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1. Introduction

In the recent years abundance of applications are stimulating the rapid development of dynamic
equations on time scales. This has attracted and continuous to attract the considerable attention
in the literature. The theory of time scale calculus was firstly initiated in 1990 by the German
Mathematician Steafan Hilger [7] in his Ph.d dissertation. Recently, many authors have obtained
results on various types of dynamic equations and its applications on time scales [1,[2]. In [6,8]
properties of some Voltera type equations are studied. Stability and convergence of dynamical
systems is studied by authors in [9,/10]. Motivated by the scope of dynamic equations in this
paper we have established some new dynamic integrodifferntial equations in two independent
variables.
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Let R" denotes the real n-dimensional Euclidean space with appropriate norm |-|. Let T,
and Tg be two time scales and Q = T1 x Ty. The set of all rd-continuous function is denoted
by C,4. The partial delta derivaive of p(x,y) for (x,y) with respect to x,y and xy is denoted by
p2i(x,y), p2(x,y) and p2122(x, y) = pB2Bi(x, y).

In this paper, we study the dynamic integrodifferential equation of the form

u182 (x, y) = £ (x, 5, ux,y),(Gu)x, y), Hu)x,y)), (1.1)

with the given conditions

u(x,x0) = a(x),uly,yo0) = p(y),ulxo,y0) =0, (1.2)
for (x,y) € Q where
(Gu)(x,y) = xfyg(x,y,s,t,u(s,t))AtAs, (1.3)
X0 Y Yo
Hu)(x,y) = i yh(x,y,s,t,u(s,t))AtAs, (1.4)
x0 Jyo

for f € C,.q(AxR*"xR*"xR*R"), g € C,q(QxR*"xR*R"), a,B € C.q(T,R"), (GO)(x,y) =
f;; Q“X)g(x,y,s,t,O)AsAt and (HO)(x,y):ffofyyoh(x,y,s,t,O)AtAs.

2. Preliminaries

Let G be a space of functions which satisfy the condition

|D(x, ¥)|1 < OC(eylx,y)), for(x,y)e(], 2.1)
where A > 0 is a constant. In space G, we define the norm
|®lg = sup [[IP(x,y)l1eerlx, Y. (2.2)
(x,y)eQ

The norm defined in (2.2) is a Banach Space. Then from condition (2.1) implies there exists a
condition N = 0 such that

|®(x,)]g <Nej(x,y). (2.3)
From (2.3), we have
|®lg <N. (2.4)
It is easy to see that u(x,y) is solution of (1.I)-(1.2) if it satisfies the equation
u(x,y) = alx)+ p(y) + ’ yf(s, t,u(s,t),(Gu)(s,t),(Hu)(s,t))AsAt. (2.5)
x0 Jy0

Now, we give the lemma proved in [5].
Lemma 2.1. Let
udt)<a@®u(t), forallteT", (2.6)
then
u@)<u(tg)eq(t,tg), forallte T". 2.7)
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The following theorem is proved in [12].

Lemma 2.2, Let u,a € C.g(QQ,R), g(x,y,8,) e (Q2xQ,R,), h(x,y,x,t,¢E,1) e (QxQxQ,R,) and
k =0 is a constant. If

x ry X ry s pt
u(x,y)sk+f f a(s,t)u(s,t)AtAs+f f (f f g(s,t,f,r)u(f,T)ATAf)AtAs
X0 JY0 x0 Jyo \Jsg Jig

x ry s pt
+f f (f (h(s,t,cf,T,m,n)u(m,n)AnAm)ATAf)AtAs, (2.8)
x0 Jyo \Jsg Jio
for (x,y) € Q then
u(x,y) = keA(x,y) (x7x0)a (29)

where

xpy
A(x,y)za(x,y>u(x,y)+f f 2,9, D) u(E, 1) ATAE
Y

X0 0

x ry s prt
+f f (f h(x,y,{,T1,m,n)u(m,n)AnAm|. (2.10)
x0 Jyo \Jso Jto

Now, we prove the inequality which is useful in studying the properties of solution of

(1.1)-(1.2).

