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1. Introduction

A positive sequence (b,) is said to be almost increasing if there exists a positive increasing
sequence (c,) and two positive constants A and B such that Ac, <b, <Bc, (see [1]). Obviously
every increasing sequence is almost increasing sequence but the converse need not be true as
can be seen from the example b, = ne"?". Let Y a, be a given infinite series with partial sums

(sp). Let (p,,) be a sequence of positive numbers such that
n
Pn:ZpU—>oo as n—oo, (P_j=p_;i=0,i=1). (1.1)
v=0

The sequence-to-sequence transformation

1 2
Un:ITvasv (1.2)
n v=0


http://doi.org/10.26713/cma.v10i3.603 

440 On Generalized Absolute Matrix Summability of Infinite Series: H. S. Ozarslan and A. Karakas

defines the sequence (0,,) of the Riesz mean or simply the (IV, p,) mean of the sequence (s,),
generated by the sequence of coefficients (p,) (see [8]). The series ) a, is said to be summable
IN,pnle, k=1, if (see [6])
00 Pn k-1 5
Y = lop —0n-11" < oo, (1.3)
n=1 Pn
and it is said to be summable IN,pn,ﬁ;5|k, k=1,0 =0 and B is a real number, if (see [7]])
00 (P )ﬁ(5k+k—l)

>

n=1

|y — 0 p1]* < oo0. (1.4)

Pn

If we take =1, then IZ\_T,pn,,B;élk summability reduces to |N,p,;6|, summability (see [5]).

Also, if we take =1 and 6 =0, then |N, p,, 8;6, summability reduces to |V, p, |, summability.
Let A =(a,,) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries.

Then A defines the sequence-to-sequence transformation, mapping the sequence s = (s,) to
As =(A,(s)), where

n
A,(s)= Z AnySy, n=0,1,... 1.5)
v=0
The series Y a, is said to be summable [A,p,|z,k =1, if (see [12]])
© (P k-1 _
Y (—”) IAA(s)IF < oo (1.6)
n=1 n
We say that the series ) a, is summable |A,p,,B;6l,, k=1, 6 =0 and f is a real number, if
oo (p \POk+k-1) _
)y (—) |AA ()N < o0, (1.7)
n=1\Pn
where
AAn(s) :An(s)_An—l(S)- (1.8)

If we take f =1, then |A, p,, B;0], summability reduces to |A, p,;6l, summability (see [10]).
Also, if we take =1 and 6 =0, then |A, p,, B;6], summability reduces to |A, p,|, summability.
Before stating the main theorem we must first introduce some further notations.
Given a normal matrix A = (a,,), we associate two lower semimatrices A = (@,,) and
A= (d,,) as follows:

n
@ny =) Qni, n,v=0,1,... (1.9)
i=v
and
oo =a00=a00, Gno =@ny—An-1p, N=12,.... (1.10)

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-
series transformations, respectively. Then, we have

n n
A,(s)= Z AnySy = Z Aoy (1.11)
v=0 v=0
and
_ n
AAL(s) =) dnpay. (1.12)
v=0
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2. Known Result

In [3], Bor has proved the following theorem for |N, p,|; summability factors of infinite series.

Theorem 2.1. Let (X},) be an almost increasing sequence and let there be sequences (f,) and
(1) such that

|AAy| < B, (2.1)
Brn—0 as n— oo, (2.2)
Y nlABLIX, < oo, (2.3)
n=1

and
It,|*
U

=0(X},) as n— oo, (2.5)

3

v=1
where (t,) is the n-th (C,1) mean of the sequence (nay). Suppose further, the sequence (p,) is
such that

PyApn =0(pnpn+1), (2.7

00 _
then the series Y. an};’f” is summable |N,pylp, k=1.
n=1 n

Remark 2.2. It should be noted that, from the hypotheses of Theorem (A5) is bounded and
AL, =O0(1/n) (see [2]).

