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1. Introduction

As one of the main fields of applied mathematics, differential equations arise in acoustics,
electromagnetic, electrodynamics, fluid dynamics, wave motion, wave distribution, and in many
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other sciences and branches of engineering. There is a tremendous amount of work on the theory
and techniques for solving differential equations and on their applications [8,9,17,21]. Especially,
they are used as a powerful tool for modelling, analyzing and solving real engineering problems
and for discussing the results turned up at the end of analyzing for resolution of natural
problems. For example, they are used in system and control theory, which is an interdisciplinary
branch of electric-electronics engineering and applied mathematics that deal with the behavior
of dynamical systems with inputs, and how their behavior is modified by different combinations
such as cascade and feedback connections [3,10,12,15]. When the cascade connection in system
design is considered, the commutativity concept places an important role to improve different
system performances [4,18,23].

When two subsystems are connected one after the other so that the output of the former
excites the input of the later, this combination is known to be cascade connection. When the
problem is which subsystem should appear first, this depends mainly on original properties of
the specific system designed. However, when other criteria such as stability, sensitivity, noise
disturbance, robustness,linearity effects are also considered, engineering ingenuity coupled
with appropriate mathematical analysis play an important role on the decision. In any case, the
interconnected subsystems as a whole must yield the same functioning that is, input-output
relation, in ideal conditions. Therefore, the study of conditions under which the input-output
relation of two time-varying subsystems connected in cascade is invariant of the order of
connection (commutativity) is an important subject concerning engineers and mathematicians.

As shown in Figure 1, when the connection order of two cascade-connected continuous linear
time-varying systems A and B is changed, if input-output relation of the assembled systems AB
and BA does not change, we say that A and B are commutative systems and (A,B) constitutes
a commutative pair.

 

 

 

 

 

 

 

 

 

 
 
 
 
 

Figure 1. Cascade connection of the differential systems A and B
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This subject was studied in the literature forthe first time by E. Marshall in 1982 [17].

E. Marshall investigated commutativity of first-order differential linear time-varying systems.

He revealed very important reality that “a linear time-varying system can be commutative

only with another linear time-varying system”. His study for first-order linear time-varying

differential systems is simple but very important for moving this subject to the literature to

reveal a new research area.

After that, commutativity has been investigated by a few scientists only and several

important developments have been realized theoretically. Koksal [8, 9], and Saleh [21]

investigated commutativity of second-order linear time-varying systems and obtained necessary

and sufficient conditions for their commutativity. Commutativity conditions of second-order

linear time-varying systems were studied in [15] for more general cases. The previous results

published in the literature and commutativity of fifth-order linear time-varying differential

systems were presented and investigated in [12] by Koksal and Koksal. In [10], necessary and

sufficiently conditions were derived for the decomposition of a second order linear time-varying

system into two cascade connected commutative first order linear time-varying subsystems. The

explicit formulas describing these subsystems were presented and the results were well verified

by simulations.

Cascade-connected systems are important especially in electrical circuits [3,4]. Moreover,

linear time-varying circuits are among the fundamentals of modern communication used in

modulation theory in electronics [18,23]. So, commutativity of linear time-varying differential

systems is also important in application.

Commutativity of cascade-connected linear time-varying systems was studied for discrete

time systems as well [13]. Studies on commutativity of continuous-time (analog)linear time-

varying systems light the way to the developments of the commutativity of discrete-time

(digital)linear time-varying systems as future works. Commutativity of linear time-invariant

systems has been obvious and therefore hardly been handled in the literature. For example,

Richard G. Lyons in his book [16] which is devoted fully to discrete-time (digital) systems, after

defining commutativity as the property “swapping the order of two cascaded systems does not

alter the final output” has pointed out that two linear time-invariant systems obey this useful

commutative property. Although this fact is simple to show for time invariant systems either

by using transfer function approach or unit sample response, it is not always valid for time-

invariant systems with nonzero initial conditions and time-varying systems with or without

initial conditions. Anyway, the following points indicated by R.G. Lyons about commutativity of

cascaded discrete-time systems are important: Although different sequences of commutative

systems have identical output values for the same input, their intermediate data will usually

not be equal. This commutative characteristic comes in handy for designers of digital filters
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(as shown in [16, Chapter 5 and 6]). Namely He has shown how IIR filters with cascaded

structures can be improved: IIR filter stability and quantization noise problems by building

high-performance filters by implementing combinations of cascaded lower performance filters.

As a rule of thumb in the design of cascaded filters, it is prudent to specify their individual

passband ripple values to be roughly half of the desired ripple specification for the combined

filter.

Experienced filter designers routinely partition high-order IIR digital filters into a string of

second or first order filters arranged in cascade. This is because these lower order filters are

easier to design, are less susceptible to coefficient quantization errors and stability problems.

