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1. Introduction

The subdivision schemes are the main pillar in the field of computer graphics, reverse
engineering, computer animation and Computer Aided Geometric Design (CAGD). Now a
days subdivision schemes are widely used in CAGD with lots of interesting applications in
industry because of their high efficiency. The subdivision scheme outlines a curve out of an
initial control mesh by subdividing them according to some refining rule.
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Numerous research papers have been published during the past couple of years in the field
of convexity preservation. In 1994, Cai et al. [[14] derived the convexity preserving algorithm
for four-point interpolating subdivision scheme of Dyn et al. [7], which is regarded as a pioneer
paper in this field. In 1999, Dyn et al. [6] deduced convexity preservation of the four-point
interpolatory scheme [[7]]. In 2009, Cai [5] presented convexity preservation of the ternary
interpolating four-point C2 stationary subdivision scheme of Hassan et al. [8] in 2002. In 2013,
Amat et al. [2] introduce a new approach towards proving convexity preserving properties for
interpolatory subdivision scheme. In 2014, Tan et al. [13] presented convexity preservation
of five-point binary subdivision scheme with a parameter. In 2015, Siddiqi and Noreen [[11]]
discussed convexity preservation of six point C? ternary interpolating subdivision scheme which
was presented by Mustafa and Pakeeza [[10] in 2010. In 2017, Tan et al. [12] analyzed the
shape-preserving properties of the four-point binary subdivision scheme. Recently, in 2017,
Akram et al. [1] analyzed shape preservation of 4-point interpolating non-stationary subdivision
scheme of Beccari et al. [4]]. In this paper we shall focus on shape preservation properties of
stationary 4-point quarternary Approximating and interpolatory subdivision schemes of C?
continuity presented by Ko [9] in 2009.

The remainder of the paper is organized as follows. In Section [2| we recall the refinement
rules of the 4-point quaternary approximating and interpolating subdivision schemes introduced
in [9]]. In Section [3|and Section |4/ we investigated the monotonicity preserving and convexity
preserving of the approximating and interpolating subdivision schemes respectively. Numerical
examples and conclusion are drawn in Section [5]and Section [6] respectively.

2. Quaternary 4-Point Approximating and Interpolating Subdivision
Schemes

Based on literature [9], first of all, we give the definition of a stationary 4-point quaternary
approximating and interpolating subdivision schemes.

Definition 2.1. A polygon p* = {p’f}iez is mapped to a refined polygon p**! = {pf”}iez by
applying the following four subdivision rules for approximating scheme:

PiTt =~ 03P} 1 + 1091P} * 064P 41~ T03a P25

) PhT Y = ~103aP} 1 + 1091P} * T09aP Y41~ T032P 12> @1
Piilo = ~1082PY 1 + 102aP} + 1024P 11~ 1031P 2>
Pl =~ 18P} 1 + 1051P} * 1054P 41~ T032 P

and for interpolating scheme:

Pyt =pf,
Phl =~ 1P} 1 + 18P} + 18Pt~ 1P e 0.9
Phih=—oph 4 ok e fipt, - ks,
Piils = —13g30% 1 + 15sPt + 198 10Y., — P lhs-
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3. Monotonicity Preservation

In the field of subdivision scheme, shape preservation is an important research topic. In this
section, we will drive monotonicity property for the subdivision schemes (2.1I) and (2.2).

Lemma 1. Suppose we have a set of initial control points {pi Yiez,

P2y <Pl <po<PI<.. <Py <Dy
Define first order divided difference by Dk = pl i f’, taking
D* 1
q? =it Q" = max qf,— , forallk=0,i,keZ.
D} g
Furthermore, let, for:
(i) Approximating scheme 2.1): 1<p < 59+2” 89 peR,
(ii) Interpolating scheme @.2): 1<p <4+ S 20 , PER.