3. Main Result
The aim of this paper is to generalize Theorem for absolute matrix summability.

Now, we shall prove the following theorem:

Theorem 3.1. Let A =(a,,) be a positive normal matrix such that

a,o=1, n=0,1,..., (3.1)
Gn-1p 2 Qny, fornzv+1, (3.2)
DPn
nn=015~1, 3.3
¢ (Pn) ©3
|dn,v+1| = O(UlAU(dnv)D (3.4)

Let (X,) be an almost increasing sequence. If the conditions (2.1)-(2.4) and (2.6)-(2.7) of

Theorem 2.1land

m (P )ﬁ(6k+k—1)—k
n

Pn
00 (Pn ),B(5k+k—1)—k+1

)3

n=v+1

1t ¥ = 0(X,,) as m — oo, (3.5)

P \AGh+h-D-k
1Ay (o)l = O ((—) )

>

n=1

) (3.6)
Pn

Pv
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are satisfied, then the series Y an% is summable |A,py,B;0lr, k=1, =0 and
n=1 n
-BOk+Ek—-1)+Ek>0.
We need the following lemmas for the proof of Theorem

Lemma 3.2 ([11]). If (X},) is an almost increasing sequence, then under the conditions (2.2)-(2.3),
we have that

nX,pn,=0(Q), 3.7
i ,Ban <oo. (3.8)
n=1

Lemma 3.3 ([4]). If the conditions and (@2.7) are satisfied, then A(P,/p,n?)=0(1/n?).

4. Proof of Theorem 3.1

o0
Let (I,,) denotes A-transform of the series ) a”fT”A”. Then, by (1.11) and (1.12), we have
n=1 n

~ " P,A
AIn = dnvav —
v=1 Upy
Applying Abel’s transformation to this sum, we get that
- 1 P, A
AL, =Y Gt vte
v=1 V" Py
" (GPoly ) & nPrAn &
_ A, (anv2 v v) Zrar ann2 n'tn Z"ar
v=1 V" Py r=1 n"pn =1
=l (GnuPyA P
= Ay (anv2 v v)(v+1)tv ann2 P2 (n+ iy,
v=1 V" Py n=pnpn
n-1 N
+1)P,A P +1
_ Av(dm})(v . ) v/ly . n,u+1 UA/lv U(U . )
v=1 v DPv v=1 Pv v
n-l P P,
+ dn7v+lav+1A(2—”)tv(u+1)+a””z#(nﬂ)tn
v=1 U™ Py n°pn

:In’1+In,2+In,3+In,4.

To complete the proof of Theorem by Minkowski’s inequality, it is enough to show that

oo (p. \BOk+E-1)
Y (—”) 1L, 1* <oo, forr=1,2,3,4. (4.1)
n=1\Pn
First, using the fact that P, = O(vp,) by (2.6), we have that
m+1 P, P(Ok+k-1) m+1 P, BOk+E-1) (n-1 k
n=2\Pn n=2\Pn v=1
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Now, applying Hélder’s inequality with indices & and &', where £ > 1 and % 7+ F =1, we have
that
m+1 P, B(6k+E—1) . m+1 P, B(6k+k—1) i n-1 k-1
Y (—) Ll =0(1) Y ( ) Z M@l e || 18
n=2\Pn n=2 =1
m+1 P, BOk+k-1) n—
=0(1) ) ( ) aﬁ;l(z )
n=2 v=1
Now, using the fact that a,, = O(l;—z) by (3.3), we have that
m+1 P, B(Ok+E-1) m+1 P B(6k+k—1)—k+1 (n—1
n=2 \Pn n=2 n

ﬁ(6k+k—1)—k+1
) |Ay(@ny)l

m 5 5 m+1 n
=0 Y Akt 15 Y (—
v=1 n=v+1 n

m (p BOk+k-1)-F
( ) AolF A1t ®

m (p BOk+k-1)-F
( ) YRITAL

pOR+E-1E
I ()

||
i [\/]S
>
=
M

m (p BOk+E-1)-F
( ) It, 1

=0) Y |AAIX, +OD)A I X

=0(1) Z Bu Xy + O A | X,

=0(1) asm — oo,

by virtue of the hypotheses of Theorem [3.1]and Lemma
Now, using Holder’s inequality, we have that

m+1 Pn BOk+E-1) . m+1 Pn BBE+E-1) (n—-1 k
( ) 2" =0(1) ) == Y 1Gnp+1llAA, Ity ]

—2 \Pn n=2\Pn v=1

m+l(p POk+E-1) (n-1

k
= O(].) Z -z Z UlAu(dnU)l,Bvltvl)

=2 pn v=1

m+1(p \BOk+k-1) (n-1 n—-1 k-1
=0(1) ) |— Zvﬂlev(dnv)lltvlk)(Zuﬁvmv(dnvn) .

