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1. Introduction

A positive sequence (b,) is said to be almost increasing if there exists a positive increasing
sequence (c,) and two positive constants K and L such that K¢, <b, <Lc, (see [1]). Let Y a,
be a given infinite series with the partial sums (s,). Let (p,) be a sequence of positive numbers
such that

n
Pn:va—>oo asn—oo, (P_j=p_;j=0,i=1). (1.1)
v=0

The sequence-to-sequence transformation
1 n
Zn:_zpvsv (1.2)
P n yp=0

defines the sequence (z,) of the Riesz mean of the sequence (s,), generated by the sequence of
coefficients (p,) (see [9]).
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Let (¢,) be a sequence of positive real numbers. The series } a, is said to be summable
@—IN,pn;6lp, k=1 and 6 =0, if (see [14])

[e.0]
N @R — 2 11F < o0, (1.3)
n=1

If we take ¢, = ;;—Z, then ¢ — N, p,;6|; summability reduces to [N, p,;8|;, summability (see [5]).
If we take 6 =0 and ¢, = ;;—Z, then ¢ — N, p,;6|;, summability reduces to [N, p,|, summability
(see [2]).

2. Known Result
In [8], Bor has obtained the following theorem.

Theorem 2.1. Let (X,,) be an almost increasing sequence and let there be sequences () and
(Ay) such that

|AAy| < B, 2.1)
Brn—0 asn— oo, (2.2)
Y nlABLIX, < oo, (2.3)
n=1
and
n g,k
Y, ——=0X,) asn—oo, (2.5)
v=1

where (t,) is the n-th (C,1) mean of the sequence (nay). Suppose further, the sequence (p,) is
such that

P, = O(npn)a (2.6)
P,Ap,=0(prpn+1), (2.7)

ndn io summable IN,pnIk, k=1.

oo
then the series Y. a,
n:]. npn

3. Main Result

The purpose of this paper is to generalize above theorem for ¢ —|N, p,;8|; summability method
in the following form. One can find more applications of generalized absolute summability of
infinite series (see [6l, [71, [111, (121, [13], [15], [16]).

Theorem 3.1. Let (X,) be an almost increasing sequence and ¢,p, = O(P,). If conditions

2.1)-2.4), 2.6)-2.7) of Theorem [2.1]and

” 1
Y90 Sityl* =0(X,) asn— oo, 3.1)
v=1
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il s 1 or 1
E - —O( ) as m — oo, (3.2)
n:v+1(pn Pn 1 P,

o0 _
are satisfied, then the series Z an% is summable ¢ —|IN,pp;6lp, k=1and 0<6 < 1/k.
When we take § =0 and ¢, = =% in Theorem |3 , then we get Theorem In this case, the
condition (3.1) reduces to the condltlon (2.5). Also, the condition (3.2) is automatically satisfied.

Remark. It should be noted that under the conditions on the sequence (1,), we have that (1,)
is bounded and AA,, = O(1/n) (see [3]).

Lemma 3.2 ([10]). If (X},) is an almost increasing sequence, then under the conditions (2.2)-(2.3),

we have

nX,p,=0(1) asn— oo, (3.3)
Z BrX, < oo. (3.4)
Lemma 3.3 ([4]). If conditions (2.6) and (2.7) are satisfied, then we have
P, 1
A =0|—]|. 3.5
(2e)-of2) @9

4. Proof of Theorem 3.1

Let (M,,) be the sequence of (IV, p,,) mean of the series . 2=ntn a”P A” . Then, we have
n v ay P /l
= — = — (P P ]_) .
n P yg: 7; rpr Pn vz: . UPy
Then, for n > 1, we get
M,-M, |= Pn i P, 1Pya,Ay DPn 2 Py 1Pya,vi,
PnPn—l v=1 UDy P Pn 1p=1 v pv
From Abel’s transformation, we obtain
pn " (Pv 1P/1)” An &
M,-M,_ 1= A —
" nl PnPn—l l;. ; 2 ;
(n+ 1Dt Ay pn "=lp, Ay
= + —(@+1)¢
n? PPnlvzlp(v Pz
DPn
P,P,AM, (v+1)
P,P, 1 UZ pv
Pn P,
P,A +1)t,A
P P, 1 UX: v1(v ) ( pv)
= Mn,l +Mn,2 +Mn’3 +Mn74.