Further this implementation allows easier data word scaling to reduce the potential overflow

effects of data word size growth. Although optimization the partitioning of a high-order filter

into multiple second or first order filter sections is a challenging task even for time invariant

case, one simple method for arranging cascaded subsections has been proposed in [19] for

time-invariant digital filters. Regarding of partitioning high order linear time-varying digital

filters into cascade connections of second and/or first-order subsections, commutativity property

will be advantageous to achieve some or all of the benefits indicated in the references cited

so far.

In this study, many of the second-order linear differential equations with variable coefficient

in the literature are reviewed in Section 2. In Section 3, the theoretical results of [15] are

applied to these second-order differential equations for finding their commutative conjugates.

In Section 4, the analytical solvability of the computed commutative conjugates are discussed.

Section 5 includes a new application of commutativity for obscuring transmitted signal in a

communication system. Finally, the paper ends up with Conclusions which constitute Section 6.

2. Second-Order Differential Equations

We consider the linear time-varying system A described by the following second-order linear

time-varying differential equation

a2 (t) ÿA (t)+a1 (t) ẏA (t)+a0 (t) yA (t)= xA (t) ; t ≥ 0 (1)

with initial conditions yA (0) and ẏA (0). a2 (t) , a1 (t) and a0 (t) are time-varying coefficients such

that a2 (t) 6≡ 0. xA (t) and yA (t) are the input and output functions of System A, respectively. Note

that ÿA (t) = y′′A (t) = d2

dt2 yA (t), ẏA (t) = y′A (t) = d
dt yA (t), and similar notations will be followed

throughout the paper.

The following 30 second-order linear differential equations which are generally famed by the

person who constructed these equations in the literature [1,2,7,25] are considered and listed in

Table 1.
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Table 1. Well-known second-order linear differential equations

Line # Name of Equation Formula

1 Airy DE y′′±k2xy= 0

2 Anger DE y′′+ y′
x +

(
1− v2

x2

)
y= x−v

nx2 sin(πv )

3 Baer DE (x−d1) (x−d2) y′′+0.5[2x− (d1 +d2)] y′− (p2x+ q2)y= 0

4 Bessel DE x2 y′′+ xy′+ (x2 −n2)y= 0

5 Bessel DE-modified x2 y′′+ xy′− (x2 +n2)y= 0

6 Bessel DE-spherical x2 y′′+2xy′+ [
x2 −n (n+1)

]
y= 0

7 Bessel DE-modified spherical x2 y′′+2xy′− [
x2 +n (n+1)

]
y

8 Bessel DE-wave x2 y′′+ xy′+ (a2x4 +b2x2 − c2)y= 0

9 Chebyshev DE
(
1− x2)

y′′− xy′+n2 y= 0, where |x| < 1

10 Eckart DE y′′+
[
αη

1+η + βη

(1+η)2
+γ

]
y= 0, where η= eδx

11 Ellipsoidal wave DE y′′− (
a+bk2sn2x+ qk4sn4x

)
y= 0, where snx = sn(x,k)

12 Erfc DE y′′+2xy′−2ny= 0

13 Euler DE x2 y′′+αxy′+βy= s (x)

14 Gegenbauer DE
(
1− x2)

y′′−2
(
µ+1

)
xy′+ (v−µ)

(
v+µ+1

)
y= 0

15 Hill’s DE y′′+
[
θ0 +2

∑∞
n=1 θncos(2nx)

]
y= 0

16 Hypergeometric DE x (1− x) y′′+ [c− (α+b+1) x] y′−aby= 0

17 Jacobi DE-first
(
1− x2)

y′′+ [
β−α− (

α+β+2
)
x
]

y′+n
(
n+α+β+1

)
y= 0

18 Jacobi DE-second x (1− x) y′′+ [
β− (α+1) x

]
y′+n (n+α) y= 0

19 Laguerre DE xy′′+ (α+1− x)y′+λy= 0

20 Magnetic Pole DE y′′−
[

m(m+1)+0.25−(m+0.5)cos x
sin2x

+λ+ 1
2

]
y= 0

21 Morse-Rosen DE y′′+
[

α

cosh2(ax)
+βtanh(ax)+γ

]
y= 0

22 Neumann DE x2 y′′+3xy′+ (
x2 +1−n2)

y= xcos2 ( nπ
2

) +nsin2 ( nπ
2

)
23 Parabolic Cylinder DE y′′+ (

αx2 +bx+ c
)

y= 0

24 Riccati DE x2 y′′+ [
x2 −n (n+1)

]
y= 0

25 Richardson’s DE −y′′ = (
λsgnx+µ

)
y

26 Struve DE x2 y′′+ xy′+ (x2 −v2)y= 4
( x

2
)v+1

p
n Γ

(
v+ 1

2
)

