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1. Introduction

In 1950, Szasz [29] constructed the following linear positive operators
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where x € [0,00) and f(x) is a continuous function on [0,00) whenever the above sum converges
uniformly.

The Szasz-Mirakyan operators and their modifications have been intensively studied in
recent years. Sucu [28]] introduced linear positive operators generated by Dunkl generalization
of exponential function and obtained some approximation results of these operators. In 2014,
Aral et al. [7]] defined a generalization of Szasz-Mirakyan operators and gave the quantitative
type theorems in order to obtain the degree of weighted convergence by using the weighted
modulus of continuity. Agrwal et al. [4] presented a Stancu type Kantorovich modification of
q-Bernstein-Schurer operators and established a convergence theorem by using the well known
Bohman-Korovkin criterion and find the estimate of the rate of convergence by means of modulus
of continuity and Lipschitz function for these operators. Atakut and Biiyiikyazici [8] introduced
Kantorovich-Szasz type operators involving Brenke polynomials and studied convergence
properties of these operators by using Bohman-Korovkin’s theorem. Very recently, Acar et
al. [1] introduced a new general class of operators which have the classical Szasz-Mirakyan

ones as a basis, and fix the functions e®* and e2*

with a > 0 and obtained Voronovskaja type
theorem of these operators. Several authors also introduced different types of generalizations
of these operators and studied their approximation properties, we refer the reader to e.g. (cf.
[2,3./5,6,9L13-15/,17, 19,2024, 2527, 30]).

Mihesan [23] presented an important generalization of the well-known Szasz operators
depending on a € R as

%’ga)(f;x) = oi m(na;e(x)f(S), x €[0,00), (1.2)
k=0

(@ (=)
k' (1+ﬂ)a+k

factorial. The operators %2“) preserve the linear functions and they reduce to the following

where a+nx >0, m(n“;e(x) = and (a)r, =ala+1)---(a+k —1),(a)y =1, is the rising

well-known operators in special cases:

(i) If a = —n, we get the Bernstein operators [11].
(i1) If a =n, we obtain Baskakov operators [10].
(iii) If @ =nx, x >0, we get the Lupas operators [22].

(iv) If @ — oo, we obtain Szasz-Mirakjan operators [29].

For C,[0,00) :={f € C[0,00) : |[f(?)| < Me"" for some y >0, M >0 and ¢ € [0,00)}, we propose the
following Kantorovich type modification of the operators (1.2) as:

k+1

HD(fi2)=(n+1) i m'® (x) f ? f)dt. (1.3)
k=0 7+l

n7
n+1

In this paper, we prove the basic convergence theorem for the operators by using Bohman-
Korovkin criterion. We also find estimates of the rate of convergence involving modulus
of continuity and Lipschitz function. Furthermore, we study weighted approximation and
pointwise convergence of the operators in terms of quantitative Voronovskaja type theorem.
Lastly, we show the rate of convergence of these operators to certain functions with the help of
the illustrations using Maple algorithms.
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This paper is organized as follows: In section |2, we prove certain results for generalized
Szasz-Kantorovich type operators which will be useful in deriving the main results of this paper.
In section 3] we obtain local approximation and degree of approximation. In section 4] we derive
the rate of convergence of these operators to certain functions with the help of the illustrations
using Maple algorithms.

2. Auxiliary Results
In this section we prove certain results, which are necessary to derive the main results.

Let e;(t)=¢,i=0,6.

Lemma 1. For the operators ,/“i’n(“)(f ; %), we have
1. Depx)=1,

1
2. A De1;x) = —— +
nolenx) = e Ty
221+a)  2nx 1
3. D (eg;x) = ad + + ,
n ) = T T i 12 3t 1
331 +a)2+a) In2x2(1+a) Tnx 1

4. Ky D(ez;x) = * " * ’
n (€3%) a?(n+1)3 2na(n+12 2(n+12 4(n+1)°

1+ ) 2+a)B+a) 8n3x3(1+a)2+a) 15n2x%(1+a)
+ +
(n+1%a3 (n+1)%a? (n+1a
N 6nx N 1
(n+1)* 5(n+1)*%
PP +a)2+a)B+a)d+a) . 25n* x4 (1+ a)2+ a)(8 + a)

5. X P(eg;x) =

6. A V(es;x) =

at(n+1)° 2(n +1)P°ad
1303231+ )2+ a) 45n2x2(1+a) 3lnx 1
+ + + ,
3(n+1)P°a? (n+1Pa 3(n+1®° BbBn+1)4*
@ nbx8(1+a)2+a)B+a)d+a)5+a) 18n°x°(1+a)2+a)B3+a)4+a)
7. K, (e6;x) = +
(n+1)8ad (n+1)8a4
100n*x* 1+ )2+ a)B+a) 200n3x3(1+a)2+a) 129n2x2(1+a)
+ + +
(n+1)6a3 (n+1)%a2 (n+1)ba
18nx 1

