,27)) is a non-linear operator. Then

(t—S)Aa

t
28| Le(0.2m) < le uolLr 0,20 +f0 le f (0 +Wa)lLro2mds.

As we noticed before, e, ¢ = 0 is a contraction semigroup on L?(0,27) which has a regularizing
effect and, for any s; <sg in R, and r = 1, et4 maps W?"(0,2r) into W¥27(0,2r), for all ¢ > 0.
Moreover, the following estimate holds

A $1752
lezlwsar02m <C1(t™ 2 +1)lzlwsiro.2m) (11)

for all z € W37 (0,2m). The constant C; depends only on s1, sg and r, see for instance ([[11]).

Using the Sobolev embedding theorem we have
1“0 f (v +Wa)lLo,2m < Cale®™ 0. f (v +Wa)
and, thanks to with s1=-1,s9=1/p, r=p/2
€40, £ (0 + Walioo2m < C1Ca(( = 5)2 % + 1)|0uf @+ Wa)l, -

ip
Wp2

(0,27)
P
L2 (0,27)

_1_1
<C1Cy((¢-5)" 2 2 +1)|f(U+WA)|L§(02n)'

Therefore,

t _1_1
|2(8)ILr(0,27) 5|u0|LP(O,2n)+Clc2f (t—s)"27 22 +1)If W+ Wa)l » ds
0 L%(0,21)

. t _1_1
SluolLP(o,Zn)+Clchlp1f0 ((t-s)72 Zp+1)(1+|U+WA|L§(0’27T))dS

t 11
< ; _s) 2w
—IuolLP(o,2n>+ClchlP1f0 (-9 +1)(1+|UIL’%<0,2n>+|WA|L’%<o,zn>)ds

1 ¢ 1_1
S|uO|Lp((),2n)+Clchip1 (1+(2n)7’m+/,tp)f ((t—s)_g_ﬁ +1)ds
0

. 1 2p 1_1
S|uO|Lp((),27,)+C'1C2Llp1(1+(27‘[)Pm+[.tp) _1t2 2+,

where Lip, is the Lipschitz constant of f which depend on m + u,, and

= sup |Wul(t .
Hp tE[O,I;]I A( )lL%(O,Zn)

Hence |2(t)|Lr(0,27) < m for all ¢t € [0,T*] provided

1 2 11
IuolLP(o,zn)+C1C'2Lip1(1+(27r)pm+ﬁhv)(pfpl(T*)2 » +T*) =m. (12)

It is clear that for any m > |uglLro2r) there exists a T satisfying (I2). Now consider
v1,02 € Zp(m,T*) and set z; =Gv;, 1 =1,2 and 2 =21 — 29.
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Then
£ 0
() = f AL f (01 + Wa)— f 03+ Wa)lds,
0 x
and we derive as above

l2(t)|Lr(0,27) < C1C'2f0

According to the hypothesis on f, we have

t

11
(=922 + 1)If 1+ Wa) = f 2+ Wa)l g ds.

1
+ - + <Li - <Li Plug—
If (v1+Wa)—f(v2 WA)|L§(0’27T) Lipy vy vzlL’zl(o,zn) Lipy(2m)» [v1 —valLr0,21)
= C3slv1 —v2lLr(0,2n),

1
where Lip, is the Lipschitz constant of f which depend on m + u,, and C3 = Lipy(27)», hence

¢ 1.1
12(D)Lr0, 2m) < C'1C'2C'3f ((t—s)"272 +1)v1 —valLr(o, 2mds
0

t 11
Sanaglvl(S)—vz(S)le(o, 2n)f ((t—s)" 272 +1)ds
<s< 0

2D ik
=C (E (T*)2 % +T ) lv1 —valeqo, T*1; Lr(O, 27))
for all t € [0,T*] provided
2D ik e

|Gu1 = Gualeqo, 7+3; Lr(0, 2m) = C (E (T7)2 % +T ) lv1—v2leqo, 7+ L, 21)) -

We take T* such that
2 1_1
C(—p (T™)2 % +T*) <1
p—1

and holds so that G is a strict contraction on X, (m,T™). O

Remark 2.1 ([4]]). As mentioned before all the previous results are valid a.s. for w € Q; in
particular u, and T* depend on w. In the next section we will show that 7" =T a.s. for w € Q
and hence remove the dependence on w for the time interval on which the solution exists.

