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1. Introduction and Preliminaries

This paper generalizes some well-known results for Hermite-Hadamard-Fejér (simply Fejér)
integral inequality by generalizing the convex function factor of the integrand to be an n-convex
function. The obtained results have as particular cases those previously obtained for convex
functions in the integrand.

The Hermite-Hadamard-Fejér integral inequality has been proved in [5] as the following.

Theorem 1.1. Let f :[a,b] — R be a convex function. Then

b b b b b
f(“;r ) f g(x)dx < f F(0)g()dx < M f g(x)dx, (1.1)

where g :[a,b] — R* =[0,+00) is integrable and symmetric about x = % (g(x)=gla+b—x),
VY x €la,b]).
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For more results about (1.1), see [1, (6, 8,9, [11], [12] and references therein.
Let I be an interval in real line R. Consider n: A x A — B for appropriate A,B cR.

Definition 1.2 ([3]4]). A function f :I — R is called convex with respect to n (briefly n-convex),
if

ftx+@-t)y) < f) +tn(f @), F), (1.2)
for all x,y eI and t €[0,1].

In fact the above definition geometrically says that if a function is n-convex on I, then
it’s graph between any x,y € I is on or under the path starting from (y, f(v)) and ending at
(e, f(y)+n(f(x), f (). If f(x) should be the end point of the path for every x,y € I, then we have
n(x,y) = x — y and the function reduces to a convex one. Note that by, taking x = y in (1.2), we
get tn(f(x),f(x)) =0 for any x € I and ¢ € [0, 1] which implies that

n(f(x),f(x))=0

for any x € I. Also if we take t =1 in (1.2) we get
f@) =) =n(f @), f(¥)

for any x,y € I.

There are simple examples about n-convexity of a function.

Example 1.3 ([3,/4]). (1) Consider a function f :R — R defined as
—x, x=0;
flx)= {
X, x<0,

and define a bifunction 1 as n(x,y) = —x—y, for all x,y € R™ = (—00,0]. It is not hard to

check that f is an n-convex function but not a convex one.

(2) Define the function f :R* — R* as

f(x)—{x’ 0<x<1;

1, x>1,
and a bifunction :R* x R* — R* as

x+y, X<y,

nw.y) = {2(x+y), x>y.

Then f is n-convex but is not convex.

The following theorem is an important result:

Theorem 1.4 ([4}, [10]). Suppose that f : I — R is a n-convex function and 1 is bounded from
above on f(I)x f(I). Then f satisfies a Lipschitz condition on any closed interval [a,b] contained

in the interior I1° of 1. Hence, f is absolutely continuous on [a,b] and continuous on I°.
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Note. As a consequence of Theorem an n-convex function f :[a,b] — R where 1 is bounded

from above on f([a,b]) x f([a,b]) is integrable. For more results about eta-convex functions, see

[3, 4, [101.
The following simple lemma is required.

Lemma 1.5. Suppose that a,b,c € R. Then
(i) min{a,b} < %2,
(i1) if ¢ =0, ¢-min{a, b} = min{ca, cb}.
Proof. Assertion (i) and (ii) are consequences of this fact:

a+b-|a-0b]
5 .

min{a, b} =

2. Hermite-Hadamard-Fejér Type Inequalities

In this section we obtain some Hermite-Hadamard-Fejér type integral inequalities which

improve right and left side of (1.1) respectively.

Theorem 2.1. Let f : [a,b] — R be an n-convex function with n bounded from above on

fa,b]) x f(la,b)). If g :[a,b] — R* is integrable on [a,b], then we have inequalities

1 rb
5] [f(x)+fla+b—x)|glx)dx

b
< min{ f(b)+ %n(f(a), (b)), f(a)+ %n(f(b), f(a))} f g(x)dx

1 b 1 b
< Slf@+f®)] f gtdz+ £ [n(f@, F®) +1(£®), /@) f g()dx,

1 b
5[ [f(x)+ fla+b—x)|glx)dx

n(f (@), f()) +n(f®),f(a))
b-a

1 b 1 i
< [f@+f®)] f gx)dx + 5[ f (x - a)glx)dx,

and

n(f(a), f(b)

b 1 b ) (?
faf(x)g(x)dxsé[f(aﬂf(b)]fa g(x)dx + 56—a) fa(x—a)g(x)dx

n(f®),f) o
+ 26-a) fa(b x)g(x)dx.

