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Abstract. A semigroup S is called a posemigroup if S is equipped with a partial ordering relation “<”
such that @ < b in S implies xa < xb and ax < bx, for all x € S. In this paper, we define an equivalence
relation B* on a posemigroup S and introduce the concept of (m,n)-high-ideals by generalizing
the concept of (m,n)-ideals in a posemigroup, for two non-negative integers m and n. As a result
of this definition we get a relationship between 0*-minimal (m,n)-high-ideals and (m,n)-regular
posemigroups. A necessary and sufficient condition for a posemigroup S to be an (m,n)-regular
posemigroup is given as well.
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1. Introduction

In 1952 Good [[7]] first defined the notion of bi-ideals of a semigroup. Also, the concept of the (m,n)-
ideal in semigroups was given by Lajos [[13] as a generalization of one-sided ideals of semigroups.
Thereafter, the notion of the generalized bi-ideal was introduced in semigroups by Lajos in [14]]
as a generalization of bi-ideals of semigroups. Moreover, the concept of ideals was studied in
rings and posemirings. For example, Pawar in 2015 introduced a class of ideals that lies between
essential ideals and semi-essential ideals (see [15]). Also, Gan introduced some properties of

ideals in posemirings [6]. Let m, n be non-negative integers. A subsemigroup A of a semigroup
S is called an (m,n)-ideal of S if A™SA™ c A. Here, A°S = SA? = S. Furthermore, the theory
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of (m,n)-ideals in other structures have also been studied by many authors(see []1], [2]). A
semigroup S is said to be (m,n)-regular [12] if for any a in S, there exsist x in S such that
a=a"xa". In 1979 Bogdanovi¢ [[3] studied some properties of (m,n)-ideals and (m,n)-regularity
of S. Indeed, the author characterized when every (m,n)-ideal of an (m,n)-ideal A of S is an
(m,n)-ideal of S. Moreover, (m,n)-regularity of S was discussed. In the present paper, using
the concept 0f (m,n)-ideals in posemigroups defined by Changphas in [5]. We extend the results
in [12], for posemigroups. Kaap [|8] introduced an equivalence relation B on semigroup S by,
fora,beS,aBbifa=>0 or a € bSb and b € aSa; using this relation the author characterized
0-minimal bi-ideal of S. Tilidetzke [[16]] generalized Kapp’s results; the author introduced an
equivalence relation B}, on S where m,n are non-negative integers by, for a,b € S, aB}, b if
a=>boracb™Sb" and b € a™Sa"; using the relation B}, 0-minimal (m,n)-ideals of S are
characterized.

Throughout the paper S stands for a posemigroup. Following [[10] we recall the definitions
of (A] and AB as:

(Al:={s€eS|s=<a, for some a € A},

AB:={ab|a€A,beB]},
for subposets A and B of a posemigroup S. Changphas [5] generalized Tilidetzeke’s results; the
author introduced and equivalence relation B}, on posemigroup S where m,n are non-negative
integers by, for a,b €S, aB}, b if and only if a = b or a < b™vb™ and b <a™ua” for some u,v €S,
that is,

a€(™Sb"] and be(a™Sa"l.

By a left ideal of a posemigroup S we mean a non-empty subset L of S satisfying SL < L and
(L1< L. A right ideal may be defined in a similar way. A two sided ideal of S is a left as well as
a right ideal of S. For every non-empty subset A of S, let

(A" :={seS|s<a”, for some a € A,n €N}. (%)

If there is an element 0 of a posemigroup S such that x0 =0x =0 and 0 <x for all x € .S, we call
0 a zero element of S. A left ideal L of a posemigroup S with zero 0 is said to be 0-minimal if
there is no a left ideal L’ of S such that {0} c L’ c L. For a right ideal of S, we can be defined
similarly. Recall from [[10,11] that a non-empty subset B of S is called a bi-ideal of S if BSB < B
and (B] < B. Changphas defined (m,n)-ideals in posemigroups as follows:

Let m, n be non-negative integers. A subposemigroup A of posemigroup S is called an
(m,n)-ideal of S if the following conditions hold:
(i) A™SA"cCA,
(i) (A]J< A, thatis,forx€e A and ye S, y<x implies ye A.
In particular, A is called a bi-ideal of S if m = n = 1. It is clear that if A be a bi-ideal of S, then A

is an (m,n)-ideal of S. Bussaban [4]] show that if A be a non-empty subset of a posemigroup S,
then the intersection of all (m,n)-ideals contaning A of S, denoted by [Al, », is an (m,n)-ideal
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contaning A of S, and is of the form
[Alp,=(AUA%U...UA™"UA™SA".
For an element a of a posemigroup S, we write [{a}], »( or simply [al,, ) by:
[almn=(aU a®?u...ua™mua™Sa"].
Here, we generalize the notion of B}, on a posemigroup S. The results obtained in [8,|16]
and [5] become then special cases. Let S be a posemigroup. A non-empty subset B of S is said

to be a high-bi-ideal of S if BSB < B and (B]* < B. Now relation (B*)?, on S there m,n are
non-negative integers, as follows:

For a,b € S, let a(B*)2.b if and only if a = b or a € (b™Sb"]* and b € (@™ Sa™]*. Also a
subposemigroup A of S is called a (m,n)-high-ideal of S if the following conditions hold:
(i) A™SA"CA,
(i) (A]* =A, thatis,forx€e A and ye S, y <x" implies y€ A.
We denote the high-bi-ideal generated by an element a € S by B*(a). One can easily show that
B*(a)=(aUa?uUaSal*. If A is a non-empty subset of posemigroup S, then the intersection of
all (m,n)-high-ideals contaning A of S, denoted by [A]y, ,, is a (m,n)-high-ideal contaning A of
S and is of the form
[AT,, =(AUA®U...UA™"UA™SA"]".
(see Lemma . For an element a of a posemigroup S, we write [{a}l,, ,, (or simply [a]}, ,,) by:
[al}, , =(aua®u...ua™" ua™Sa"]*. (%)
A posemigroup S with zero 0 is called nilpotent if S’ = 0, for some positive integer . Also,
the center of posemigroup S is defined by

Z(S)={xeS|VyeS:xy=yx}

Let m,n be non-negative integers. An element a of posemigroup S is said to be (m,n)-
regular [5] if @ < a™xa™ for some x € S. If every element of S be (m,n)-regular, then S is
called an (m,n)-regular posemigroup. A (m,n)-high-ideal A of a posemigroup S with zero 0
is said to be 0*-minimal if there is no a (m,n)-high-ideal A’ of S such that {0} c A’ c A. We
consider 0*-minimal (m,n)-high-ideals for regular posemigroups. Our main results concerning
the 0*-minimal (m,n)-high-ideals which are the generalization of the 0-minimal (m,n)-ideals of

semigroups, are:

Proposition 1.1. Let S be a posemigroup with zero 0. Then:
(1) If A be a (m,n)-high-ideal of S, then A is 0*-minimal if and only if A is one non-zero
B*) -class union {0}.

(i) If m,n=1and A be a 0*-minimal (m,n)-high-ideal of S such that, (A2]* #{0}, then A is
a 0*-minimal high-bi-ideal of S.
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Proposition 1.2. Let S be a posemigroup with zero 0 and R,L are 0*-minimal right-ideal and
0*-minimal left-ideal of S respectively. Then:

(i) If S contains no non-zero nilpotent (m,n)-high-ideals, then (RL]* = {0} or (RL]* is a
0*-minimal (m,n)-high-ideal of S.

@{i1) If (R™L™]* < Z(S), then (R™L"]* = {0} or (R™L"]* is a 0*-minimal (m,n)-high-ideal of S.
Proposition 1.3. Let S be an (m,n)-regular posemigroup with zero 0 and A and B be 0*-
minimal (m,0)-high-ideal and 0*-minimal (0,n)-high-ideal of S respectively. Then:

(i) If (AB]* € AnB, then (AB]* ={0} or (AB]" is a 0*-minimal (m,n) high-ideal of S.

(i1)) AnB={0} or AnB isa 0*-minimal (m,n)-high-ideal of S.

Proposition 1.4. Let S be a posemigroup. Then, S is (m,n)-regular if and only if for every a in
S, we have:

o]}, , = (@"Sa"]".

2. The Proofs

To prove our assertions first we have to give certain preliminary results concerning the notions

of Section[1] First, we give a generalized results of [9].

Lemma 2.1. For a posemigroup S and two non-empty subset A and B of S,
(1) Ac(A]".
(ii) If A < B, then (A]* < (B]".
(iii) (AT*(B]* <(AB]* for any two subposemigroups A and B of S.
(iv) (A]*(BI*I* =(AB]".
(v) (AUBT" =(Al" U(BI".