27 Symmetric top DE y′′−
(

M2−0.25+ K2−2MKcos x
sin2x

+δ+K2 + 1
4

)
y= 0

28 Titchmarsh’s DE y′′+ (λ− x2n)y= 0

29 Weber DE-first y′′+
(
− b2

4 x2 +a2
)

y= 0

30 Weber DE-second y′′+ 1
x y′+

(
1− v2

x2

)
y=− 1

πx2 [x+v+ (x−v)cos(vπ)]

Some of the above equations are special or more general forms of the others. Moreover, some
can be transformed to another. Which one is special or general form of another is not important
in our study. We only consider the above famous linear differential equations for the existences
of their commutative pairs;if they exist, finding commutative pairs and discussing analytical
solutions of the equations which are commutative and their commutative pairs.
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3. Commutative Pairs of Second-Order Differential Equations

We now consider another second-order linear time-varying system B of type A represented by

b2 (t) ÿB (t)+b1 (t) ẏB (t)+b0 (t) yB (t) ; (t) ; t ≥ 0, (2)

with input and output functions xB (t) and yB (t), respectively; with the initial conditions yB (0)
and ẏB (0); and with time-varying coefficients b2 (t) 6≡ 0, b1 (t), b0 (t).

The set of necessary and sufficient conditions that systems A and B are commutative are b2
b1
b0

=
 a2 0 0

a1 a0.5
2 0

a0 a−0.5
2 (2a1 − ȧ2) /4 1

 c2
c1
c0

 , (3a)

−a0.5
2

d
dt

[
a0 − 1

16a2

(
4a2

1 +3ȧ2
2 −8a1ȧ2 +8ȧ1a2 −4a2ä2

)]
c1 = 0. (3b)

Condition (3a) requires three relations between time-varying coefficients of systems A and B,
where c2, c1, c0 are arbitrary constants. Condition (3b) implies that if c1 = 0, this equation is
always satisfied. This special case corresponds to that System B is obtained from System A
by constant feed forward path gain α= 1/c2 and negative feedback gain β= c0; every System
B obtained from A this way is commutative with A without requiring any condition on the
coefficients of A. This case is considered in the literature [5, 6, 15, 20, 22] and being special
has not weighted importance for the study in this paper, therefore it is excluded from the
general treatment given in the sequel.Otherwise if c1 6= 0, not all second order systems have
commutative pairs; and to have a commutative pair like B, the coefficients of A must satisfy
eq. (3b) with the constant c1 6= 0 in eq. (3a); this is the case considered in this paper. Note that if
c2 in eq.(3a) is chosen as zero, order of system B reduces to one. When both c2 and c1 are zero,
B becomes a scalar (algebraic) system with constant gain 1

c0
, c0 6= 0.

For c1 6= 0, eq. (3b) can be written as

a0 − 1
16a2

(
4a2

1 +3ȧ2
2 −8a1ȧ2 +8ȧ1a2 −4a2ä2

)= A0, (3c)

where A0 is a constant. The commutativity property of the second-order linear time-varying
differential equations listed in Section 2, that is their existence of commutative conjugates
other than the above mentioned feed-back structure,are investigated next by using (3c) and the
results are listed in Table 2.

Table 2. Commutativity property of differential systems described by some famous DE

Not commutative Conditionally commutative Commutative

3, 4, 5, 6, 7, 12, 19, 20, 22,
24, 26

1, 2, 8, 10, 11, 14, 15, 16, 17, 18, 21,
23, 25, 27, 28, 29, 30

9, 13

Exaple 1. The first example is for the case of “Not commutative” in Table 1. We assume a system
which is modelled by the fourth equation (Bessel differential equation) in the above mentioned
list. The coefficients of eq. (1) are a2 = x2, a1 = x, a0 = x2 −n2 for Bessel differential equations.
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The expression in the bracket in eq. (3b) should be a constant as in eq. (3c) for the existence of
the commutative pair of system. But for Bessel equation, writing the coefficients a2 = x2, a1 = x,
a0 = x2 −n2 and their derivatives in eq. (3c), this expression becomes x2 −n2, which is not a
constant. Then, a system modelled by Bessel equation listed as the fourth equation in the list
does not have any commutative pair.

Exaple 2. The second example is for the case of “Conditionally commutative”. We assume a
system A which is modelled by Anger differential equation which is the second equation in the
table. The coefficients of eq. (1) are a2 = 1, a1 = 1

x , a0 = 1− v2

x2 for Anger differential equation.