If % <Q%<p, {pf} is defined by the subdivzswn scheme (2.1) and (2.2), then:
1
DF>0,-<Q%<p, forallk=0,i,kez. (3.1)
0

Proof. (i) To prove Lemma (1, we use mathematical induction on k.
(I) By hypothesis, when £ =0,
D?:p?+1—p?>o, ~=Q"=,
then ( is satisfied.
(II) Suppose that satisfies for some £ = 1, then we will verify it also holds for % + 1.
We first prove
Dt>0, forallk>0,i€Z keZ

Assume, Dk >0, for all i € Z, holds for some %k = 1. Then, it follows: for all i € Z,

k+1 k+1 k+1
Dy 4i+1 Py

= L F—30pl~e —230p].e +294p]? —34p’?
1024 1 i-1 i i+1 i+2
L g k_ k k k k k
=30 (ot -t ) +260(pt,, - ) -34(pk.y - bk,
L lagpk k k
= ﬁ L30Di_1 +260D —34DH_1
D* 30
=L | —— +260-34¢"
1024 | g* i
D% 130
= —+260—34p >0 3.2
128 | p

and

k+1 _ _k+1 k+1
Dyiv1 =P4ivo—Pyis
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-1 10p*_, —286p" +286p" , —10p"
1024 L Pi-1 i i+1 i+2
1 k k k k k k
= - [-10 (ot - bt ) +276(pt,; - p}) - 10(pt,, - B,
1 k k k
= <057 | ~10D}, +276D) -10D%,, |
D} [ 10 \
= oot |~ +276-104]
L i1
= Df _10 +276—-10p( >0 (3.3)
T 1024 | p p1=" :

Similarly we can show that,

DL >0 and DEL>0
which implies that

Dfﬂ >0, forallieZ.
Therefore, by induction

DF>0, forallk=0,i€7, keZ.

(ITI) To prove = <Qk<p forall k=0, ke Z.

Since
D* 10
k+1  Tosz +276 —10q; ]
gk = D4++1 1024 | gF
47 R+l ’
Dy i |30
1024[ o 1+26O 34q; ]
) [—ﬁ+276—10q’f]—p[%+260—34q?]
9™ P = 30 k ’
[E +260— 34ql
- +276-10g} - 200 2600 +34pg"
k -1 q;_ 1
94; =P = ’
' 304 9260- 34q
i-1
A
qﬁii_P: B (3.4)
As denominator in (3.4), i.e., B > 0 and numerator satisfies:
10 30
A =(-10+34p)g" - —— - =L +276 - 260p
ql 1 qll

10
<(~10+34p)p — — —30 +276 — 260p
Iy

1
=~ (34p®-270p% +216p - 10) < 0.
p
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Therefore,

k
94 =P

Similarly, in the same way, we can get

k k k
Q4i 41505 Q4i42=05 Q4;.3=P

and
1 < 1 < 1 < 1 <
7 =0 =P, =P, =p
2 2 2 2
qy; Q441 Qyivo Q4iy3
which implies
1 k+1
—<Q"" " =p.
0

Therefore, by induction, we have

1
—SQkSp, forallk=0, ke Z.
0

This completes the proof.

(ii) To prove Lemma |1, we proceeds by mathematical induction.

(I) By hypothesis, when £ =0, D(i) = p(i)+1 —p? >0, % < Q% <p, then || is satisfied.

(II) Suppose that (3.1) satisfies for some £ = 1, then we will verify it also holds for % + 1.

We first prove Df’ >0,forall k=0,ieZ, ke”Z.

Assume, Df >0, for all i € Z, true for some k = 1. Then, it follows: for all i € Z,

k+1 _ _k+1 k+1
Dy; " =pyic1— Py

1 k k k k
=198 —1p;_1—23p; +35p;,1 — 5P,
1 E_ & k k 3 3
=198 7(pi _pi—1)+30(pi+1_pi)_5(pi+2_pi+1)
1 3 k 3
= 58 7Di—l+30Di _5Di+1
Dt [ 7
=—L | —+30-5¢"
128 | gt |
D% 7
=i 1L430-5p|>0
128 | p

and

k+1 _ _k+1 k+1
Dyiv1=Pyivo—Paii1

1 k k k k
=198 [_1pi—1_33pi +37fi41 3P0y
B 1
- 128

(o - k) +34(pt,, - ) -3 (k- P2
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1 1.k k k
Dt [ 1
:12l8 —— +34-3¢}
[ 9,1
D% 11
=L |2134-3p|>0. (3.6)
128 | p

Similarly, we can show that

DML >0 and DEL>0
which implies that

D*1>0, foralliez.
Therefore, by induction

Dt>0, forallk=0,i,keZ.

(III) To prove % <QF<p,forallk=0,keZ.