If g is symmetric on [a,b], then from inequalities (2.1)-(2.3) we get

b 1 1 b
f f)glx)dx < min{f(b) + En(f(a),f(b)),f(a) + §n(f(b),f(a))}f glx)dx

1 b 1 b
=5[f@)+/®)] fa g@dx+ 2 [n(f(@,f®) +n(f®),f(@)] fa g(x)dx,
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and
b 1 b
f f(x)g(x)dxsé[f(aHf(b)]f g(x)dx

N l[n(f(a),f(b)) +n(f®),f(a)
2 b-a

) b
] f (x—a)g(x)dx. (2.5)

Proof. If in (1.2) we put ¢ instead of 1 —¢ and then add that inequality with (1.2) we have:

1 1
5l (ta+@=0b)+ F((1=Da+1b)] < f®B)+ on(f (@), fB)), (2.6)

for all ¢+ €[0,1].

If in (2.6) we replace a with b, add the result with (2.6) and then using assertion (i) of
Lemma [1.5]

1Pt (1= 0b) (=D +2b)| < min{ )+ (7@, F®),F@+ 50(7 B, F(@)]

<

[fl@)+Ff@®)] + i[n(f(a),f(b)) +n(f(b),f(a))].
2.7)

N =

Now, if in (1.2) we put a instead of b and then add that inequality with we get:
fta+(1—0b)+f(tb +(1-0)a) < fF(B)+ f(@) +t[n(f @), FB)) +1(f B), f(@)]

for all ¢ €[0,1], which is equivalent to

1 1 1
5 [f(ta+(1-)b)+F((1-ta+1tb)] < §[f(a) + (D)) + ts [n(f (@), f(®) +n(f ), f(@)].
(2.8)
If we change a with b, and ¢ with 1—¢ in (1.2) and then add that inequality with we obtain

2f (ta+(1-1)b) < f(B) + f(@)+ tn(f (@), F(B)) + (1 - (£ (B), f(@)),
for all # €[0,1] and the following inequality is proved.
1 1
fta+@-0b) < S[f(@)+f®)] + 5 [tn(f(@), FB)+ A= ?), f(@))]. (2.9)

Since 7 is bounded from above on f([a,b]) x f([a,b]), the note after Theorem guarantees
that the function f is integrable. By multiplying the inequalities lb li with g((1-t)a+tb) =
0 and then integrating over ¢ € [0, 1], we have

1
%f [f(ta+Q-0)b)+ F((L—t)a+tb)]|g((1—t)a+tb)dt
0
1 1 1
Smin{f(b)+én(f(oz),f(b)),f(oz)+517(f(b),f(a))}f0 g((1-t)a+tb)dt
1 1
=< é[f(a)+f(b)]f0 g((1—t)a+tb)dt

1 1
+Z[77(f(a),f(b))+77(f(b),f(a))]f0 g((1—t)a +tb)dt, (2.10)
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1
%f [F(ba+(1—b) + £((1—B)a + tb)]g((1 - Ha + tb) 2
0
1 1
= 5[1‘(az)+f(b)]f0 g((1-t)a+tb)dt

1
+ % [n(£ (@), f(®) +1(f(®),f(@))] fo tg((1—t)a +tb)dt, (2.11)

and

1 1
f f(ta+(1—t)b)g((1—t)a+tb)dtS1[f(a)+f(b)] f g((1-Da +tb)dt
0 0

1
n(f(a), f(b))fo tg((L—t)a+tb)dt

l\'JIH MID—‘

n(f®), f(a) f (1-g((1-ta+tb)dt. (2.12)