The expression (3c) which is found as A0 = 1− v2

x2 + 1
4x2 , should be satisfied for the existence of the

commutative pair of A. For v =±1
2 , this expression (A0) is constant then the Anger differential

equation has commutative pair. Using eq. (3a) for Anger differential equation where v =±1
2 , the

coefficients of its commutative pair are found as follows:

b2 = c2a2 = c2,

b1 = c2a1 + c1a2
0.5 = c1 + c2

x
,

b0 = c2a0 + c1a2
−0.5 (2a1 − ȧ2)

1
4
+ c0 = c0 + c1

2x
+ c2

(
1− 1

4x2

)
.

Then, commutative pair is written as follows:

c2 y′′+
(
c1 + c2

x

)
y′+

[
c0 + c1

2x
+ c2

(
1− 1

4x2

)]
y= x2.

Exaple 3. The last example is for the case of “Commutative”. Let A be a system which is
modelled by Chebyshev differential equation (the ninth equation in Table 1). The coefficients of
eq. (1) are a2 = 1− x2, a1 =−x, a0 = n2 for Chebyshev differential equation. The expression (3c)
yields A0 = n2 which is always a constant so the system has always a commutative pair. The
coefficients of commutative pairs are

b2 = c2a2 = c2
(
1− x2) ,

b1 = c2a1 + c1a2
0.5 = c1

√
1− x2 − c2x,

b0 = c2a0 + c1a2
−0.5 (2a1 − ȧ2)

1
4
+ c0 = c0 + c2n2.

Then, all the commutative pairs of A described by:

c2
(
1− x2) y′′+

(
c1

√
1− x2 − c2x

)
y′+ (

c0 + c2n2) y= x2.

In Table 3, commutativity conditions of the conditionally commutative differential systems
listed in Table 2 are given and the final form of these equations are presented in the case of the
fact that the required condition is used in the original equation stated in Section 2. Commutative
systems in Table 2 are repeated in Table 3 for the sake of completeness. Commutative conjugates
of all equations in Table 3 are found by using eq. (3b) and the results are presented in Table 4.
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Table 3. Commutativity conditions

Line # Name of Equation Condition for Commutativity Final Forms of Equations

1 Airy DE k = 0 y′′ = 0

2 Anger DE (i) v =−0.5

(ii) v = 0.5

y′′+ y′
x +

(
1− 1

4x2

)
y= x+0.5

nx2

y′′+ y′
x +

(
1− 1

4x2

)
y= x−0.5

nx2

3 Baer DE p = 0 (x−d1) (x−d2) y′′+ 1
2 [2x− (d1 +d2)] y′− q2 y= 0

4 Bessel DE-wave a = b = 0 x2 y′′+ xy′− c2 y= 0

5 Chebyshev DE no condition
(
1− x2)

y′′− xy′+n2 y= 0, where |x| < 1

6 Eckart DE (i) α=β= γ= 0

(ii) δ= 0

y′′ = 0

y′′+
(
αη
2 + βη

4 +γ
)

y= 0

7 Ellipsoidal wave DE i) k = 0

ii)b = q = 0

y′′−ay= 0

8 Euler DE no condition x2 y′′+αxy′+βy= s (x)

9 Gegenbauer DE (i) µ=−0.5

(ii) µ= 0.5

(
1− x2)

y′′− xy′+ (v+0.5)2 y= 0(
1− x2)

y′′−3xy′+ (v−0.5)(v+1.5) y= 0

10 Hill’s DE θn = 0 f or n > 0 y′′+θ0 y= 0

11 Hypergeometric DE (i) c = 0.5, a+b = 0

(ii) c = 0.5, a+b = 1

(iii) c = 1.5, a+b = 2

(iv) c = 1.5, a+b = 1

x (1− x) y′′+ (0.5− x) y′+a2 y= 0

x (1− x) y′′+ (0.5−2x)y′−a(1−a)y= 0

x (1− x) y′′+ (1.5−3x)y′−a(2−a)y= 0

x (1− x) y′′+ (1.5−2x)y′−a(1−a)y= 0

12 Jacobi DE-first (i) α=β=−0.5

(ii) α=β= 0.5

or

(iii) α= 0.5,β=−0.5

(iv) α=−0.5,β= 0.5

(
1− x2)

y′′− xy′+n2 y= 0(
1− x2)

y′′−3xy′+n(n+2)y= 0

(
1− x2)

y′′− (1+2x)y′+n(n+1)y= 0(
1− x2)