Theorem 2.3. Let u,p,q,r € C,.q(Q,R,) and

u(x,y)sk+fxfyp(s,t)
X0 Y Yo

S t
w(s,t)+ f f g (& DU E,1) ATAE
X0 Y Y0

0

a prb
+f f ré&,nué, 1) ATAE|AtAs, for (x,y) €, (2.11)
X0 YYo0

where k =0 is a constant. If

a prb
c :f f r(, T)efx [p(x,)+q(x,t)IAt (x,x0) <1, (2.12)
x0 Jyo 0
then
k
ux,y)=< 1-¢ effo [pGx,t)+q(x,t)]AL (x,x0). (2.13)

Proof. Define a function v(x, y) by right hand side of (2.13) v(xo,y) = v(x,y0) = ¢, ulx,y) < v(x,y).

v228 (x, y) = p(x, y)

x a prb
u(x,y)+f fyq(s,t)u(s,t)AtAHf f r(s,t)u(s,t)AtAs]
X0 Y Yo x0 YY0

x a rb
< plx,y) v(x,y)+/ fyq(s,t)v(s,t)AtAs+f f r(s,tv(s,t)AtAs|. (2.14)
X0 Yo X0 Y Yo
Define a function f(x,y) by
x a rb
f(x,y):v(x,y)+f fyq(s,t)v(s,t)AtAs+f f r(s,t)v(s,t)AtAs. (2.15)
X0 Yo X0 Y Yo

We get
f(x0,¥) = f(x,50)
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a prb
:c+f f r(s,t)v(s,t)AtAs

0 JY0

=M (say).
We have
F8 (@, ) =022 (2, 5) + q (6, 3)v (2, 9)
sp@,y)v(x,y)+qx,y)v(x,y)
=p@,y)f@,y)+qx,yf(xy)
= flx, »)p(x,y)+qlx, y)].

(2.16)

(2.17)

By keeping x fixed in (2.17) and y = ¢ and delta integrating from yg to v, 21 (x,y) = 0 and f(x,y)

is non decreasing. We have

y
A1,y < | [p,t)+qx,DIf (x, ) At
Yo

y
<f@y | [p,t)+qlx, )AL
Yo

Let @ (x,y) = 3% [p(x,t) + q(x,t)]At, then from (2.18)

A3 < f(2,9)Q (x, ).
Now treating y fixed and applying Lemma [2.1], we have

f(x, y) = MeQ(x,y)(xaxO)-

From (2.18) and (2.20), we have
k

1-c¢’
Using (2.20) and (2.21) and the fact that v(x,y) < f(x,y), we get (2.13).

M<

3. Existence and Uniqueness
Now, we give existence and uniqueness of (1.1)-(1.2).

Theorem 3.1. Suppose the function f, g, h in (1.1)-(1.4) satisfies the conditions:

If (x,y,u,0,w) = f(x,y,u,0,w)| < k(x, Y[lu-ul+v-vl+w-wl],
g (x,y,8,t,u)—g(x,y,s, t, W <l (x,y,s,t)[lu—-ull,
|h(x,y,s,t,v)—h(x,y,s,t,0)| <m(x,y,s,t)[|lv-"]],

where k(x,y) € C,q(Q,R), m(x,y,s,t),l(x,y,s,t) € C,q(Q x Q,R).

For Aasin

(i) there exists a non negative constant c < 1 such that

Q(x,y) +f yQ(s,t)AtAs <cey(x,y),

x0 JY0

X

X

Qx,y) = k(x,y)

y
e;t(x,y)+f L(x,y,s,t)ep(s,t) AsAt

X0 JY0
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a prb
+f f m(x,y,s,t)ey(s,t) AsAt|, (3.5)

0 YY0

(ii) there exists non-negative constant 1 such that

la)] + | B)] +If (x, 5, u(x0,50),(GO)(x, ), (HO)(x, y))l

x ry
+f fx,y,u(x0,50),(GO0)(x,y),(HO)(x,y)) e, (s,t) AsAt, (3.6)

0 “Yo

then the initial boundary value problem (1.1)-(1.2) has a unique solution on (.

Proof. Let u € G and we define the operator S by

x ry
(Su)(x,y) = lax)| + | B(y)| + fx,y,u(s,t),(Gu)x,y),(Hu)(x,y) AsAt.  (3.7)

X0 Y Y0

By delta differentiating (3.7) with respect to x and y we have

(Su) 22 (x,y) = f yf(x,y,u(s,t),(Gu)(x,y),(Hu)(x,y))AsAt. (3.8)

x0 Jy0
We show that Su maps G into itself and Su is rd-continuous on Q

[(Sw)(x, ) + |(Su) 221 (x, y)|

X

Xy
< ax)+ ly) + f f I (5,2, u(s, £),(Gu) (s, ), (Hu) (s, 8)) —f (s, £, ulx0,50),(GO) (s, 2), (FI0) (s, )]