If the function g is symmetric on [a, b], then

%fl [f(ta+(1-0)b)+ F((1=)a +1b)]g((1 - )a +tb)dt
0

1

1
= %f f(ta+(1—t)b)g((1—t)a+tb)dt+%f f((1-Ba+1tb)g((1-t)a +1tb)dt
0 0

1

1
- %f f(ta+(1—t)b)g(ta+(1—t)b)dt+%f f((1-t)a+tb)g((1-t)a+tb)dt
0 0

1
= f f(A-t)a+tb)g((1-1t)a+tb)dt.
0

In the last equality we used changing the variable u =1—¢ for ¢ € [0, 1].
Then, by relations (2.10) and (2.11) (or (2.12), we get

1
ff((l—t)a+tb)g((1—t)a+tb)dt
0
1 1 1
Smin{f(b)+—n(f(a),f(b)),f(a)+—n(f(b),f(a))}fo g((1-t)a+1tb)dt
%[f(a)+f(b)]f (1—t)a+1tb)dt

+Z[Tl(f(a),f(b))+n(f(b),f(a))]f0 g((1—t)a +tb)dt, (2.13)

and

1
f f((A-ta+tb)g((1-t)a+tb)dt

1
§[f(a)+f(b)]f (1—t)a+tb)dt+—[n( (@), £(B)) +n(£(®),f(a) ]f tg((1—t)a+tb)dt
(2.14)
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Now it is enough to apply the change of variable x = ta + (1 —#)b in (2.10)-(2.14). Note that if
g is symmetric we have

b b
f (x—a)g(x)dx:f (b—-x)g(x)dx. O

Remark 2.2. Inequalities (2.4) and (2.5) give a refinement for the right side of (1.1). If in
Theorem [2.1] we consider

(1) g(x) =1, then we obtain a refinement for the right side of Hermite-Hadamard type

inequality related to n-convex functions (see [4, Theorem 3.6]).

(2) If we suppose that n(x,y) = x — y, then we recapture right side of (1.1).

In the following theorem we improve the left side of (1.1).

Theorem 2.3. Let f :[a,b] — R be an n-convex function with n bounded from above on
f(a,b]) x f([a,b)). If g :[a,b] — R* is integrable on [a,b], then

b
a+b)f e(x)dx

72

b 1 1
Sf g(x)min{f(a+b—x)+5n(f(x),f(a+b—x)),f(x)+5n(f(a+b—x),f(x))}dx
b 1 b
Smin{f g(x)f(a+b—x)dx+§f gn(f ), fla+b—-x))dx,

b 1 rb
f g(x)f(x)dx+§f g(x)n(f(a+b—x),f(x))dx}

sfbg(x)f(a+b_2x)+f(x)

1 b
di+ f g@([n(f(x),fla+b-0)+n(fla+b-x),f(x)]dx.
(2.15)

Moreover, if g is symmetric on [a,b], then

b
a+b)f e(x)dx

A

b 1 1
Sf g(x)min{f(a+b—x)+517(f(x),f(a+b—x)),f(x)+5n(f(a+b—x),f(x))}dx
b 1 b
Sf g(x)f(x)dx+§f gn(f(x), fla+b—x))dx. (2.16)

Proof. Since we have

a+b ta+(1-)b+tb+(1-1t)a
! ( 2 ) =f ( 2 )’
then by using the concept of n-convexity

f‘

(2.17)

a+b

) < min{f(ta +(1-8)b)+ %n(f((l —ta+1tb), f(ta+(1-1)b)),
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F(A~Da-+1B) + Ln(flta+1-0b), f((l—t)a+tb))}, 2.18)

for any ¢ € [0,1]. Multiplying inequality (2.18) with g((1—#)a +tb) = 0 and integrating over ¢ we
have
a+b

f( 5 )folg((l—t)a+tb)

