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Abstract. Integral inequalities are taken up to be important as they are useful in the study of different
classes of differential and integral equations. During the past several years, many researchers have
obtained various fractional integral inequalities comprising the different fractional differential and
integral operators. A considerable work is done associated with classical and variants of Griiss type
inequality, which actually connects the integral of the product of two functions with the product
of their integrals. In this paper, we present the Chebyshev-Griiss type inequalities for Hadamard
fractional integrals in the framework of parameter % > 0.
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1. Introduction

For two measurable functions f,g : [a,b] — R, define the functional, which is known in the
literature as Chebychev’s functional

1 b 1 b b
T(f,g;a,b)= —f f(x)g(x)dx — 2f f(x)dxf g(x)dx, (1.1)
b —a Ja (b - a) a a
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provided that the involved integrals exist. There are many studies involving (1.1) in the
literature, see for example [2,6,/20,24].

Griiss type Inequality due to Chebychev (see for example [21, p. 207]) is as follows.

If f,g are absolutely continuous on [a,b] and f',g’' € Lola,b] and ||f'|l := esssup|f'(2)],
tela,b]
then

1
IT(f,g;a,b)| < Enf’nmng’nmw ~a)? (1.2)

and the constant é is the best possible.

Further, a weighted version of the Chebyshev functional (see [3]]) is defined as:

b b b b
T(f,g,p)zf p(t)dtf f(t)g(t)p(t)dt—j f(t)p(t)dtf gtp(t)dt, (1.3)

where f and g are integrable functions on [a,b] and p(#) is a positive and integrable function on
[a,b]. In 2000, Dragomir [8] derived the following inequality, related to the weighted Chebyshev
functional (1.3):

21T(f,g,p)l < IIf'lpllg’lly ; (1.4)

b pb
f f 2 — yl p()p(y)dxdy

where f,g are differentiable functions and f’ € L,(a,b), g’ € Ly(a,b), p > 1, Il)+% =1.In

mathematical analysis, the fractional calculus is a very helpful tool to perform differentiation
and integration with the real number or complex number powers of the differential or integral
operators. This subject has earned the attention of many researchers and mathematicians
during last few decades (see [1,[3-5,/10,/22,/26/, 28]). There is a large number of the fractional
integral operators discussed in literature but because of their applications in many fields of
sciences, the Riemann-Liouville fractional integral operator and Hadamard fractional integral

operator have been studied extensively.

The Hadamard fractional integral operator was introduced by Hadamard [9]. It can be

defined as follows:

Let f € Lla,b], the left and right sided Hadamard fractional integrals of order « =0 and a >0

are defined respectively as

t a-1
H, £(t) = Lf (mf) % o<a<t<b (1.5)
a I'(a) Jo T T
and
. 1 (b 7Tyl dr
HY f(t)= @ft (ln;) fO—, 0<ast<b. (1.6)

The theory of special k-functions was introduced about a decade ago when Diaz and

Pariguan [7]] defined the generalization of the classical gamma and beta functions in terms of a
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new parameter & > 0, called gamma and beta k-functions, respectively
oo k
Tn(a)= f t° e~ Fdt, Re(a)>0
0
and
1l ay by
Bi(a,p) = Ef tk (1-t)k ~dt, Re(a)>0, Re(8)>0. (1.7)
0

This idea of generalization of special functions in terms of some new parameter fascinated
many researchers and mathematicians. Several properties, identities and inequalities involving
special k-functions were proved during past several years (see for instance [11-15,128,29]).
The functions I';, defined on R* and By(x,y) on (0,1) hold the following four properties:
(D Trlx+k)=xTp(x);
(ID T'r(k)=1;
(ITT) T'z(x) is logarithmically convex;

_ T (y)
(IV) Brlx,y)= % .

For the first time, Mubeen and Habibullah [17] used this special k-functions theory in
fractional calculus and introduced the k-fractional integral of the Riemann-Liouville type as

1
kI'p(a)
where I';, is the Euler gamma k-function.

t
I;",kf(t): f(t—x)%_lf(x)dx, t€la,bl,

Later, Romero et al. [25] introduced a new fractional operator called 2-Riemann-Liouville
fractional derivative by using gamma k-function. They also proved some properties of this newly
defined fractional operator and found its relationship with Riemann-Liouville k-fractional

integral.