+(n+1)6 +7(n+1)6'

Proof. This lemma follows easily applying ([23], Lemma 4.1) and the definition of the generalized
Szasz-Kantorovich operators (1.3). Hence the details are omitted. O

Lemma 2. For m = 1,2,4,6, the m** order central moments of jfn(“) defined as Oy g m(x) =
9 ((¢ - x)™;x), we have

X
1. ﬁn,a,l(x) - 2(n+1) B (n+ 1)’
2(4,2 -
N 79n,a,2(x)=x (n“+a) x(n-1) 1

(n+12a  (n+ 1?3+ D2
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x*(3n%2+ ) +6n%a?-8n3a+ad) x®(16n%+6(n-3)n%a+2(3n-1)a?)
+
(n+1)4a3 (n+1)*a?
x%(3n%(@+5)-10na+2a) x(5n-1) 1
+ + + :
(n+1ia (n+1%  5(n+1)4
x®(5n5(24 + a(3a +26)) - 24n°a(5a + 6) + 45n*a®(a + 2) + 15n%a* — 40n3a3)
(n+1)6ad

x2(432n° + 450(n — Dn*a + 15n3(16 + n(3n — 23))a?
+90(n — Dn2a® +3(55n— 1a?)

(n+1)8a4
5x% (n*(120 + (116 + 9a)) — 2na(52 + 33a) + InZa?(a + 5) — 10na’ + a3)
" (n+1)%q3
.\ 5x3 (80n3 +6n%(11n — 9a + (-1 +3n(5 + (n — T)n))a?)
(n+1)%a3
x%(3a-56na+n%(70a+129)) x(17n-1) 1
(n+1fa (1P Un+1P

3. 1c)n,crA(-’C) =

4. ﬁn,a’e(x) =

+

+

Remark 1. If a = a(n) — 0o, as n — oo and lim ﬁ =l eR, then
n—oo
(1-2x)
2 b
nle np q2(x) =x(lx+1);

lim n9, 41(x) =
n—oo

lim %9, q.4(x) = 3x%(1 + 1x)?;
n—o0

lim n%8,,0,6(x) = 152°(1 + Lx)°.

3. Direct Results

Theorem 1. Let f €C,[0,00) and a=a(n) — oo as n — oo. Then lim Jy ™ (f;x) = f(x), uniformly
n—oo
in each compact subset of [0,00).

Proof. From Lemma KD eo;x) = 1, K D(e1;0) — x, H P(eg;x) — x2, as n — oo uniformly in
each compact subset of [0,00). By Bohman-Korovkin Theorem, it follows that Ji/n(“)( f;x)— f(x),
as n — oo uniformly in each compact subset of [0,00). O

3.1 Local approximation

Let Cg[0,00) be the space of all real valued bounded and uniformly continuous functions f on
[0,00), endowed with the norm

171 Gg000 = sup If ().

x€[0,00)

For f € C B[0,00), the Steklov mean is defined as

h h
£ () = %foz f02 [2f e+ 1 +0)— Flx+ 20 + v)]du dv. (3.1)

By simple computation, it is observed that
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(a) ”fh - f”ég[O,oo) = w2(f7h)-
() f;, £ € Cpl0,00) and IIf;llg 10,000 < ROU>)s 171G p10,00) < 2@ SR,
where the second order modulus of continuity is defined as

wo(f,6)= sup sup |f(x+2u)-2f(x+u+v)+f(x+2v), §=0.

x,u,v=20 |u—v|<é

The usual modulus of continuity of f € Cg[0,00) is given by

w(f,0)= sup sup |f(x+u)—f(x+v).

x,u,v=0u—v|<d

Theorem 2. Let f € Cpl0,00). Then for every x =0, the following inequality holds
13
530~ )| 50 £, 00,020) + =02, 9n.02) ).
Proof. For x =0, and applying the Steklov mean [} that is given by (3.1), we can write

K300 F )| S U = Fuls 0+ 1,2 fa= @30 [+ 1 @)= f @)L (3.2)
From (1.3), for every f €Cp[0,00), we have
5| < 1F 0,000 (3.3)

Using property (a) of Steklov mean and (3.3), we get
K3 = Fals) < 1 (F = ) g ,00,00) < 1 = FrllGy10,00) < @2(F 5 ).
By Taylor’s expansion and Cauchy-Schwarz inequality, we have
1
[ (= F@30] = U N yt0,00 VA (6= 00%55) 4 511 0,000 2 (6= 00%53).
By Lemma [2|and property (b) of Steklov mean, we obtain
| (i~ 0| < —w(f P\ O 2 () + 2h2w2(f )0 q2(x).