X0 Y0

x oy
+f If (s, t,ulx0,50),(GO)(s,t),(HO) (s, ) AtAs + |f (x,y,u(x,y),(Gu)(x,y),(Hu)(x,y))

0YY0

—f (x,y,u(x0,50),(GO)(x,y),(HO)(x, Y| + |f (x,y,u(x0,¥0),(GO)(x,y),(HO)(x, y))l

t
Sne,l(x,y)+f yk(s,t){[lu(s,t)ll] +f l(s,t,m,n)[Iu(m,n)ll]AnAm

x0 YY0 X0 Y Y0

X S

a pb

+f m(s,t,m,n)[Iu(m,n)ll]AtAs}AyAx
X0 YYo0

X

y a rb
+k(x,y) |lux,y)y +f L(x,y,s,t)lu(s,t){AtAs +f f m(x,y,s,0)lu(s,t);AtAs
X

X0 Y0 0 “Y0

y
e/l(x,y)+f l(x,y,s,t)ex(s,t) AtAs

X0 JY0

s t
e;L(s,t)+f l(s,t,m,n)ey(m,n)AnAm
x0 Jyo

X

<ne,(x,y)+lulg{k(x,y)

a prb
+f m(x,y,s,t)e,(s,t)AtAs
X

0 YY0

x [y
+f th(s,0)

0YY0

a prb
+f f m(s,t,m,n)eg(m,n)AnAm] }AtAs
X0 Y Yo

x o ry

S17f31(9c,y)+N{Q(x,y)+ Q(s,t)AtAs}

x0 JY0

<[n+Nclex(x,y). (3.9)
From (3.9) it follows that Su € G which proves that S maps G into itself.
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Now, we verify that S is a contraction map. Let u(x,y),v(x,y) € G.

From and (3.8), we have
1(Sw) (x, ) — (Sv) (x, )| + [(Su)*22 (x, y) — (Sv)** 1 (x, y))|

< f 7 st uls, 0, G (s, 1), (Hw) (s,8) —F (5,1, 0(s, ), (Go) (5, £), (Flo) (s, )] AtAs

0 Y0

+1f (x,y,ulx, y),(Gu)(x,y),(Hu)(x,y) —f (x,y,0(x,3),(Gv)(x,y),(Hv)(x,y))

x s prt
Sf fy{k(s,t) [Iu(s,t)—v(s,t)ll]—f-f l(s,t,m,n)[Iu(m,n)—v(m,n)ll]AnAm

0 Y0 0YY0

a prb

+f m(s,t,m,n)[lu(m,n)—v(m,n)l] AnAm}AtAs +Ek @, ) {lulx,y)—v, g
X0 Y Y0

a rb

+fx yl(x,y,s,t)[Iu(s,t)—v(s,t)ll]AtAs +f

0YY0

m(x,y,s,8) [lu(s,t)—v(s,t)l] AtAS}
0 YYo

y a pb
<|u-vlgk(x,y){er(x,y) +f I(x,y,s,t)er(s,t) AtAs +f m(x,y,s,t)ea(s,t)AtAS}
X

X0 Y0 0 Y Yo

x ry s pt
+[ k(s,t){es(s,t) +[ I(s,t,m,n)e(s,t) AnAm
X X

0YY0 0YY0

a pb
+f m(s,t,m,n)eg(s,t)AnAm}AtAs
x0 Y0

X

=|u—v|c;{Q(x,y)+f yQ(s,t)AtAs}

0 YY0
<clu—-vlgep(x,y). (3.10)
From (3.10), we have
ISu—Svl|g <clu-vlg. (8.11)

Since ¢ < 1, it follows from Banach Fixed point Theorem S has a unique fixed point in G. The
fixed point of G is a solution of (1.1) and (1.2). This completes the proof. O

Theorem 3.2. Suppose function f satisfies (3.1), and g,h satisfies the condition

|g(x7yas7t7u)_g(x7y7sat7ﬁ)| = ll(x,y)ml(S,t)“u _ﬁl]y (312)
| (x,y,8,t,u)—h(x,y,s,t,u)l <la(x,y)ma(s,t)[lu—ull, (3.13)

where 11,lo,m1,ms € C,4(Q,R). Let q(x,y) = max{k(x,y),l1(x,y),l2(x, y)}. Then initial boundary
value problem (1.1)-(1.2) has at most one solution on .