In new research paper, using I';, and new k& parameter, Mubeen et al. [18] have introduced

left-sided and right-sided Hadamard k-fractional integrals as following:

Definition 1.1. For £ >0, let f € L[a,b], the left and right sided k-fractional integrals of order

a =0 and a > 0 are defined respectively as

L AfHE) = 1 ft(lnz)%_lf(r)ﬂ O<a<t<b (1.8)
G k@) Jo U T’ B -
and
1 b r\%-1 dr
a — —_ R
%_’k{f}(t)—krk(a)ft (lnt) fO—, O<ast<b. (1.9)
Corollary 1. Using definition of Hadamard k-fractional integral and relation we have
(In(t/a))*
a —
ijﬂ’k(l) = —Fk(a+k)’ a,k>0 (1.10)
and
(In¢)¥
HE ()=——"" a,k>0. 1.11
S e L (1.11)
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2. Hadamard k-Fractional Integral Inequalities

Throughout of this paper, we denote the Hadamard %-fractional integral of order a of a function
f which have limit zero by J23% [f ()] = F,°[f (t)].

To use in next theorems, we want to define two functions as following:
A (1,p)=(f(0)—f(p) (g()-g(p), 7,p0€(0,8), t>0 (2.1)

and

LS L 0,2) (2.2)
a(tT) m t,r,a>0, Te(0,£). .

Theorem 1. Suppose that p be a positive function, f and g be differentiable functions on [0,00),
f € L,([0,00)),g" € L,,([0,00)) such that %-l— % =1lwithn>1. Then forall t>0, a >0, k>0 and

2|65 pW] A pF (g - AL pOF ] A p()g®)]|

At [l o)

———l|r-pldrdp
T
<1 Inllg Imt (A5 Ip®])° . (2.3)

P

o

Proof. Provided that the conditions of the theorem and for all 7 € (0,¢), we can easily see
F&(t,7)> 0. Multiplying with p(7) both side of product <7(z, p) x F(¢,7) and taking the integral

with respect to 7 on (0,¢), we get

t 1 t %
ET2(@) Jo n(¥)

= 6" [p)f (g - f(p)7t [p()g®)] - g(p) A [pMf ()] + f(p)g(p) A, [p(D)].  (2.4)

20 o/ (x, prd

Now, multiplying above identity (2.4) by F(¢,0)p(p) and then integrating with respect to p

on (0, t), we obtain
a1
[ (f)] (r)p(p) A (t,p)dtdp

e MA RGN

=2( A p] A [p)f ()g(t)] - %"‘[p(t)f 11 77 [p(Hg®)]). (2.5)
With the help of fundamental theorem of calculus, identity can be written as

P rp
A (1,p) = f f f'ng'(z)dydz.
T T
By using the Holder’s inequality for double integrals, we get

1
m

>

P rp
f F(e)dydz| <

f FOI dydz

f g™ dydz

1 1
(—+—:1,n>1),
n m
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then, we obtain

3=

|7 (1, p)| <

p o ¥
f If (MI"dydz (2.6)

p o
f f F' o) dydz
p o
fflg'(Z)lmdydz

thus, from inequality (2.6) we get

P e
f lg' )" dydz
T T

Since

e, 1
=|r—p|nf F dy‘
T

and

3=

=t -pl

b

(P m
mflg(Z)l dz
T

3=

| (T, p)l < |t —pl

1
p nl|re
f |f’(y)|”dy‘ f 1g'(2)|"dz 2.7

As a result of (2.7) and from equality (2.5) can be written following inequality:

1 trt r1 t\]%*! p(t) p(p)
k2r2(a)fofo [ln(_) - p [ mpldrdp

t a
ln(—) '
T pJl

krk(a)ff[ ()__1[ (t)]%_lzﬂ;ﬂ

- . .
ndy .

[y

) 1
f 82" dz
T

Now again using weighted Holder’s integral inequality, on the right-hand side of (2.8), we have
1 Eetl (e\]ETL[ (e F
E2T2(a0) Jo Jo T P
L ETHL (£)]F T p(@) p(p)
ln(— ] [ln(—)] prpp — T - |‘f IF'W|" dy
T 0 T

1 t prt A AL p(1) p(p) P m
X[—kmr;;(a)fofo (¢ [ln(‘)] EREE r—pl|[ g/ oz

P
Taking into account the fact that
0
[ irrdy
T

drdp. (2.8)

p(r)p(p)

—

P\, p)dtdp

dep]

1
m

dtdp (2.9)

0
<IfI* and f g™ dz
T

kzl“z(a)ff[ ( )
<atft [ L ()] o) e
[k’ﬂiln:a)ff[ é)

<lglm

we obtain

5l t)] 1 p(1) plp)

— | (z,p)ldtdp

——IT—pIdep]%. (2.10)
T
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Inequality (2.10) gives us following inequality:

szz(a)ff[ ()__1 (5)]% p(‘[)p(p)
_ Mgl ff[ ( )

p
B k2F2(a)
. ( )'—1[ (t”% p() plp)
n n —_

bh ol

With the fact that £ + = =1, from (2.11) we get

s L) ) 2
e o) o)