y′′+ (1−2x)y′+n(n+1)y= 0

13 Jacobi DE-second (i) α= 0,β= 0.5

(ii) α= 1,β= 0.5

(iii) α= 1,β= 1.5

(iii) α= 2,β= 1.5

x (1− x) y′′+ (0.5− x)y′+n2 y= 0

x (1− x) y′′+ (0.5−2x)y′+n(n+1)y= 0

x (1− x) y′′+ (1.5−2x)y′+n(n+1)y= 0

x (1− x) y′′+ (1.5−2x)y′+n(n+2)y= 0

14 Morse-Rosen DE α= 0 y′′+γy= 0

15 Parabolic Cylinder DE a = b = 0 y′′+ cy= 0

16 Richardson’s DE λ= 0 y′′+µy= 0

17 Symmetric top DE M = 0,K = 0.5 y′′− (δ+0.5) y= 0

18 Titchmarsh’s DE n = 0 y′′+λy= 0

19 Weber DE-first b = 0 y′′+a2 y= 0

20 Weber DE-second (i) v =−0.5

(ii) v = 0.5

y′′+ 1
x y′+

(
1− 1

4x2

)
y=− x−0.5

πx2

y′′+ 1
x y′+

(
1− 1

4x2

)
y=− x+0.5

πx2
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Table 4. Commutative conjugates of differential equations in Table 3

Line # Name of Equation Commutativity Conjugates

1 Airy DE c2 y′′+ c1 y′+ c0 y= x2

2 Anger DE c2 y′′+ ( c2
x + c1

)
y′+

[
c2

(
1− 1

4x2

)
+ c1

2x + c0
]

y= x2

3 Baer DE c2 (x−d1) (x−d2) y′′+
{

c2 [x−0.5(d1 +d2)]+ c1
√

(x−d1) (x−d2)
}

y′+ (−c2q2 + c0
)

y= x2

4 Bessel DE-wave c2x2 y′′+ (c2 + c1) xy′+ (−c2c2 + c0
)

y= x2

5 Chebyshev DE
(
1− x2)

y′′− xy′+n2 y= 0, where |x| < 1

6 Eckart DE (i) c2 y′′+ c1 y′+ c0 y= x2

(ii) c2 y′′+ c1 y′+
[
c2

(
αη
2 + βη

4 +γ
)
+ c0

]
y= x2

7 Ellipsoidal wave DE c2 y′′+ c1 y′+ (−c2a+ c0) y= x2

8 Euler DE c2x2 y′′+ (c2α+ c1) xy′+
[
c2β+ c1 (α−1) 1

2 + c0
]

y= x2

9 Gegenbauer DE (i) c2
(
1− x2)

y′′+
[
c2x+ c1

√
1− x2

]
y′+

[
c2 (v+0.5)2 + c1xp

1−x2 + c0
]

y= x2

(ii) c2
(
1− x2)

y′′+
[
−3c2x+ c1

√
1− x2

]
y′+

[
c2 (v−0.5)(v+1.5)+ c1xp

1−x2 + c0
]

y= x2

10 Hill’s DE c2 y′′+ c1 y′+ (c2θ0 + c0) y= x2

11 Hypergeometric DE (i) c2
(
x− x2)

y′′+
[
c2(0.5− x)+ c1

√
x− x2

]
y′+ [

c2a2 + c0
]

y= x2

(ii) c2
(
x− x2)

y′′+
[
c2(0.5−2x)+ c1

√
x− x2

]
y′+

[
c2

(
a2 −a

)− c1
x

2
p

x−x2 + c0
]

y= x2

(iii) c2
(
x− x2)

y′′+
[
c2(1.5−3x)+ c1

√
x− x2

]
y′+

[
c2

(
a2 −2a

)+ c1
2x−1

2
p

x−x2 + c0
]

y= x2

(iv) c2
(
x− x2)

y′′+
[
c2(1.5−2x)+ c1

√
x− x2

]
y′+

[
c2

(
a2 −a

)+ c1
1−x

2
p

x−x2 + c0
]

y= x2

12 Jacobi DE-first (i) c2
(
1− x2)

y′′+
[
−c2x+ c1

√
1− x2

]
y′+ (

c2n2 + c0
)

y= x2

(ii) c2
(
1− x2)

y′′+
[
−3c2x+ c1

√
1− x2

]
y′+

[
c2

(
n2 +n

)− c1
xp

1−x2 + c0
]

y= x2

(iii) c2
(
1− x2)

y′′+
[
c2 (1+2x)+ c1

√
1− x2

]
y′+

[
c2

(
n2 +n

)− c1
1+x

2
p

1−x2 + c0
]

y= x2

(iv) c2
(
1− x2)

y′′+
[
c2(1−2x)+ c1

√
1− x2

]
y′+

[
c2

(
n2 +n

)+ c1
1−x

2
p

1−x2 + c0
]

y= x2

13 Jacobi DE-second (i) c2
(
x− x2)

y′′+
[
c2(0.5− x)+ c1

√
x− x2

]
y′+ (

c2n2 + c0
)

y= x2

(ii) c2
(
x− x2)