1
Sf g[(l—t)a+tb)xmin{f(ta+(1—t)b)+%n(f((l—t)a+tb),f(ta+(1—t)b)),
0

f((1-t)a+1tb) + %n(f(ta+(1—t)b),f((l—t)a+tb))}dt-

Using assertion (ii) of lemma implies that

j:g((l —ta +tb) x min{f(ta +(1-1)b)+ %n(f((l —ta+tb),f(ta+(1-1)b)),
f((A-8a+1b) +%n(f(ta+(1—t)b),f((1—t)a+tb))}dt
smin{folg((l—t)a+tb)f(ta+(1—t)b)dt
+%folg((l—t)a+tb)n(f((l—t)a+tb),f(ta+(1—t)b))dt,
folg((l—t)a+tb)f((1—t)a+tb)dt

1
+ %fo g((l—t)a+tb)n(f(ta+(1—t)b),f((l_t)aﬂb))dt}'

Also from assertion (i) of Lemma

1
min{f g((A—t)a+tb)f(ta+(1-t)b)dt
0
1
+%f g((1—ta+tb)n(f((1-t)a+tb),f(ta+(1-1)b))dt,
0
1
fg((l—t)a+tb)f((1—t)a+tb)dt
0

+ %folg((l—t)aﬂb)ﬁ(f(ta +(1—t)b)’f((1_t)a+tb))dt}

f(ta+(1-1)b) +f((1—t)a+tb)dt
2

1
< f g((1—t)a +1b)
0

1
+ fo g((1=t)a + ) [n(F((L - a+ tb), f(ta + (1 - 1)b))

+1(f(ta+(1-1)b),f((1L-t)a+¢b))]dt.
Now it is enough to apply the change of variable x = (1 —¢)a + ¢b to obtain (2.15).
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In the case that g is symmetric on [a,b], it is clear that

b b
f gn(f ), fla+b—-x))dx = f g@n(fl@+b-x),f(x))dx,

b _ b
f g(x)f(a+b 2oc)+f(oc)dx:f 2@)f @)dx.

So we have (2.16). O

Remark 2.4. Inequality (2.16) gives a refinement for the left side of (1.1)). Also if in Theorem [2.3]
we consider

(2) g(x)=1, then we obtain a refinement for the left side of Hermite-Hadamard type inequality
related to n-convex functions (see [4, Theorem 3.6]).

(3) If we suppose that n(x,y) = x — y, then we recapture right side of (1.1).

3. Trapezoid and mid-point type inequalities

An interesting question in (1.1), is estimating the difference between left and middle terms and
between right and middle terms. Respectively we investigate about first and then second part

of this question, when the absolute value of the derivative of a function is n-convex.

The following lemma is generalization of Lemma 2.1 in [[7].

Lemma 3.1. Suppose that f :[a,b] — R is a differentiable mapping, g : [a,b] —» R* is a

continuous mapping and f' is integrable on [a,b]. Then

1 1 _(a+by
[ rgede- (420 [ g
1 1
:(b—a)[f2Ml(t)f'(ta+(1—t)b)dt+f1 Mg(t)f’(ta+(1—t)b)dt],
0 2

where

t 1
Ml(t):f g(ua+(1-u)b)du and Mg(t):—f g(ua+(1-uw)b)du.
0 t

Proof. Using the change of variable x = ta + (1 —¢)b, we have

1 b 1 _(a+by [?

1

1 a+b
:f f(ta+(1—t)b)g(ta+(1—t)b)dt—f(7)f g(ta+1—1)b)dt =I.
0 0
It follows that

1 1
Ig:fzf(ta+(1—t)b)g(ta+(1—t)b)dt—f(¥)f2g(ta+(1_t)b)dt
O 0

1

1
+f f(ta+(1—t)b)g[ta+(1—t)b)dt—f(¥)[ g(ta+(1-1)b)dt.