Since
i 1 k
r+l Tom +34-3 ]
qk _ D4i++1 _ 128 [qlfd 7
47 e+l T ph ’
DY Di | _7 k
4i 198 qk_+30_5ql]
i-1
1 k 7 k
1 134-3¢%|-p |- +30-5¢"
E i, 3 Sql P a;_, 50 5ql]
94i =P = ’
[qg +30—5q"
i-1
L +34-3¢"~ 12 —30p +5pq*
qk —p= 9i-1 9i1 !
4i - 7 _E k ’
q?_1+30 5q;
A
k
q4i_p:§' (37)
As denominator in (3.7)), i.e., B > 0 and numerator satisfies:
1 7
A=(-3+50)g" + ——— 2 134 -30p
;-1 95,
1
<(-3+5p)p+—-T7+34-30p
Iy
1.3 2
== (50°—-33p"+27p+1)
0
1 2
=—(p—-1)(5p“-28p-1)<0.
0
Therefore,

k
94; = P-
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Similarly, in the same way, we can get

k k k
Q4i+1=P> 9412505 443D

and
1 < 1 < 1 < 1 <
— =0 =P, =P, =p
k k k k
9y 94i+1 94i+2 94i+3
which implies
1 < Qk+1 <p.
0
Therefore, by induction, we have
1
Z<Q"<p, forallk=0, kez.
Iy
This completes the proof. O

A direct consequence of Lemma |1|is Theorem

Theorem 2. Suppose the initial control points {p?}iez with p? = (x?, fio) are strictly monotone
decreasing (strictly monotone increasing). Denote:

0 0 0 0

X:, o —X; X, 4 —X; 1

0 i+2 i+1 i+1 i 0 0

X" =max 5 00 : , @ =max 95 (-
: Xip1 ™% Xj9™ X !

i+1
Then, for % <X'< p, and % SQO <p,

i

(i) Approximating scheme (2.1): 1<p < % V819 h e R,

(ii) Interpolating scheme (2.2): 1<p < M+T‘/2()_1, pER,

the limit functions generated by the subdivision schemes (2.1) and (2.2) are strictly monotone
decreasing (strictly monotone increasing).

4. Convexity Preservation

Definition 4.1. Given a set of initial control points {PLQ} ;ez With p? = (x?, ?) are strictly convex,
0

where {x?}iEZ are equidistant points. For convenience, we make Ax? =%, x? = 1. By the
1

subdivision schemes 1i and li we have Axf+1 = x#+1 _ xh+1 = %Axf = SieT-

i i+1 i

Definition 4.2. Let df = 2k( pf’_l -2 pé" + p®_) denote the second order divided differences. In

i+1
the following, we will prove d? >0, forall =0, k,i € Z. The subdivision scheme (2.1) can thus,
be written in terms of second order divided differences as follows:

dkl = é -21d? | +98d} - 134}, |,
alily = o [40a} +24dt, ]
altly = o [24dl +a0d, ],
kil = 6i4 -13d% + 98d%,, - 21d% , .
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Similarly, the subdivision scheme (2.2) can be written as follows:

1
k+1 b k_ g gk

dyi :3_2[_5di—1+18di —5di,4 |

gkt = L agk 4 gk

4i+1_1_6[3 i tqia)
1

k+1 B gk

d4i++2:§ [di +dig|

1
B+l _ ko ak
dyig = 16 [di +3d;,,|-

Theorem 3. Suppose the initial control points {P?}iez, P? = [x(i), p(i)), which are strictly convex

ie.,
0 .
d;>0, forallieZ,
Given that
k 1 p 9ha
' =max i () where r = T ,forall k=0, keZ.
i r’ A
l 13

Furthermore, let for,
(i) Approximating scheme (2.1): 1< A< %, ALeER.
(i1) Interpolating scheme (2.2): 1< A < SHT@, AeR.

Then for 3 <T%< 4,

1
d?>0,121“k</1, forall k=0,i€Z, keZ. (4.1)
Namely, the limit functions generated by the 4-point quaternary approximating and interpolating
schemes defined in (2.1) and (2.2) preserve convexity.

Proof. (i) To verify Theorem |3, we use mathematical induction on k.

(I) By hypothesis, || holds true for £ =0, d? >0, % <T%<A.

(IT) Suppose that holds for some £ = 1.
We verify it is also holds for £ + 1. We first show that
d*>0, forallk=>0,i€Z, keZ.
From the assumption that
df >0, forallieZ,

it follows: forall i e Z
1

dkl = o ~21d* | +98d% -13d* ,
ar [ d* d”
=L |-21-+1,98-13-11
6 | al
d | 1 k
=g | 215 98- 137
L Tia
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d* 1
> a [—211+98— 131 =0
and
1
k1 k k
diih = o7 |40d} +24d},,
k d*
=L 40+24— 4L
64 df
k
di

= £ [40+ 247} ]
64 !
d*
>—-[40+241]=0.
64
Similarly, we can show that
dél >0 and d¥L >0
which implies that
d**1>0, foralliez.
Therefore, by induction, we have

d¥>0, forallk=0,i€Z keZ.