3. Global Existence
We are still considering equation as a deterministic one, working a.s. for w € Q.
Theorem 3.1 (Global existence). Let u( be given which is Fy-measurable and such that for some

p =2, uygeLP(0,2n) a.s. If p = % then there exists a unique mild solution of equation (6),
which belongs a.s. to C([0,T1;LP(0,2m)).

In the following lemma, we derive a priori estimate which yields global existence.

Lemma 3.1. If v € C([0, T1;LP(0,27)) satisfies and p = I%, then

tLiplc(pgl)

2
lv@)ILro,2m <e FeoluolLr(0,2m)

_2
where ¢ = (2n)P?? and e = sup [Wa(8)lLeo(0.27)-
t€[0,T1]
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Proof. Let {ug} be a sequence in C*°(0,27) such that
ug — uo, in L?(0,2n),
and let {W"} be a sequence of regular processes such that
Wh(t) = fo gt gyn (s) — Wa(t)
in C([0,T]x[0,2n]) a.s. for w € Q.
Let v™ be the solution of
v(t) = e ull - fote(t_s)Aaxf (V" +W3)ds

given by Lemma It is easy to see that v™ does exist on an interval of time [0,T,] such that
T, — T* a.s. and that v" converges to v in C([0,T*];L?(0,27)) a.s. Moreover, v” is regular a.s.
and satisfies

o 52 n
(;’t —p a;Z +0,f " + WD) =0. (13)
Multiplying by |v"P~2v" and integrating over [0,27], we find

10 .5, 2 ip—2[0V"
;alv |Lp(0’271)+p(p_1)f0 |U | (ax

We integrate by parts the last integral

29 nLWn n\p—2 nd 21 nLWwn np—26 nd
fo af(v + A)Ivl v x——(p—l)fO f(v + A)Ivl av x,

2 21§
) dx+f a—f(vn+WX) WP 20"dx=0. (14)
o Ox

then
21 0 n n nip-2..n
fo af(v + W2 P~ dx

1 2n nLWn np—2a nd
=(p- )Uo f " +Wy)v" 3 dx

2n 0
< -1 n n np-2" n
<(p )fo If (0" +W3) " P |dx

2m 0
<(p-1) Lip1(1+|v”+Wg|)|v”|P‘2a—vndx
0 X

2 ]
<(p-1)| Liplv"P"2—v"dx
0 O0x

27 0
+(p-1 | Lip v"P1—v"dx
0 ox

2m 0
+(p - 1)f Lip; W} |lv" P72 —v"dx.
0 0x
The first term is zero, indeed
2n 0 21 0
f P2 =v"dx=~| (p-2" P 2=v"dx.
0 0x 0 0x
Hence
2w 0
(-1 [ Pvdx=o.
0 0x

In the same way, we can prove that the second term is also zero.
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According to the Holder’s and Cauchy’s inequalities we bound the third term as follows

27 0
Lipy(p-1) f W20 P22 or dx
0 Ox

-2 271 9 0 2 %
< Lipy (0 = DIW 020l s [ 107172 520" )

-2 o ) F) 2 2
SLiplc(p—1)Nn,oolvn|L?’(0,2ﬂ) (fo S (0 ) dx)

( )2 n ) 2m nip—2
<Lipjc—/—— 3 En.colV ILP(02n)+szlc [v™] dx,

where ¢ = (2n)P(P 2 and ppeo = sup [Wy(¢)|Le,2x) for a.s. w € Q.
te[0,T1]

Going back to we obtain

10 2r o (dv
Iv I2r.2m TP® - 1)[ " P~ (ax) dx

(P-1 , . (p=D o o (0v™)?
<Lipjc—/— B .un,oo| |Lp(02n)+LLP10 9 fo [v™P o dx.

It follows
1 0

Lipc\ (%" o002 (p-1) 4
Iv |Lp(072”)+(p—1)(p— 2 )[0 [v™ P~ (ax)dx<szlc ) ,OOI ILp(Ozn)

If we take p and Lip; such that
> Lip,c .
2

We obtain
0 p(p-1) 2
alv |LP(O om =Lip1 2 9 oolV |LP(O 21)

and, according to Gronwall’s lemma
p(p 2

tLip;c

n\p n\p
[V p 0.2 =€ ’°°|u0|Lp(o,2n)'

Taking the limit as n — oo, we see that a.s.

p tLip cp(p l)ygo
Wiroom=e |uO|LP(0 om)"
It follows
Li
lvlLr.om < €* ipyc® 'u°°|u0|LP(O 2)
and the assertion of the lemma follows. O
Proof of Theorem It is easily deduced from Lemma [2.1]and Lemma O
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