Proof. (i), (iv) and (v) are evident.

(i) Let ¢ € (A]*. Then there exists a € A and n € N such that ¢ <a”. Since A € B, there exists
a € B and n € N such that t <a”. Thus ¢ € (B]*.

(iii) Take any x € (A]*(B]*. This implies that x = ab for some a € (A]* and b € (B]*. Thena <h™
and b < k" for some h € A, k€ B and m,n € N. It follows that ab < A™k"™. Since h™ € A and
k™ € B, we obtain A"k™ € AB. Therefore, ab < h""k™ € AB showing that x € (AB]". O

Lemma 2.2. For a posemigroup S, the following conditions hold:
(i) The relation (B*)}, is an equivalence relation on S.
(i) If A be a (m,n)-high-ideal of S, then

A=JB)(a)
a€A

where (B*)} (a) denote the (B*)}, -class contaning a in S.
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(iii) If A is a (m,n)-high-ideal of posemigroup S with zero 0 such that A be a single non- zero
(B*)} -class union {0}, then A is a 0*-minimal (m,n)-high-ideal of S.

Proof. (i) We show that (B*)?, is transitive. The reflexive and symetric properties are evident.
Let a,b,c € S such that a(B*)}, b and b(B*)? c. There are four cases to consider:

(@) a=band b=c.
(b) a=b,be(c™Sc"]* and c € (b™Sb"]*.
() b=c,ac(d™Sb"]*and b € (a™Sa™]*.
(d) ae(d™Sb"]*, be(@™Sa™]*, be(c™Sc™]* and c € (b™Sb"]*.
(a), (b) and (c) by definition of (B*)7, implies a(B*)7, c.
If (d) holds, then
ac(d™Sb™]* < (((c™Sc"1")"S((c™Sc™ 1) < (c™Sc"],
ce(d"SH' T < (((@™Sa™T")"S((@™Sa"T")*1" <(a™Sa™]".
Therefore, a(B*)?, c. Hence, (B*)?, is an equivalence relation on S.

(i1) Let A is a (m,n)-high-ideal of posemigroup S. By (i), A € U (B*)7,(a). Conversely, let

acA
xe J B (a), hence x € B*)? (a) for some a € A.
a€cA
Thus, x € (@™Sa"]* < (A™SA™]* <(A]* =A. So, U B")(a)<A.
acA
(iii) This follows directly from (ii). O

Lemma 2.3. Let S be a posemigroup with zero 0. For any a,b € S, a(B*)} b if and only if

[al;, , = (b1}, .

Proof. 1t is clear that if a(B*)},b, then [al;, , =[b];, ,,. Conversely, let [al;, , =[b];, ,,. Then,
(@aua®u...ua™"ua™Sa™* =(bub?u...Ub™ T ULTSH"]".
Let, a #b. There are four cases to consider:
(a) a <b°, forsome 1<s<m+n and b <a’, for some 1< ¢<m+n. By assumption, we have
ac(b™Sb"]* and b € (a™Sa™]*.
(b) a<b®, for some 1<s<m+n and b € (a™Sa"]*. By relation (*), we have a € (b™Sb"]*.
(c) b<al,forsome1<t<m+n and a € (b™Sb"]*. This case is similar to (b). So b € (a™Sa™]*.

(d) ac(d™Sb"]" and b €(a™Sa"]*. This cases immediately implies a(B*)},b. O

Lemma 2.4. Let A be a non-empty subset of a posemigroup S. Then, the intersection of all
(m,n)-high-ideals contaning A of S, denoted by [A]’, ., is a (m,n)-high-ideal contaning A of S

m,n>

and is of the form

[AT,, =(AUA®U...UA™"UA™SA"]".
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Proof. Let {A;|i € I} be the set of all (m,n)-high-ideals containing A of S. Then, N A; is
el
subsemigroup contaning A of S. For j € I, we have