y′′+
[
c2(0.5−2x)+ c1

√
x− x2

]
y′+

[
c2

(
n2 +n

)− c1
x

2
p

x−x2 + c0
]

y= x2

(iii) c2
(
x− x2)

y′′+
[
c2(1.5−2x)+ c1

√
x− x2

]
y′+

[
c2

(
n2 +n

)+ c1
1−x

2
p

x−x2 + c0
]

y= x2

(iv) c2
(
x− x2)

y′′+
[
c2(1.5−2x)+ c1

√
x− x2

]
y′+

[
c2

(
n2 +n

)+ c1
1−x

2
p

1−x2 + c0
]

y= x2

14 Morse-Rosen DE c2 y′′+ c1 y′+ (
c2γ+ c0

)
y= x2

15 ParabolicCylinder DE c2 y′′+ c1 y′+ (c2c+ c0) y= x2

16 Richardson’s DE c2 y′′+ c1 y′+ (
c2µ+ c0

)
y= x2

17 Symmetric top DE c2 y′′+ c1 y′+ [−c2 (δ+0.5)µ+ c0
]

y= x2

18 Titchmarsh’s DE c2 y′′+ c1 y′+ (c2λ+ c0) y= x2

19 Weber DE-first c2 y′′+ c1 y′+ (
c2a2 + c0

)
y= x2

20 Weber DE-second c2 y′′+ [ c2
x + c1

]
y′+

[
c2

(
1− 1

4x2

)
+ c1

2x + c0
]

y= x2

Communications in Mathematics and Applications, Vol. 9, No. 4, pp. 689–703, 2018



698 Commutativity and Commutative Pairs of Some Differential Equations: M.E. Koksal

4. Solvability

Ten of final forms of the equations in the last column of Table 3 (Lines 1, 6, 7, 10, 14, 15, 16, 17,
18, 19) are in the form of Airy differential equation. The others are in the form of inhomogeneous
Bessel DE (Lines 2, 20), Baer DE (Line 3), Euler DE (Lines 4, 8), Jacobi DE–first (Lines 9, 12)
and Hypergeometric DE (Lines 11, 13). Note that Gegenbauer DE (Line 9) and its more general
case Jacobi DE-first (Line 12) can be transformed to Hypergeometric DE. Generally, final forms
of equations in Table 3 are written in the form

(
ax2 +bx+ c

)
y′′+(dx+ e) y′+(

x2 − p2) y= f (x) and
they can also also be solved analytically by using special functions and polynomials generally
famed by the person who defined the function. For more detail of analytical solutions of these
equations, we operate the reader to the first subsection entitled “Linear Equations” of the second
Chapter entitled “Second-order Differential Equations” of the reference [7] which contains a
great deal of exact solutions methods for ordinary differential equations. Particular solutions
of (homogeneous and nonhomogeneous) some differential equations are given and the way for
obtaining the general solution of the nonhomogeneous equations after finding another linearly
independent particular solution by using the given particular solution is explained with detail.

On the other hand, commutative pairs shown in Table 4 are found by using eq. (3a).
The solvability of commutative pairs listed in Table 4 are discussed in the sequel. Commutative
conjugates of Airy DE, Eckart DE, Ellipsoidal wave DE, Hill’s DE, Morse-Rosen, DE, Parabolic
Cylinder DE, Richordsen’s DE, Symmetric top DE, Titchmarsh’s DE and Weber DE-firstare
second order linear differential equations with constant coefficient. They can be solved
analytically by using explicit methods. The forms of commutative conjugates of Bessel DE-wave
and Euler DE are the same with each other. Moreover, the forms of these conjugates are also
same with the final forms of these equations and those can be solved analytically. The forms
of commutative conjugates of Anger DE and Weber DE are also same and those can also be
solved analytically. The details of how all these equations can be solved are found from the first
section of the second chapter of the book [7]. As shown in Table 4, some expressions containing
square roots of functions depending on independent variable exit as the coefficients of y and y′

in commutative conjugates of Baer DE, Chebyshev DE, Gegenbauer DE, Hypergeometric DE
and Jacobi DE-second. According to the authors’ search, there is no specific method for solving
the commutative conjugates of these equations analytically.

5. Use of Commutativity for Cryptology in Secret Communication

Some benefits of commutativity of linear time-varying systems have already been appeared in
the literature; for example designing systems less sensitive to parameter values [11], reducing
noise interference and disturbance [14], and improving robustness [12].