1 1

2
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On the other hand Leibniz integral rule gives

g(ta+(1—t)b):(f

0
So

t /

) 1
g(ua+(1—u)b)du) :(—f g(ua+(1—u)b)du)
t

1 t /
Iy :fzf(ta+(1—t)b)(f g(ua+(1—u)b)du) dt—f(ﬂ)fzg(taﬂl—t)b)dt
0 0 2 0

1 1 ' a+by (1

+f1 f(ta+(1—t)b)(—f glua+(1-wb)du) dt—f(T)fl g(ta+1—-1)b)dt. (3.1)
2 t 3

Using integration by parts in (3.1) implies that

1

2

t
Iy= (f glua+(1-wb)du)- f(ta+(1-1)b)
0

0

it
—f (f g(ua+(1—u)b)du)f’(ta+(1—t)b)(a—b)dt
o ‘Jo

1 1

—f(a;b)fo%g(ta‘*(l_t)b)dt—l_(_‘[t g(ua+(l—u)b)du)f(ta+(l—t)b)

1
2

+ 1 1g(u0L+(1—u)b)du f’(m+(1—t)b)(a—b)dt—fﬂ 1g(ta+(1—t)b)dt.
U 2 )]

2
If we apply the limits in above we have

Ly
Io=(b —a)[fo2 (fo glua+(1-wb)du)f (ta+(1-t)b)dt

1 1
+f% (—ft g(ua+(1-wb)du)f (ta+(1-b)d].
Since 11 =19, the result is obtained. O
Remark 3.2. In Lemma if we use the change of variable x = tb +(1—t)a, then

1 b 1 .(a+by b
— | fegwds—5—F(*57) [ ewids

1 1
- —a)[foz My(OF (tb +(1 - t)a)dt +f1 My(Of'(tb + (1~ ta)dt],
2

where

t 1
Ml(t):—f g(ub+(1-wha)du and Mg(t):f g(ub+(1-uw)a)du.
0

t
Using Lemma [3.1] and Remark we can prove the following theorem to estimate the
difference between the middle and left terms in (1.1).

Theorem 3.3. Suppose that f :[a,b] — R is a differentiable mapping, g :[a,b] — R* is a

continuous mapping symmetric about % and |f'| is a n-convex mapping on [a,b] with n

Commaunications in Mathematics and Applications, Vol. 8, No. 1, pp. , 2017
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bounded from above on f([a,b]) x f([a,bl). Then

b b b
f f(x)g(x)dx—f(%) f g()dx| <

b
(b-a) j;+b [(x ~a)’ - (b —x)z]g(x)de,
2

where

n(f' @, If’(a)l)}
5 .

Proof. From Lemma [3.1]and n-convexity of |f'| it follows that

K =min{|f'(b)| +

@) +

n(f '@, 1£'d))
2

1 b b
1 f f(x)g(x)dx——f(a+ ) f 2(x)dx
b—-al,

< —a){fj (fotg[ua +(1- u)b)du)(lf’(b)l +tn(1f @), |f’(b)|))dt

+ f; ( ft lg(ua+(1—u)b)du)(|f'(b)| +tn(1f @)1 ®)]))dt} = 1

Changing the order of integrals and calculation of internal integrals in /1 imply that