(Nai)"s(Na) s aysajea;
Then,

(QAi)mS(QAi)nggAi.
But,
(ﬂAi]* sl =NAic (ﬂAi]*,

1el el el el

+ . *
hence N A; is a (m,n)-high-ideal of S. Clearly, (”_LUnA‘ UA’”SA”] is a subsemigroup of S. We

el =1
now consider:
m+n %\ M m+n s\m—1,m+tn %
(Uaivamsar|')"s=((U a'vamsar] )" (U a'uamsar|'s
=1 =1 =1
m+n xym—1
c((Uaivamsar|)" sy
i=1
m+n sm-2,m+n %
=((Ualvarmsar| )" (U a'uamsar| sy
i=1 =1
m+n . s\m—2
c((Uaivamsar|’)" sy
=1
S (A™S]".
Similarly,
m+n *\ 7
s((U a’uamsar|’) csary.
=1
So,
m+n * m+n %
(U a'uamsar]’)"s((U aivamsar|) s@amsary
=1 i=1
m+n %
c(Ua‘vamsar|.
=1
m+n . %
Hence,( U A'UA™SA"| isa (m,n)-high-ideal contaning A of S and
=1
[AT,, S(AUA®U...UA™"UA™SA"]".
Finally, since (A" SA"]* < (([Al, , )" SUA]}, )" 1" €A}, ,,, so
(AUA?U...UA™ " UATSA™M* AL, ,.
Therefore,
[AT,, =(AUA®U...UA™"UA™SA"]". O

We are now ready to prove the propositions.
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Proof of Proposition[1.1] (i) Let A is 0*-minimal (m,n)-high-ideal of S and a,b € A\ {0} such
that a # b. This fact that {0} c[al;, , <A and the minimality of A implies, [al}, , = A. Similarly,
(b1}, =A. So, laly, , =[b];, ,. Now, by Lemma a(B*)? b. The converse from case (i) follows
by Lemma [2.2] (iii).

(i1) Let {0} c B < A, for some high-bi-ideal B of S. Then A = B since, A is a (m,n)-high-ideal of
S. We have, A is a 0*-minimal high-bi-ideal of S, for, assume that there is no a high-bi-ideal B
of S such that {0} c B < A. Since {0} = (A%]* € A and (A%]* is a (m,n)-high-ideal of S, then by
the minimality of A, (A?]* = A. On the other hand,

ASA = (A%]*S(A%]* c(A?SA?T* c A.

Therefore, by assumption, A is a 0*-minimal high-bi-ideal of S. O

Proof of Proposition1.2] (i) Let S contains no non-zero nilpotent (m,n)-high-ideal and R, L are
0*-minimal right-ideal and 0*-minimal left-ideal of S respectively, such that (RL]* # {0}. We

have
(RLT"(RL]* <(RLRLYT* <(RSL]* <(RLT",
(RLT*S(RLY* <(RLSRL]* <(RSLY" <(RL]Y".

Then (RL]* is a high-bi-ideal of S, hence, (RL]* is a (m,n)-high-ideal of S. Now, let A is a
(m,n)-high-ideal of S and {0} c A < (RL]*. So, A™ # {0} and A" # {0}. Since (RL]* <RNL,
hence, A< RnNL.But, {0} c(A™UA™S]* <R, that by minimality of R implies (A" UA™S]* =R
Similarly, (A" USA"™]* = L. So,
AcS(RL]" =(A"UA™ST"(A"USA™T'T*

=((AMUA™S)A"USAM]*

C(A™SA"]" cA.
Hence, A = (RL]*.
(i) Let R,L are 0*-minimal right-ideal and 0*-minimal left-ideal of S respectively, such that
(R™L™]* < Z(S) and (R™L"]* #{0}. Then, (R™]* # {0} and (L"]* # {0}, since, {0} c(R™]* < R. By
minimality of R we have (R™]* = R. Similarly, (L"]* = L. So, (R™L"]* =(R™]*(L"]*]* =(RL]",
that is a high-bi-ideal of S, hence, (R™L"]* is a (m,n)-high-ideal of S. Now, let A is a
(m,n)-high-ideal of S and {0} c A < (R™L"]*. Since, (RL]* < RNL so, AR and A c L.
But, (AUAS]* < (RURS]* € R that implies (A UAS]* = R. Similarly, (A USA]* = L. By
(R™L™]* < Z(S), we have

AcR™L"T" =((AUAST )™ ((AUSATH"I*
C((AUAS)"(AuSA)"T
S(A™TTUATSAM
cA.
Hence, A = (R™L"]*. So, (R™L"]* is a 0*-minimal (m,n)-high-ideal of S. O
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Proof of Proposition1.3] (i) Let A and B be 0*-minimal (m,0)-high-ideal and 0*-minimal (0,n)-
high-ideal of S respectively, such that, (AB]* < AnB and (AB]* # {0}. Since, (AB]*(AB]* <
AB c(AB]* and,