This article focuses attention a new encrypting method of obscuring the information
transmitted through any communication channel by disguising it between transmitter and
receiver. More precisely consider a communication system as shown in Figure 2.
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Figure 2. Transmitting a secret signal in different forms through a transmission channel

In the figure, A and B represent commutative linear time-varying systems so that both
channels AB and BA produce the same output signal for any applied input signal. But the
transferred signal from transmitter to receiver proceed in completely different shapes through
the transmitting medium. Hence, this generates somewhat prevention against the infiltrators
to stealing the secret information during transmission. The concept can be extended to more
complex structures by using higher number of switching greater than 1. For example, with two
identical subsystems A and two identical subsystems B (commutative with A) 4 communication
passages of the input signal can be achieved through transmitting medium to obtain the same
output signal. In fact, the structures A → ABB, AA → BB, AAB → B, AB → AB where the
arrow “→” separates the subsystems appearing in the transmitter and receiver sides. All these
structures transfer any input signal to the same output signal which is transmitted in different
shapes in transmitting medium by all of four structures. The concept can be extended for more
complicated cases by using more than two different commutative pairs.

To see how any input signal is transmitted to the same output signal in different forms of
the transmitting medium, consider the communication structure in Figure 3. With the linear
time-varying subsystems A and B described by

A : ÿA + (2+2sinw0t) ẏA +
(
5− 1

2
cos2w0t+2sinw0t+w0 cosw0t

)
yA = xA, (4)

B :
1
2

ÿB +
(
3
4
+sinw0t

)
ẏB +

(
409
32

− 1
4

cos2w0t+ 3
4

sinw0t+ 1
2

w0 cosw0t
)

yB = xB, (5)

where xi and yi represent the input and output, respectively, of the subsystems i = A,B; (double)
dot on the top indicates (second) time derivative.

It is straight forward to show that A and B are commutative since the time-varying
coefficients of B can be obtained from those of A by the relation in [14, (3a)] b2(t)

b1(t)
b0(t)

=
 a2(t) 0 0

a1(t) a2
0,5(t) 0

a0(t) fA(t) 1

 k2
k1
k0

 ,
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where k2 = 1
2 , k1 =−1

4 , k0 = 4213
400 and

fA = 2a1 − ȧ2

4
p

a2
= 1+sinw0t.

Since k1 6= 0, the second one of the sufficient conditions of commutativity

A0 (t)= a0 − f 2
A −p

a2 fA (t)= 3.5

is satisfied since A0 (t) in eq. (3c) is constant (see in [14, eq. (2.b)]). It is easy to show that when
the average values of coefficients are considered both systems are asymptotically stable with
eigenvalues

A1,2 =−1± j2,

B1,2 =−3
4
± j5.

This implies though not guaranties, the high possibility of stability of actual time-varying
subsystems A and B defined by eqs. (4) and (5), respectively [24]; in fact, simulation results
show that both systems are asymptotically stable.

To observe that both of the switching alternatives A → B and B → A shown in Figure 2 yield
the same output at the receiver side, an input signal (30sin1.2πt+ a saw-tooth of period 3.3s
and increasing from −30 to +30) is applied on the transmitter side. As observed in Figure 3 the
transmissions A → B and B → A yield the same output signal (see output signal∗10). In spite of
the same input-output pairs for switchings AB and BA, the travelled signals processed through
transmission medium (see Transmitted signal A-B, Transmitted signal B-A) are quite different.

 
 
 
 
 
 
 
 
 

Figure 3. Input, output and transmitted signals in a communication system

To verify that the discussions are independent of the input signal applied, the simulations
are repeated with a pulse train of amplitude 30, period 5 and with a pulse with of 10 %.
The input signal and the same output of both transmission switching paths A → B and B → A
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are shown in Figure 4 (see Input signal/10, Output signal∗10, respectively). It is also seen in
this figure that the signals proceeded through the transmission medium, namely Transmitted s.
A-B and Transmitted signal B-A, are quite different. Hence the same output signal is received
by channels AB and BA for the same input signals irrespective of the shape of the input signal
whilst different signals are transmitted through the transmission medium.

 

 

 
 

Figure 4. Input, output and transmitted signals in a communication system for a different input

6. Discussion and Conclusion
In this study, second-order linear differential equations with variable coefficients are searched
in the literature and 30 second-order linear differential equations are presented. The
existences of their commutative pairs are investigated. It is shown that some of them have
always commutative conjugates, some of them have commutative conjugates under certain
conditions found in the paper and some of them do not have any commutative conjugates
at all. Commutative conjugates of differential equations whose commutativity pairs exit are
constructed. Moreover, their solvability are discussed.

There are much more than 30second-order linear differential equations exiting in the
literature records but it is impossible to investigate all of them in a paper. Investigation of
commutativity of these equations and solvability of their commutative pairs, if they exit, can be
studied as future work.

Among commutative conjugates of differential systems appearing in Table 4, some of them
do not have explicit solutions and the search for explicit solutions constitutes another future
work.