Choosing h = 1/, ¢ 2(x), and substituting the values of the above estimates in (3.2), we get the
desired relation. O

3.2 Degree of Approximation
Let ¢1 =0, cg > 0 be fixed. We consider the following Lipschitz-type space (see [26]):

ci,c ~ - n
sz(l2)(1;)::{feCB[O,oo):If(t)—f(x)ISM Lt

x,t€(0, oo)}
(t+ clx2 + sz)2

where M is a positive constant and 0 <s < 1.

Theorem 3. Let f € sz(c1 02)(17) and s € (0,1]. Then, for all x € (0,00), we have
'Bn,a,2(x) )%

c1x2 + cox

1 D(f 52) — ()] sM(

Proof. By Holder’s inequality with p =2, ¢ = we have

k+1

%“)(f;x):(n+1)2m(“)(x) ) - F)ldt
k=0

23’

+|»
—

o0

<) mi @) ((n +1)

o
£l

If(t) f)ls dt)

=

n+
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o k1 3 (oo 5
< {(n +1) Y m'Y (x) f " If(t)—f(x)lgdt} (Z m;“,1<x>)
k=0 prs k=0
& k_ﬂ 2 2
= {(n+ ny m;f;fk |f(t)—f(x)|§dt}
k=0 1
—u o (E-x)? )2
+1

S (@)
((n+1)kzzomn’k(x)fL (t+c1x2 + cox)

n

A

" (c1x2 + c9x)?
M

= s
(c1x2 + cox)2

M . .
- —(clx2 e (0,,.4.2(x))2.

Thus the theorem is proved.

o0 kil 5
- ((n+1>2 m'® (x) f l(t—x)zdt)
k=0 o

n+1

[ ]

(A2 - 0%)

Theorem 4. For any f € 6%3[0,00) and x € [0,00), we have
50 = FO| <1 @ 0n,0,1(0] +21/ 01.050) (£, Ina20) ).
Proof. Let f € 5113[0,00). For any ¢,x € [0,00), we have

t
f@®)—fx)=f'x)t —x)+f (F'w) - ') du.

Applying %L(“)(-;x) on both sides of the above relation, we get

t
K@) = F);0) = 1) 30— x520) + .Y ( f (F'w) - F'(x) dusx .

Using the well known property of modulus of continuity

If(t)—f(x)lsw(f,é)(lt;xl+1), 6>0,
we obtain
t (t —x)?
u)—f (x))du| <w(f, +|t—x|].
f(f’( )= () du| < o(f' 5)( 1t |)

Therefore, it follows

(3.4)

| 4OF320) - F@)| = 1 @] 1,0 - 5320 +w(f’,5){§%§“>«t—x)z;x>+Jifn‘“)ut—xux)}.

Using Cauchy-Schwarz inequality, we have

| 4OF520) - F@)| < IF/ ] 1,2~ 50 +w(f’,5){%\/ Sy (=~ 2)%2) + 1} VLD 2230,

Choosing 6 = y/Up,q,2(x), the required result follows.

O

Let H,[0,00) be the space of all real valued functions on [0,00) satisfying the condition

|[f(x)] = Nrp(x), where Ny is a positive constant depending only on f and p(x) =1 +x22is a
weight function. Let C,[0,00) be the space of all continuous functions in H,[0,00) endowed with
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the norm
|f ()]
I£llp:= sup
P x€[0,00) p(x)
and
Cg[O,oo) = {f € Cpl0,00): lim ) exists and is ﬁnite}.
x—oo p(x

The usual modulus of continuity of f on [0,b] is defined as

wq(f,0)= sup sup |f(t)—f(x)l.

0<|t—x|<d x,t€[0,al]
Theorem 5. Let f € C,[0,00). Then, we have

|t/“i/n(“)(f;x) - f(x)l < 4Nf(1 + xz)ﬁn,az(x) + 2wa+l(f, ﬁn,a,Q(x))-

Proof. From [18], for x € [0,a] and ¢ =0, we have
|t — x|

IF() = F) < AN +22)(t—x)% + (1 4 )wa+1(f,6), §>0.

By Cauchy-Schwarz inequality, we may write

A3 PN AN A+ =020 a1+ 5 A1)

1
< AN (1+2%)00,020 + 01 (£,0) 1+ 5/ O 0.2(2)).
Now, choosing 6 = 1/, q 2(x), we obtain lb

4. Weighted Approximation

Theorem 6. Let f € Cg[O,oo) and a = a(n) — oo as n — oco. Then, we have

lim [2,“(f)~fll,=0.