On the other hand using equality (2.5) we can easily seen that
2 |j€”“[p(t)] S IpWf g — A [p)f ()] %ﬁ“[p(t)g(t)ﬂ

b L) G2

0 T
Taking into account the inequalities (2.12) and (2.13), we conclude the left-hand side of the
inequality (2.3).

Now, to obtain the right-hand side of the inequality (2.3), since 0<7<tand 0<p <¢, we
will use the fact that

20\ (x, p)ldrdp

—

n

e (f)]%_ oy
p L

——lt—pldzdp

1
m

——I|r—pldrdp (2.11)

— |/ (r,p)ldTdp

Qg e

| (z,p)|dTdp. (2.13)

O<|t—pl=t.
Clearly, from (2.12), we obtain

a

L ()5 p() plp)
- — | dtd
k2F2(a)ff[ ( ) [ (p)] T p (T, plldrdp
_Ifln ngnmff [ ( ) k- 1[ (t)] L p() p(p)
< - —-pldtd
k2r2(a) In 0 0 — It —pldtdp
_t||f|| nl&llm ( ) B [n(f)r_ @Md dp
k212 o T P
=1f'llnllg ||mt(ﬁi’;;"[p(t)])2
which completes of the proof of Theorem O

The following theorem put forward a further generalization of Theorem [1| with @ and B

positive parameters.
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Theorem 2. Suppose that p be a positive function, f and g be differentiable functions on [0,00),
f' € L,([0,00)), g’ € L,,([0,00)) such that % + % =1 with n > 1. Then for t > 0 following inequality
holds:

1A @) A Of g~ # IpOf O] A p(Dg®)]
— APIp0a®) A pOF O+ AL IpOF Oe®] A pO))|

B
1 1 llg lm ff[ ( "1[ (t)]% L p(1) p(p)
- — dtd
= @) p IT-pldrdp

T P
< tIF lallg I 5] S [p()] (2.14)
where a, B,k > 0.

Proof. To prove this theorem, we multiply (2.4) by F(¢,p) (o €(0,2), ¢ > 0) and take the integral
on (0,t) (with respect to p), to obtain

1 t pt V1%
wrardh b ")
k2T (a)T1(B) Jo Jo T

= AL @) AW Dg®1- AL O] A p(Be®)]
- A Ip0g) A OF O+ A IpOF g®] AL M), (2.15)

1[1 (t)f (r)p(p)
n T

P

o (t,p)dtdp

Using our obtained previously inequality (2.7), we get

1 t pt AL t
wrarh b "G =)
2T (a)T1(B) Jo Jo T P

1 t t] ¢ %—11 ¢ £-1
< - — —
_szk(a)rk(ﬁ)f()f() n(r) n(p)]

1
p
(T)P(P’ f If(y)I”dy‘ [ 1g@imaz

— 7 -pl
If we take Holder’s integral inequality, we easily get following inequality:

R p(r)p(p)wﬂ pldrdp

Sl=

dtdp. (2.16)

1 t pt 151 " g p(T)p(p)
mfo fo ln(;) ln(;) — |4/ (z,p)ldTdp
B
1 1l Im t 1 p(®) p(p)
<k2rk(a)rk(ﬁ)ff ( ) n(p)] ., [Topldrdp. (2.17)

The left-sided inequality of Theorem [2] can be easily seen from inequalities (2.15) and (2.17).

Furthermore, for 0<7t<t¢,0<p <t¢, we have
O<|t—pl=t.
Therefore, from (2.17), we obtain

1 t pt £\1%°1
e b ()
2T (a)T1(B) Jo Jo T

Commaunications in Mathematics and Applications, Vol. 9, No. 3, pp.[339 , 2018

‘m

[1 (t)lﬁ p(r)p(p)
n —
[

—| (r,p)ldtdp




346 Chebyshev-Griiss Type Inequalities for Hadamard k-Fractional Integrals: S. Iqbal et al.

tllf tlfplg g f f [ ( )
szk(a)rk(ﬂ)
=1 lullg'llm t 5P S ()]
which finish proof process of Theorem O

b

a_q B
' [m(i)] i@ plo) dp
o T p

Remark 2.1. If it is taken as f = a in above theorem, Theorem [2|reduces to Theorem

3. Conclusion

In this paper, we have done a considerable work associated with classical and variants of Griiss
type inequality, which actually connects the integral of the product of two functions with the
product of their integrals. We have also presented the Chebyshev-Griiss type inequalities for

Hadamard fractional integrals in the framework of parameter & > 0.
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