A new possible use of commutativity is illustrated showing how transmitted signals in
transmission medium can be changed without affecting the received signal, a fact which can be
used for preventing the actual signal to be revealed easily by unauthorized persons.

Communications in Mathematics and Applications, Vol. 9, No. 4, pp. 689–703, 2018



702 Commutativity and Commutative Pairs of Some Differential Equations: M.E. Koksal

Acknowledgments

This work was supported by the Scientific and Technological Research Council of Turkey under
the project no. 115E952.

Competing Interests

The author declares that he has no competing interests.

Authors’ Contributions

The author wrote, read and approved the final manuscript.

References
[1] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions with Formulas, Graphs,

and Mathematical Tables, 10th edition, National bureau of Standards (1972).

[2] K.J. Astrom, R.M. Murray, Feedback Systems - An Introduction for Scientists and Engineers, Version
v 2.10c, Princeton University Press, Aniston and Oxford (2010).

[3] R.L. Boylestad and L. Nashelsky, Electronic Devices and Circuit Theory, Prentice Hall (2002).

[4] R.C. Dorf and J.A. Svadova, Introduction to Electric Circuits, Wiley International Edition (2004).

[5] R. Dorf and R. Bishop, Modern Control Systems, Pearson New International Edition, 12th Edition
(2013).

[6] C. Freytag, Design of Feedback Control Systems, 4th Edition (2016).

[7] I.S. Gradshteyn and I.M. Ryzhik, Table of Integrals, Series, and Products, 7th Edition, Academic
Press (2007).

[8] M. Koksal, Commutativity of second order time-varying systems, International Journal of Control,
3 (1982), 541 – 544.

[9] M. Koksal, Corrections on ‘Commutativity of second-order time-varying systems’, International
Journal of Control 1 (1983), 273 – 274.

[10] M.E. Koksal, Decomposition of a second-order linear time-varying differential system as the series
connection of two first-order commutative pairs, Open Mathematics 14 (2016), 693 – 704.

[11] M. Koksal, Effects of commutativity on system sensitivity, In: Proceeding of the 6th Int. Symposium
on Networks, Systems and Signal Processing, Zargeb, Yugoslavia, pp. 61 – 62 (1989).

[12] M. Koksal and M.E. Koksal, Commutativity of linear time-varying differential systems with non-
zero initial conditions: a review and some new extensions, Mathematical Problems in Engineering
2011 (2011), 1 – 25.

[13] M. Koksal and M.E. Koksal, Commutativity of cascade connected discrete time linear time-varying
systems, Transactions of the Institute of Measurement and Control 37 (2015), 615 – 622.

[14] M.E. Koksal, The second order commutative pairs of a first-order linear time-varying system,
Applied Mathematics and Information Sciences 9 (2015), 1 – 6.

[15] M. Koksal, An exhaustive study on the commutativity of time varying systems, International
Journal of Control 5 (1988), 1521 – 1537.

Communications in Mathematics and Applications, Vol. 9, No. 4, pp. 689–703, 2018



Commutativity and Commutative Pairs of Some Differential Equations: M.E. Koksal 703

[16] R.G. Lyons, Understanding Digital Signal Processing, 3rd Ed., Prentice Hall (2011).

[17] E. Marshall, Commutativity of time varying systems, Electro Letters 18 (1977), 539 – 540.

[18] G.M. Miller and J.S. Beasley, Modern Electronic Communication, Prentice Hall (2002).

[19] A.V. Oppenheim and R.W. Schafer, Discrete-Time Signal Processing, Prentice-Hall, Engle-wood
Cliffs, New Jersey, p. 406 (1989).

[20] A.D. Polyanin and V.F. Zaitsev, Handbook of Exact Solutions for Ordinary Differential Equations,
Chapman & Hall, CRC Press (2003).

[21] S.V. Saleh, Comments on ‘Commutativity of second-order time-varying systems’, International
Journal of Control 37 (1983), 1195.

[22] R.T. Stefani, B. Shahian, C.J. Savant and G.H. Hostetter, Design of Feedback Control Systems,
Oxford Series in Electrical and Computer Engineering, 4th Edition (2001).

[23] P.H. Young, Electronic Communication Techniques, Engle Wood Cliffs (1994).

[24] B. Zhou, On asymptotic stability of linear time-varying systems, Automatica 68 (2016), 266 – 276.

[25] D. Zwillinger, Handbook of Differential Equations, 3rd Edition, Academic Press (1997).

Communications in Mathematics and Applications, Vol. 9, No. 4, pp. 689–703, 2018


	Introduction
	Second-Order Differential Equations
	Commutative Pairs of Second-Order Differential Equations
	Solvability
	Use of Commutativity for Cryptology in Secret Communication
	Discussion and Conclusion
	References