b
J1=b-a)f jo | gtua+a-wp)(ir @1+ enff @i 1o dedu

+f;1 flug(ua +@=wb)(If ®) + tn(If @, 1 ®)) | dtdu}

1
2

:(b—a){fj(ﬂf(b)u tn(lf(a)l |f(b)|) ) (ua+(1—u)b)du

+fll (tlf’(b)l + 5t2n(|f’(a)|, If’(b)l) l)g(ua (1 u)b)du}

2

=(b —a>{f% (5 - @1+ (5 - 5?0 @I @))glwa + (1 - wb)du

+f:(u__)|f(b)l+( u ——) (If' @I, If'(®))g (ua+(1—u)b)du}:J2_

Changing the variable by x = ua + (1 —u)b in J3 implies that

J2=f;(%—z 2o+ (552 b)) (If @11 ®)])g@)da

2

+L%ﬂ(2_b—1)wb» G=5) - hlr@nir@isca

boatb-2xy . (@a-bP-4x-bR\ (.
:fm(z(a_b) Jif O+ (T (I @I ®)l) g

2

%2 —@+b)y o (Ax=bP @b (.
+fa (Soa o WO (T I @LIf )l gedz =

Commaunications in Mathematics and Applications, Vol. 8, No. 1, pp. , 2017
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Since for any x € [a,b] we have g(x) = g(a + b —x), then

J3:fb (M—zx)lf(bn ((a_b)z‘4(x_b)z)n(|f'(a)l,If’(b)|)g(x)dx

st 2a 8(a—b)?
+f; ($)'f &)+ (4(x_8(z()j__l§c)z2_b)2)77(|f'(a)l,If'(b)l)g(x)dx

} f; (%)'f @)+ (4"“‘2‘5:‘;’;‘ b)z)n(lf’(an, 7'®)l)gx)dx

- _lb)2 f; (@-b)a+b-20)IF' B + (- a? —(x—b)z))n(lf '(“)'2"f O o
= la)2 f (@-a?-@-2)(1r' @0+ nf l(a)'z"f ,(b)l))g(x)dx:J4.

On the other hand, according to Remark [3.2] if we use the change of variable x = ub +(1—-u)a in
Jo then

f f(x)g(x)d

o 1a)2fab((x (b x)z)(’f( )‘ f(b)lzlf(a)l))g(x)dx:J&

Since J1 = Jg = J3 = J4, then we can deduce the result from

- L f F@g)dx — —— f(“ *0) f g(x)dx

<min{dJy,Js}. O

If in Theorem [3.3|consider n(x,y) =x—y and g =1, we get:

Corollary 3.4 ([7]). Consider I* as the interior of interval I cR. Let f : I* — R be a differentiable
mapping on I*, a,b € I* with a<b. If |f'| is convex on [a,b], then we have

b a+
b_afa f(x)dx—f( .

%)= 222 1@+ 1)

In [3] we proved the following results to estimate the difference between the middle and
right terms in (1.1). For more details see [3].

Lemma 3.5. Suppose that f :la, b] — R is a differentiable function, g :[a,b] — R* is a continuous

function and symmetric about “ b and f' is an integrable function on [a,b]. Then

b
% f godr— [ Fgds

+L1(ﬁjitz g(u)du)f’(%a+%b)dt}. (3.2)
a+igt
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Theorem 3.6. Suppose that f :[a,b] — R is a differentiable function, g :[a,b] - R is a

t a+b

continuous function and symmetric abou and |f'| is a n-convex function with n bounded

from above on f([a,b]) x f([a,bl). Then

b b
‘M f g()dax - f F)g)dx

l+t b

O (o1 o)+ (1 @) £ B f f ewdudt.

sty
2
If in Theorem consider 7n(x,y) =x—y and g = 1, we have:

Corollary 3.7 ([2]). Let f :I° <R — R be a differentiable mapping on I°, a,b € I° with a <b. If
If'| is convex on [a,b], then the following inequality holds:

fl@)+£®)
2

1 b b-
— f F@dx| < =2 (1f @1+ £ ®))

4. Conclusions

The convexity of a function is a basis for many inequalities in mathematics. It should be noticed
that in new problems related to convexity, generalized notions about convex functions are
required to obtain applicable results. One of this generalizations is the notion of n-convex
functions which can generalize many inequalities related to convex functions specially famous
Fejér inequality with estimating the difference between left and middle terms and between

right and middle terms of this inequality.
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