(II) To prove + <T**1< ), k>0, ieZ, keZ.

Since:
k+1
4 T kel
dg
1 k k
_ o7 140d" +24d* |
T k k k
51 —21d? | +98dY —13d? ||
k k
o [40+24%
A d,
&= [—21 d;el +98 - 13?;1
40 +247%]
[—21,% +98 - 13r*
Tic1 !
then
40 +24r% + 211 — 981 + 13Ar%
rﬁ:l 1= - i-1 -
-21-1 +98 - 137
T l

i-1

By dﬁ;l = 0, the numerator of the above expression satisfies:

1
Numerator < 40 + 247} +211—— — 981+ 13Ar%
Ti-1

Commaunications in Mathematics and Applications, Vol. 9, No. 3, pp. (249 , 2018



258 Shape Preservation of the Stationary 4-Point Quaternary Subdivision Schemes: K. Pervez

1
= (24+131)r} +40+211— - 981
i1

=(24+13A)A+40 +211% - 981

=342 — 74 +40

20
=2(1 - 1)(10/1— 1—7) <0.

Therefore,

k+1
r'a; <A.

By the similar way, we get

k+1 k+1 k+1
rais1 <A Tgig<Ar <A

41+3 —
Since
1 dk+1
k 1 k+1
4: d4z++1
k k
_ o |-21d* | +98d* -13d% ||
o [40dk +24d", |
d? i—1 i+1
4 —21(1—5,14-98—]_3(1—1e
- d* dk,
[ ~21~—+98-13r%
_ L 1
[40 +247%]
then
1 21—+98 13rk — 401 — 247"
A,: l 1
rktl 40 +24r"

As denominator dk+1 = 0, the numerator of the above expression satisfies:

1
Numerator < —21—k +98 — 13ri —401 - 24)Lri
r

i-1
1
= (-13—-240)r} +98-21—— - 401
Tic1

= —241% — 741 + 98

:_z(;t—l)(m Q) <0
12

and similarly,

1 1 1
<A, <A, <A
rkfl rk+1 r k1l
4i+1 4i+2 4i+3
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which implies
oo,
Therefore, by mathematical induction, we have
%sﬂ<ﬁ,f&aﬂk2&kez
This completes the proof.

(ii) To verify Theorem |3 we use mathematical induction on &.

(I) By hypothesis, (4.1) holds true when £ =0, d0 >0, i <T%<A.

(IT) Suppose that holds for some %2 = 1.
We verify it is also holds for & + 1. We first show that
d¥>0, forallk>0, k,icZ
From the assumption that
df” >0, forallieZ,

it follows: forall i e Z

1
dkl = en ~5d* | +18d* -5d"
[ gk k
L = T 5d”1
32| dF d*
dk [ 1
i gt gk
=39 5r’? +18-5r]
L i-1
-5—+18-51|=0
32 A
and
k+1 k. gk
d4z++1_ [3d +di
k k
d 3+dl+1
" 16 d’

d*
_ i k
=16 [3 +r; ]
d*
>—[3+1]=0.
16
Similarly, we can show that
d{Z;lQ =0 and di;lz =0
which implies that
d**1>0, foralliez.
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Therefore, by induction, we have

d¥>0, forallk>0, i€z, keZ.

(ITIT) To prove % <T**l<) i€z, ke,

Since:
k+1
40 T gk+1
dy;
1 B, gk
_ 16 [3d} +d7,,
- 2 A k
35 [—5di_1+18di —5di+1]
d* dk,
T |3+
- d* dk d*
35 |54t +18-551
2
_ 2[3+ri]
1 k
[_5#;_1 +18—5ri
then
6+2rF + 51— — 181+ 5ArF
PRl = ! Tic1 !
4‘ ~5-— + 18- 57"
i-1

By dﬁi” = 0, the numerator of the above expression satisfies:

1
Numerator <6 + 27,? + 5/l—k - 181+ 5)[7“’;z
r

-1
1
= (2+51)rf +6+51— —181
i1

=(2+5M)1+6+512-181
=10A2-161+6=(1—1)(101-6)<0.

Therefore,

k+1
ry <A

By the similar way, we get

k+1 k+1 k+1
Fgiv1=A Tgg <A ryia<A.