Proof. Let u1(x,y) and ug(x,y) be any two solutions of (1.1)-(1.2) and w(x,y) = |u1(x,y)—us(x,y)
then by hypotheses, we have

X

y
w(x,y) < f If (s,t,(Gu1)(s,t),(Hu1)(s,t) —f (s,t,(Gug)(s,t),(Husz)(s,t))| AtAs
X0 YY0

x ry
S[ k(s,t)
X0 Y Yo

S

t
w1 (s,6)— ua (s, B)| + f 11, Tmy (6,7) w1 (6,7) — g (6, 1)| ATAE

X0 YY0
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a prb
" f f 1€, 1)ma (€, 7) w1 (6, 7) — uz (&, 0| ATAE | AtAs

0 YYo
|u1(s,t)—u2(s,t)|+f M (&) un (€, 1) — ua (6, 7)| ATAE

x ry
= f f q(s,t)
x0 Jyo X0 Y Y0

a prb
+f ma(¢,7)|u1(S, 1) —ua (S, TIATAS

0 YY0

Applying Lemma [2.2] to (3.14), where % = 0, we have
lui(x,y)—ua(x, )| <0, (3.15)

s prt

AtAs. (3.14)

which implies that ui(x,y) = ua(x,y) for (x,y) € Q. Therefore, there is atmost one solution of

(1.1) and (1.2) on Q. O

4. Properties of Solution
Let u(x,y) € C,q(Q,R,), uB2Bi(y, y) exists and satisfies the inequality

[uP22 (2, y) = £ (x, y,u(x, ), (Gu)(x, ), Hu)x, )| <€,

for a given € = 0, where (1.2) holds. Then, we say that u(x,y) is an e-approximate solution of
(1.1) with (1.2).

In the following theorem, we obtain the estimate the difference between two approximate

solution of (1.1).

Theorem 4.1. Suppose that the functions f,g,h in (1.1) satisfy the conditions (3.1), (3.12) and
(3.13).

Let u;(x,y), (i =1,2) be €; approximate solution of (1.1) with

ui(x,x0) = ai(x), ui(yo,y) = Bi(y), wilxo,y0)=0, (4.1)
where a;,Bi € Crq(T,R"), such that

|a1(x) — aa(x) + B1(y) — B2()| =1, (4.2)
where 1 =0 is a constant. Then

eab +

w1 (x, y) - Uz (x,y)| < ?E”e 2 e ysmaenae (5:%0) (4.3)
where (x,y) € Q, and

_ a prb

c :f M2 (S, 7)€ [* [q(x,t)+mi(x,010t (X5 X0) < 1. (4.4)

x0 J¥o 0

Proof. Since u;(x,y), (i =1,2) for (x,y) € Q are a € approximate solution of (1.1) with (4.1), we
have

w2 (2, y) = £ (2, y,ui(x, ), (Gui)x, ), (Hu)x, y))| < €. (4.5)
Integrating both sides of (4.5) on QQ and (4.1), we get

x Ly
€ixy = f [uR2™ (s,8) = £ (5,8, ui(s, £),(Gu;)s, 8), (Hu;)s, )| AtAs

0 “Yo
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>

fx fy {ul2®1(s,0) = f (s,t,ui(s,8),(Gui)s, 1), (Hu;)Gs, t))}' AtAs
X0 YYo0

x ry
= |ui(x,y)— ai(x) - Bi(y)— f f(s,t,ui(s,t),(Gu;i)s,t),(Hu;)s,t)AtAs|. (4.6)
X0 Y Y0
From (4.6) and using the elementary inequalities
lv—zl<lvl+lzl, lvl-lzl<|v-2z], 4.7

we have

x ry
u1(x,y)—[a1(x)+ﬁ1(y)]—f f f(s,t,ui(s,t),(Gui)(s,t),(Hui)s,t)) AtAs

X0 JYo

x ry
ws (x,y) — [az(x) + Poly)] - f f £ (5,2, us(s,0), (Gus)(s, £), (Hus)(s, 1)) AtAs

X0 Y Y0

(e1+€2)(xy) =

+

=

x Ly
{Iul(x,y) — [a1(x) + B1(»)] - f f(s,t,ui(s,t),(Gu1)(s,t),(Hu1)s, t))AtAs}

X0 JY0

x ry
- {uz(x,y) — [aa(x) + Ba(y)] —f f(s,t,ua(s,t),(Gua)(s,t),(Huz)(s, t))AtAs}
X0 Y Yo