((ABT" )" S((ABT" )" < A™S((ABT")"
c AB"
c AB c(AB]",

so, (AB]* is a (m,n)-high-ideal of S. Now, let C be a (m,n)-high-ideal of S such that,
{0} c C < (AB]*. Then C € A and C < B. But, C < (C™SC"™]* follows (C™S]* # {0} and
(SC™]* #{0}. Since, (C™S]* <(A™S]* € A so, (C™S]* = A. Similarly (SC"]* = B. Now,

C < (ABY”
c(Ccmsrserr
=(C™SC"* <.
Thus, (AB]* = C. Hence, (AB]* is 0*-minimal.

(ii) Let A and B be 0*-minimal (m,0)-high-ideal and 0*-minimal (0,n)-high-ideal of S
respectively and A N B # {0}. We have,

(ANnB)"S(AnB)"<(A™S)B" < AB" ¢ B,
(ANB)"S(AnB)"<A™(SB")c A™BcA.

Hence, (ANB)"S(ANnB)*<AnB. So, AnB is a (m,n)-high-ideal of S. Now, let C be a (m,n)-
high-ideal of S such that, {0} cC < AnB. Then, C < A and C < B. But, C < C"SC" follows
C™S #{0} and SC™ # {0}. Since, C"*S < A™S c A so, C"S = A. Similarly SC" = B. Now,

CcAnB
=C™"SnSC"
=C™SC" cC.
Thus, AnB =C. Hence, AnB is 0*-minimal. O

Proof of Proposition[1.4, Let S is (m,n)-regular. If a € S and x € [a];, ,, then, by relation (x*),
x < y! for some y in (aUa?U...ua™" Ua™Sa") and teN. If y e a™Sa” then, y € (a™Sa")! =
(@™Sa™)(a™Sa")...(a™Sa™) =a™Sa™S...Sa™"Sa" < a™Sa” so, y € (a™Sa™]* and hence,

+n
x€(@mSa™]*. Ifyeﬂ.lUna‘ then, y = a* for some k €{1,2,...,m +n}. So,

=1
x € (@*1* < (((@™Sa"1*)*1*

c((@™Sa"1*1*

=(@™Sa"]".
Therefore, [al;, , <(a™Sa"]*. On the other hand, (a™Sa"]* c[aly, ,,. So, [aly, , =(@™Sa"]*.
Conversely, if a € S then, a € [a]fn,n =(a™Sa]*. Hence, S is (m,n)-regular. O
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3. Examples

In this section we give two posemigroups where, one is (1,1)-regular and the other justifying

the conditions of the Proposition

Example 3.1. Let S = {a,b,c,d,} be a posemigroup with the multiplication and the order

relation defined by:
alblc|d
alalal|ala
bla|b|la|b
cleclclclec
dlc|dl|c|d

<:={(a,a),(a,b),(a,c),(a,d),(b,b),(c,c),(c,d)d,d)}.

We give the covering relation and the figure of S by

=<:={(a,b),(a,c),(c,d)}

U

o

So, S is (m,n)-regular for any integer m,n > 1.

Example 3.2. Let S ={a,b,c,d,e} be a posemigroup with the multiplication and the order

relation defined by:
alb|c|d]|e
alalala|al|a
bla|b|la|d]|a
clalelclc|e
dla|b|d|d]|b
elalelalc|a

<:={(a,a),(a,b),(a,c),(a,d),(a,e),(b,b),(c,c),(d,d),(e,e)}.

We give the covering relation and the figure of S by

=<:={(a,b),(a,c),(a,d),(a,e)}

b
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Then, we have:
[a]il =(al”, [b]il = ({a,b}1", [C]il =({a,c}l”, [dH,l = ({a,d}]*,[e]il =({a,e}l".
Therefore, by Proposition S is (1,1)-regular(or regular).

4. Conclusion

The notion of an ideal is a main concept in some algebraic structures. For instance, ideals play
a considerable role in ring theory, semiring theory, semigroup theory and their corresponding
ordered structures. In this paper, we generalized the notion of (i, n)-ideals to (m,n)-high-ideals
and investigated some properties of posemigroups using this new notion. Also, we extended
the concept of 0-minimal to 0*-minimal and get a connection between 0*-minimal (m,n)-high-
ideals and (m,n)-regular posemigroups. Another idea in this way is to study these notions for

posemirings and get new characterization results concerning such structures.
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