To prove Theorem [3.1) we have to show that

Z @oFRL M R <00, forr=1,2,3,4.
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First, from Abel’s formula, we have

(n+ i, A
Z¢6k+k 1|M Z(p§k+k 1 n

n2

1
=0(1) Z @k =\ Anlltnl
n=1 n

m-1 n 1 m 1
=0) Y. ALY @25 21t 1F + O AR Y. @Ok =18, 1*
n=1 r=1 r n=1 n
m-1
=0(1) ) IAM,IX, + Oy X
n=1
m-1
=0(1) ). BnXn+0OD)INy| X
n=1

=0(1) asm — oo,
by virtue of (2.1), (2.4), (2.6), (3.1) and (3.4).

From Holder’s inequality, as in M,, 1, we have

n—1 k

Pn P, Ay
—(@+ Dityp
P,P,_ ll;pv o 2

=0(1) Z (p5k 1((p;)pn)

Z (p5k+k lan |k Z (p6k+k 1

1

Dk
Pnl

va

v= pv

-1p, 1A, |)

k-1
1 n—1 P |ﬂ| 1 n—1
=0(1) Z gk l— % (—) poltyl* (—va
n—l v=1 pU U P

n-1y=1
P\ Biy b-1 ISP |
:0(1>Z —| PoltF AT A = Y 9T
v=1\DPv n=v+1 Pn—l
L
=0(1)Z(pv Ayl ——
v=1 v
=0(1) asm — oo,
by (2.1), (2.4), (2.6), (3.1), (3.2) and (3.4).
Now, using A1, = 0(1/n), we get
k
Sk+k—1 Sk+k—1
IM,, 5% = PPAA(v+1)
Z n .3 Z On P Pn 1 UZ" pv
o1 1 "S(P)E k !
—O(].) Z Py Z (_) pleAvl |tU| va
Pn—l v=1\P n 1y=1
k
1
:0(1)2(—”) Pol AT ANt |* Z ot
v=1\Pv n=v+1 Pn—l

_ i Sk [ty
=0() ) ¢;"vp,
v=1
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= S oseloog — skl &
=0(1) E A(UﬁU)E (18 ;ltrl +O(1)m,6m § Dy ;|tv|
v=1 r=1

v=1
m—1
=0(1) Y. |AWBIXy +O()m P X
v=1
m-1 m-1
=0(1) ) vIABIX, +0() ). BuXy, +O(m P X
v=1 v=1

=0(1) asm — oo,

by using (2.1), (2.3), (2.6), (3.1), (3.2), (3.3) and (3.4).

Finally, since A(vflv) )= O[v%), asin M, 1, we have

k

P,
ZP Ap+1( + 1ty A( )
n= 2 v= pv

PPnl

Pn Pslylv

_0(1) Z (pﬁk l(wnpn) 1 (ZIP pvlt ||Av+l|)

m+1 1 n-1 P k 1A +1|k 1 n-1 k-1
=0(1) Y o0k (—) polty|F = p
r;Z Pn 1 vg'l D o vk P, 1,3 v

n (P 1
-0y (—) Polty® 1 Aps1 1" 1|Av+1|— Z Py 5 —
v=1\DPv n=v+1 Pn—l
Z sk Ity 1F
=0(1) Z @, 1A
v=1 v
=0(1) asm — oo,
by (2.1), (2.4), (2.6), (3.1), (3.2) and (3.4).
Thus, the proof of Theoremnis completed.
When we take 6 =0, ¢, = =2 and (X,,) as a positive non-decreasing sequence, then we get a

theorem dealing with [N, p, |z summablhty (see [4]]).

5. Conclusion

In this study, generalized absolute summability of infinite series has been studied. A theorem
concerning absolute summability factors, which generalizes a known theorem dealing with
the |N, p,|r summability factors of infinite series, has been proved by using almost increasing

sequences.
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