> uq(x,y) — ug (x, ) — |[a1(x) + B1()] + [aa2(x) + B2(1)]|

fx ’ f(s,t,uils,t),(Gui)s,t),(Hu1)(s,t)) AtAs

0YY0

_ f 7 £ s 8, us(s,0), (Gus)s, 1), (Hus)(s, ) AtAs|. 4.8)

0 YY0

Let w(x,y) =ui(x,y) —us(x, y)| for (x,y) € Q, we get from (4.8)

f(s,t,ui(s,t),(Gui)(s,t),(Hu1)(s,t))

x Ly
w(x,y) <exy+ Ial(x)—az(x)+/31(y)—ﬁz(y)|f f
X0 YY0

_ f ’ f ’ f(s,t,U2(S,t),(Guz)(s,t),(Huz)(s,t))‘AtAs
X0 Y Y0

x ry s prt
< |£st+n|+f f q(s,t)[w(s,t)+f m1(&Dw,1)ATAE
x0 Jy0 x0 Jy0
a rb
+/ mo (&, T)w (&, T)ATAE| AtAs. 4.9)
x0 Jyo
Now an application of Theorem we get (4.3). O

Remark 4.1. If u1(x,y) is a solution of (1.I)-(1.2) then we have €; =0 and from (4.3), we have
uz(x,y) — ui(x,y) as €2 — 0 and n — 0. If we have €1 = €2 = 0, a1(x) = aa(x), f1(y) = B2(y) in 4.3).
Then uniqueness of solution (1.1)-(1.2) can be established.
Now, we consider (1.1)-(1.2) together with the following
A28 (x, y) = £ (x, y,0(x, ), (Go)(x, ), (Hv)(x, ), (4.10)
v (x’xo) = R(QC), v (y07y) = B(y)a v (anyO) = 0’ (411)
where G, H are as defined in (1.3) and (1.4).
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Now, we prove the conditions concerning the closeness of solutions of (1.1)-(1.2) and (4.10)-
(4.11).

Theorem 4.2. Suppose function f,g,h in satisfy the conditions (3.12), (3.13), (3.14) and there
exists constant € =0 and 11 = 0 such that

If (e, y,u,v,w)— f(x,y,u,v,w)| <E, (4.12)

|lax) — @(x) + B(y) — B =7, (4.13)
where f,a,p and f,ﬁ,ﬁ as in (1.1)-(1.2) and (4.10)-(4.11). Let u(x,y) and v(x,y) be respectively
the solutions of problem (1.1)-(1.2) and (4.10)-(4.11). Then

gab+n

lu(x,y)—v(x,y)| < ef;co [qGe.t)+m (e, HIAL (x,x9), for (x,y)e (4.14)

-c
Proof. Let w(x,y) = |u(x,y) —v(x,y)| for (x,y) € Q. Since u(x,y) and v(x,y) are the solution of
problem (1.1)-(1.2) and (4.10)-(4.11), we have

_ X y
w(x,y) < la(x) — @) + By) — Bl + f f I ey (s, 8), (Gu) (s, £), (Hu) (s, 1))

X0 Y0

F (6, 9,0(8,0),(Go) (s, ), (HV) (s, )| AtAs
x ry
" f I (5,3, 0(5,0),(Gv) (5, 8), (Hv) (5, 1))

0 YYo
~F (5,9,0(5,),(Go)(5,1),(HV) (s,0)| AtAs

S

t
11, )m1 (&, 1) w(s, ) ATAS

0 Y0
x ry
AtAs+f f eAtAs
x0 Jy0

x s pt
< (Eab +ﬁ) +f fyq(s,t)[lw(s,t)l +f m1(&, 1) w(s, ) ATAE
x0 J¥o X0 Y Y0

STfo yk(S,t)[Iw(S,t)I +f

0 Yo

a prb
" f Lo (&, 1)ma (€, D) lw(s, O] ATAE

0 JYo

a prb
+f mo(&,7)|w(s, )| ATAE | AtAs. (4.15)
X0 Y Y0
Now applying Theorem [2.3|to (4.15) we get (4.14). O

Remark 4.2. The result given in above Theorem relates the solution of the problem (1.1)-(1.2)
and (£.10)-(.11) in the sense that if f is close to f, a is close to @, f is close to B then the
solution to problems (1.1)-(1.2) and (4.10)-(4.11) are close together.
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