=2 pn v=1 v=1
Since

Ay(@ry) =Gny — Any+1=0ny —Ap-1p —Anp+1+Apn-1p+1 = Qny —An-1,p
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we get that
n-1 n-1
Z Ay (G ry)l = Z (an_l,v —Any) <ann.-
v=1 v=1

Thus, we obtain

m+1 P, POk+Ek-1) m+1 P, BOk+Ek-1) n-1
(—) Lnslf =0 (—) af;l(z 0Bo 1@l 11| )
=2 pn n=2 n v=1
Now, using (3.3), we have that
m+1 Pn POk+E-1) L m+1 Pn BOk+k-1)-k+1 (n—1 .
Z (_) |In,2| =0(1) Z (_) Z U:Bv |Ay(@no)llty] )
n=2 \Pn n=2 n v=1

IAv(dnv)|

m ) m+1 P, BOk+k-1)-k+1
=0() ) vPult,l” ), ( )
v=1 n=v+1
BOk+k-1)-F

m PU
=0y vﬁvltvlk(—)
v=1 DPv

v (P ),13(5k+k—1)—k

m-1
=0(1) Y AwB,) Y |—
v=1 pr

It |*

k

B(Sk+k—1)—F
) o]

+O0(1)m Brm i (ﬂ
v=1 v
m—1
=0(1) ) I1AWB)IXy +0V)m B X
v=1
m—1 m-1
=0(1) )_ vlABIX, +0() ). Bu X, +OV)MmPpXm
v=1 v=1

=0(1) as m — oo,

by virtue of the hypotheses of Theorem [3.1] and Lemma

Since A (;; ) =0 (viz), we have that
m+l(p \p@k+k-1) mtl(p \pOk+k=1) (n- 1%, | k
— I =01 — A —
~ (pn) | n3| ( ),12::2 (pn) (; |anv+1|| v+1| v )
mtl(p \pOk+k=1) (n- k
- 0(1) (—) (Z v(dnv)|mv+1||tv|)
n=2 Pn =1
_ k-1
m+1 N POk+E-1) (n-1 L L n-1
~0() (—) 180G Aust Pt [ 3 1800l
n=2\Pn v=1 v=1
m+1 n B6k+Ek-1) 1 n-1 L L
=0(1) (—) ,_l Y 1AW(@ o) [Ay+1] 1ty ] )
n=2 \Pn v=1
By using (3.3), as in I, 1, we have that
m+l(p \BOk+k-1) . m+l(p \POk+h—D—k+1 (n-1
Z (_) |In,3| =0() Z ( ) Z 1Ay (anv)||/1«v+1||tv|
n=2 pn n=2 n
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m+l (p BOk+k-1)-k+1
( ) 1Ay (G o)l

=0 Y Apsallty® Y
v=1

n=v+1\Pn

-0y Ar1llty I

m (Pv )ﬁ(§k+k—1)—k
v=1

Do
=0() as m — oo,

by virtue of hypotheses of Theorem Lemma [3.2]and Lemma|[3.3
Finally, by using Abel’s transformation, as in I, 1, we have that

m (p P6k+E-1) m (p P6k+E-1)
(p—) sk =01) Y p— Ay
n=1 n n=1 n
m (p \POk+k-1~k
=0 Y. p— A F " H A1, 1
n=1 n
m (p \POk+k-1~k
—omy p— |Anlltnl®
n=1 n

=0(1) as m — oo,

by virtue of the hypotheses of Theorem [3.1]and Lemma [3.2
This completes the proof of Theorem

5. Corollaries
Corollary 1. Ifwe take =1 and § =0, then we get a theorem dealing with |A, p,|r summability
(see [9D).

Corollary 2. If we take =1, 6 =0 and an,, = f;—';, then we get Theorem

6. Conclusion

We prove a general theorem for absolute matrix summability of infinite series by virtue of
almost increasing sequence. This general theorem enrich the literature of summability theory
and create basis for future researches.
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