(3.5)

(4.1)

Proof. In order to prove this result it is sufficient to verify the following three relations (see [16])

lim %, % (e;;)—e;ll, =0, i=0,1,2.

n—.oo
Since Ji/n(“)(l;x) =1, the condition in li holds true for i =0.
By Lemmal([I] we have

1 nx 1
”‘%/”(a)(el;.)_el”p:iggl+x2 n+1+2(n+1)_x‘
x -1 1 1
~sup s | e
Thus,
lim [[7,¥(e1;) ~e1ll, = 0.
Finally, we obtain

1 n?x2(1+a) 2nx 1
12, (e2;-) —ezllp ilzlg 1422 an+12  m+12 3(n+1)2 X

Commaunications in Mathematics and Applications, Vol. 10, No. 3, pp. [403 , 2019
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- 2 |(n?2-a-2na) N X 2n 1 1
<su s ,
T 2| miPa | T Rl T 231
(4.4)
which implies that r}im 14, (eq;-) — e2l, =0. O
—00

We apply the weighted modulus of continuity Q(f,d) defined on [0,00) (see [31]]). Let
(x+h)—f(x)

Q(f,6) = Ui 5 f 5
Ih|<6 x€[0,00) (1+A%)(1+x%)

for each Cg[O,oo).

Lemma 3 ([31]). Let f € C9[0,00), then:
(1) Q(f;06) is a monotone increasing function of 6;
(i1) 511% Q(f;6)=0;
(iii) for each m eN, Q(f,md) < mQ(f;d);
(iv) for each 9€[0,00), Q(f;90) < (1 + DNQ(f;0).

In this section we study a quantitative Voronvoskaja type result for the Ji/n(“) operators.

Theorem 7. Suppose " € Cg[O,oo) and x> 0. Then, we have

x ) f(x) (x2(n2+a) x(n—-1) 1 )
-~ - + +
20n+1) (n+1) 2 \(n+12a Mm+1)?2 3(n+1)?

<8(1+x2)0(n"HQ ( " %) .

Proof. Applying Taylor’s expansion, there exists ¢ lying between x and ¢ such that
1
F@O=F@+f @)t =)+ S @)= 0" + et 0t - )7, (4.5)

where

e(t,x) =

A0~ £ 1160

(&) —f"(x)
2
is a continuous functions that vanishes at 0. Operating the operators ,%/n(“) to the above relation

and applying Lemma |2, we may write
x ) f(x) (xz(nz +a) x(n—-1) 1 )

(@ f._ _ ! _
S (f50 = () f(x)(z(n+1) n+D) 2 \+1Pa  (+12  3(nt12
=< 4, le(t, )|(t - x), x).

Using Lemma [3|and the definition of Q(f,5), we get
IF(8) = FG)l < 21+ 221+ (£ —x)?] (1 + L 5 |)(1 +62)Q(F,6) (4.6)

for every f € CO[O,oo) and x,t €[0,00). By (4.6) and the relation | — x| < |t — x|, we have

et,x) <1 +22)[1+ - )2](1+“’L(S ')(1+52)Q(f" 5).
Also,

0 2(1+22)(1+ 62 QUf", ), It —x| <6
T+ - 22114 158) @+ 8907, 0), 16—l 25,
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Now choosing 6 < 1, we get
(t—x)*
54

Y
<8(1+12) (1 L 6:“) )Q(f”,a).

E(t,X)52(1+x2)(1+ )(1+52)2-Q(f,,,6)

By Lemma [2| we find that
L D(|e(t, )|t - x)2, %) = 8(1 +x2)Q(f",5) (%,f“)((t —x)%,x) + 5—14%‘”((15 —x)8,x)

=8(1+22)Q(f",6) (O(n—l) + 5—140(n_3)) .

Choosing § = %, we have
1
A D(|e(t,2)|(t - x)%,x) < 8(1+ 220 HQ (f”, —) .
vn
Hence, we get the required result. O

Example 1. The comparison of convergence of %ﬁf‘”(f ;x) (red) and the Szasz-Kantorovich
K, (f;x)(green) [12] operators for f(x) = x1° — 5x® + 6 (blue), a = 100, n = 100 and a = 150,
n = 150 is illustrated in Figure[l|and Figure [2| It is notice that Szasz-Kantorovich operators
[12] give a better approximation to f(x) than an(“)( f;x).

Figure 1. The convergence of ,)5/1(01(? O(f;x) and Figure 2. The convergence of e)i/1(5105 O(f;x) and
K100(f;x) to f(x) K150(f;x) to f(x)

5. Conclusion

In this paper, we have proven the basic convergence theorem for the operators (1.3) by
using Bohman-Korovkin criterion. We have also found estimates of the rate of convergence
involving modulus of continuity and Lipschitz function. In addition, we have studied weighted
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approximation and pointwise convergence of the operators in terms of quantitative Voronovskaja

type theorem. Finally, we have shown the rate of convergence of these operators to certain
functions with the help of the illustrations using Maple algorithms.
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