Since
1
1 dy
E+1 ~ gk+1
T4 dyi

1 k k k+1
3 [_5di—1 + 18di —5di:1
- 1 k k

16 [3dl +di

.
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d* d* dk
i i—1 i+1
3| 5 + 18557
— 15

I

dt d*
i i+1
(3 ra ]

| -5 +18-5r%
_ i-1

k
[6 +2r; ]
then,
—5—— +18-5rf —61—21+5Ar"
1 1= Ti1 L L
riﬂ - 6+ 2r’ie
By dﬁ;}l > 0, the numerator of the above expression satisfies:
1
Numerator < ~5—— + 18 = 5rf —61 21 +5Ar"
Tic1
B 1
=(=5-2)r; +18-5—-—-61
i1
=(-5-21)1+18-51-61
=212 -161+18
=-21-1)(1+9)=<0.
Therefore,
k1+1 =A.
T4i
Similarly,
1 1 1 1
k+1 =4, k+1 =4, WSA’ k+1 =1
T4 Tai+1 4i+2 4i+3
which implies
1 k+1
—<I""" <A
A

Therefore, by mathematical induction, we have
1
Xsrkd, forall k>0, k€ Z.
This completes the proof. O

5. Numerical Examples

In order to examine and certify the efficiency of convexity preserving conditions that are
proposed for the schemes (2.1) and (2.2), the following three numerical examples are executed.

Example 5.1. For examining the applications of the scheme (2.1) after three iterations is
well demonstrated in Figure In the figure, the initial control polygons are shown by the
dash-doted lines, and the limit curves are shown by the red solid curves.

Commaunications in Mathematics and Applications, Vol. 9, No. 3, pp. (249 , 2018



262 Shape Preservation of the Stationary 4-Point Quaternary Subdivision Schemes: K. Pervez

(d) (e) ®
Figure 5.1. Behavior of convexity preserving C? limit curves (red full line) and initial polygon (black
dash-dotted line) generated by subdivision scheme (2.1).

Example 5.2. For examining the applications of the scheme (2.2) after three iterations is well
demonstrated in Figure In the figure, the initial control polygons are shown by the doted
lines, and the limit curves are shown by the green solid curves.

(a) (b) (c)

(d) (e) ®
Figure 5.2. Behavior of convexity preserving C? limit curves (green full line) and initial polygon (black
dotted line) generated by subdivision scheme .
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Example 5.3. Comparison of schemes and after three iterations is well demonstrated
in Figure[5.3| In the figure, the initial control polygons are shown by the doted lines, and the
limit curves generated by approximating scheme are shown by red full line and limit
curves for interpolating scheme are shown by the green solid curves.

(a) (b)

Figure 5.3. Comparison of schemes (2.1) and (2.2), doted line shows initial polygon, red solid line shows
limit curve generated by scheme (2.1) and green full line generated by scheme (2.2).

6. Conclusion

In CAGD, shape preservation of curves and surfaces is essential tool for modeling curves.
Monotonicity and convexity preservation are two major elements in shape preserving. In this
paper, a stationary 4-point quaternary approximating and interpolating subdivision schemes are
discussed. Successively, the conditions of the initial data guaranteeing monotonicity preservation
and convexity preservation are derived. For this purpose it is proved that if initial data is
strictly convex and satisfy I'® (1 @) and %€ (1, %) then the limit curve generated by the

» 17
subdivision schemes (2.1) and (2.2) respectively, are also convex.

Competing Interests
The author declares that he has no competing interests.

Authors’ Contributions
The author wrote, read and approved the final manuscript.

References

[1]1 G. Akram, K. Bibi, K. Rehan and S.S. Siddiqi, Shape preservation of 4-point interpolating non-
stationary subdivision scheme, Journal of Computational and Applied Mathematics 319 (2017),
480 — 492, DOI:|10.1016/j.cam.2017.01.026.

[2] S. Amat, R. Donat and J.C. Trillo, Proving convexity preserving properties of interpolatory
subdivision schemes through reconstruction operators, Applied Mathematics and Computation 219
(2013), 7413 — 7421, DOI: 10.1016/j.amc.2013.01.024.

Commaunications in Mathematics and Applications, Vol. 9, No. 3, pp. (249 , 2018


http://dx.doi.org/10.1016/j.cam.2017.01.026
http://dx.doi.org/10.1016/j.amc.2013.01.024

264

Shape Preservation of the Stationary 4-Point Quaternary Subdivision Schemes: K. Pervez

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

P. Ashraf and G. Mustafa, A generalized non-stationary 4-point b-ary approximating scheme,
British Journal of Mathematics & Computer Science 4 (2014), 104, DOI: 10.9734/bjmcs/2014/4120.

C. Beccari, G. Casciola and L. Romani, An interpolating 4-point C? ternary non-stationary
subdivision scheme with tension control, Computer Aided Geometric Design 24 (2007), 210 —
219, DOI:(10.1016/j.cagd.2007.02.001.

Z. Cai, Convexity preservation of the interpolating four-point C? ternary stationary subdivision
scheme, Computer Aided Geometric Design 26 (2009), 560 — 565, DOI: 10.1016/j.cagd.2009.02.004.

F. Dyn, F. Kuijt, D. Levin and R. van Damme, Convexity preservation of the four-point interpolatory
subdivision scheme, Computer Aided Geometric Design 16 (1999), 789 — 792, DOI:10.1016/s0167-
8396(99)00019-9.

N. Dyn, D. Levin and J.A. Gregory, A 4-point interpolatory subdivision scheme for curve design,
Computer Aided Geometric Design 4 (1987), 257 — 268, DOI: 10.1016/0167-8396(87)90001-x.

M.F. Hassan, I. Ivrissimitzis, N.A. Dodgson and M.A. Sabin, An interpolating 4-point C? ternary
stationary subdivision scheme, Computer Aided Geometric Design 19 (2002), 1 — 18, DOI:
10.1016/s0167-8396(01)00084-x.

K.-P. Ko, Quatnary approximating 4-point subdivision scheme, Journal of the Korea Society for
Industrial and Applied Mathematics 13 (2009), 307 — 314, https://portal.koreascience.or,
kr/article/articleresultdetail.jsp?no=E1TAAE_2009_v13n4_307.

G. Mustafa and P. Ashraf, A new 6-point ternary interpolating subdivision scheme, Journal of
Information and Computing Science 5 (2010), 199 — 210.

S.S. Siddigi and T. Noreen, Convexity preservation of six point C2 interpolating subdivision scheme,
Applied Mathematics and Computation 265 (2015), 936 — 944, DOI:|10.1016/j.amc.2015.04.024.

dJ. Tan, B. Wang and J. Shi, A five-point subdivision scheme with two parameters and a four-point
shape-preserving scheme, Mathematical and Computational Applications 22 (2017), 22, DOI:
10.3390/mca22010022!

dJ. Tan, Y. Yao, H. Cao and L. Zhang, Convexity preservation of five-point binary subdivision
scheme with a parameter, Applied Mathematics and Computation 245 (2014), 279 — 288, DOI:
10.1016/j.amc.2014.07.071.

C. Zhijie, Four-point scheme and convex-preserving algorithm, Journal of Computer Aided Design
& Computer Graphics 6(1) (1994), 33 — 36 (in Chinese), http://en.cnki.com.cn/Article_en/
CJFDTOTAL-JSJF401.005.htm.

Commaunications in Mathematics and Applications, Vol. 9, No. 3, pp. (249 , 2018


http://dx.doi.org/10.9734/bjmcs/2014/4120
http://dx.doi.org/10.1016/j.cagd.2007.02.001
http://dx.doi.org/10.1016/j.cagd.2009.02.004
http://dx.doi.org/10.1016/s0167-8396(99)00019-9
http://dx.doi.org/10.1016/s0167-8396(99)00019-9
http://dx.doi.org/10.1016/0167-8396(87)90001-x
http://dx.doi.org/10.1016/s0167-8396(01)00084-x
https://portal.koreascience.or.kr/article/articleresultdetail.jsp?no=E1TAAE_2009_v13n4_307
https://portal.koreascience.or.kr/article/articleresultdetail.jsp?no=E1TAAE_2009_v13n4_307
http://dx.doi.org/10.1016/j.amc.2015.04.024
http://dx.doi.org/10.3390/mca22010022
http://dx.doi.org/10.1016/j.amc.2014.07.071
http://en.cnki.com.cn/Article_en/CJFDTOTAL-JSJF401.005.htm
http://en.cnki.com.cn/Article_en/CJFDTOTAL-JSJF401.005.htm

	Introduction
	Quaternary 4-Point Approximating and Interpolating Subdivision Schemes
	Monotonicity Preservation
	Convexity Preservation
	Numerical Examples
	Conclusion
	References

