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1. Introduction

This paper is inspired by the recent paper [13], where the authors introduced and investigated
a (p,k)-analogue of the Gamma function. In this paper, our objective is to establish inequalities
for certain ratios involving the (p,%)-Gamma function. We begin by recalling the following
definitions pertaining to our results.

The classical Euler’s Gamma function, I'(x) may be defined for x > 0 by
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satisfying the basic properties:
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IFx+1)=al(x), xeR™ .
Closely associated with the Gamma function is the Digamma or Psi function w(x), which is

defined for x > 0 as the logarithmic derivative of the Gamma function. That is,
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where y = lim ( Y i_1n n) =0.577215664... is the Euler-Mascheroni’s constant.
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>

The p-analogue (also known as p-generalization, p-extension or p-deformation) of the
Gamma function is defined for p e N and x >0 as

p!p*

Fpl)= x(x+1)...(x+p)

where }}im I'p(x) =T'(x) (see [1, p. 270]). It satisfies the identities:
—00
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The p-analogue of the Digamma function is defined for x >0 as

d
’(,Up(.X') = alnl“p(x) = m = h’lp - Z (12)

In 2007, Diaz and Pariguan [2] also defined the k-analogue of the Gamma function for 2 > 0
and x e C\kZ™ as

1= [t i O
0 n—=00  (X)p
where };_}n:i Ip(x)=T(x) and (x), =x(x+Ek)(x+2k)...(x+(n—1)k) is the Pochhammer k-symbol.
It also satisfies the identities:
Ip(x+k)=xlp(x), xeR™
Ip(k)=1

The k-analogue of the Digamma function is also defined for x > 0 as

d @ Ink-y 1 & x
= Ty = 2 = ey
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(1.3)
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Then in the recent paper [13], the authors introduced a (p, %)-analogue of the Gamma function,
defined for peN, 2 >0 and x >0 as

r (x)—fptx_l(l—ﬁ)p dt

 (p+ WP (pR)E T
T x(xc+E)x+2k)...(x+pk)

satisfying the identities:

pkx
Tk = e T,

pk(ak)—Tk“ r'p(@), aeRr?,

Tpx(k)=1.

Similarly, the (p,%)-analogue of the Digamma function is defined as the logarithmic derivative
of the function I'y, . (x). That is

l
d I ()
(x) = lnF (x)=—=—
Ypk .k p,k(x)
1 1 L
=— k)— 14
PR nZ_"O(nk+x) (4
01— —k(p+1)t
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The functions I'j, 1(x) and v, .(x) satisfy the following commutative diagrams.
p—o0 —00
[pp(x) — I'p(x) Yp (%) gintiod Y (x)
k—»ll Lk—»l k—»lj jk—»l
[p(x) P—OO> I'(x) Yp(x) p—'—OO> w(x)
Moreover, v, £(x) is increasing for x > 0 since w () = Z m > 0.
2. Main Results
Let us begin with the following Lemmas, which will be used in the sequel.
Lemma 2.1. Let a >0, $>0,a>0, 56>0, peNand k>0. Then,
b a
ay+ —In(pk)+ +ay(a+ fx) - by, p(a+ fx) > 0. (2.1)
k a+ PBx
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Proof. Let x > 0. Then from (1.1) and (1.4), we obtain

ay + %ln(pk) + % +ap(x) — by, 4(x) = a:l n(nx+ S+b ,go nk1+ ->0.
Then, replacing x by a + fx completes the proof. O
Lemma 2.2, Let a>0, >0,a=b>0, peNand k = 1. Then,

—alnp + %ln(pk) +ayp(a+ fx) — by, p(a+ pfx) <0. (2.2)
Proof. Let x> 0. Then from and (1.4), we obtain

b P L |

—alnp + Eln(pk)+awp(x)—bwp,k(x): bn=0 - —a;0n+x <0.
Then, replacing x by a + fx completes the proof. O
Lemma 2.3. Let a >0, >0,a>0, >0, peNand k>0. Then,

—%mk + “k—Y + %ln(pk) +— fﬁx +apla+ fx) — by, p(a+ Px) > 0. (2.3)
Proof. Let x> 0. Then from and (1.4), we obtain

e+ +21n(pk)+E +ayrp(x)—by, p(x)=a i . S i L > 0.

k kEk x aoink(nk+x)  =onk+x

Then, replacing x by a + Bx completes the proof. O

Lemma 24. Let a, , A, , a and b be positive real numbers such that bd = aff and
a+Px<A+06x. For peNand k>0, if either:

(1) yprla+px)>0 or
(i) ypr(A+6x)>0,

then, apyp p(a+ Bx) —béy, (A +6x) < 0.

Proof. (i) Let v (a + px) > 0. Then, since v, (x) is increasing for x > 0, we have
Yp (A +6x) =y, p(a+ fx) > 0.

This together with the fact that 66 =af > 0 yields
boy, (A +6x)=afy, p(A+6x)=afy, p(a+ fx).

Thus apy, p(a+ x) —boy, (A +6x) < 0.

(ii) Let ¥ (A +6x) > 0. Then, there two possible values of v, (a + fx). That is, either v, (a +
Bx) <0 or yp,p(a+pPx)> 0. If y, p(a+ fx) <0, then afy, r(a+ fx) <0 and ady, (A +6x) >0
yielding a By, p(a + px) — boy, (A +6x) < 0 as required. If v, (a + fx) > 0, then the procedure
coincides with (i) above. O
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Theorem 2.1. Define a function F for x € (0,00), p e Nand k >0 by

ePr:(q + Bx)T(a + fx)*

F(x)= bpx
(pk) " I'ppla + Bx)b

)

where a, b, a, B are positive real numbers. Then F is increasing on x € (0,00) and the inequality

( a )“ e Pr*  T(a)® _ _Ta+po°
a+ Bx (pk)%l"p,k(a)b Ipxa+ px)®

(2.4)

3 ( a+p )“ e®Pr1=2)  T'(a+p)
a+ fx (pk)bkfﬁ(x—l) Fp,k(af*‘ﬁ)b

is valid for x € (0,1).

Proof. Let f(x)=1InF(t) for x € (0,00). That is,

fx)=aPfyx+ %ln(pk)+aln(a +px)+alnl(a+ Bx)—bInTl') p(a + fx).

Then,
ooy — bp ap _
f(x)=aPy+ . In(pk) + o px +apy(a+ fx)—bpy, p(a+ fx)
b a
=play+ Eln(pk)+ a p +ay(a+ px)—by,p(a+px)| >0

as a result of Lemma That implies f is increasing on x € (0,00). Thus, F' is also increasing
and for x € (0,1) we have,

FO)<F(x)<F(1)
yielding the result (2.4). O

Theorem 2.2. Define a function G for x € (0,00), peNand k=1 by

(k) F T p(a+ )
PP, p(a+ fx)b

Gx) =

where a, b, a, P are positive real numbers such that a =b. Then G is decreasing on x € (0,00)
and the inequality

paﬁ(x—l) r(a_i_ﬁ)a - Fp(a+/3x)“
(pk) 2a D Tppla+ )P = Tppla+ )

paﬁx F(a)a
(phyF Tpr(@”

(2.5)

is valid for x € (0,1), with equality when a=b and k =1.
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Proof. Let g(x)=1nG(t) for x € (0,00). That is,
gx)=—-aPxlnp+ % In(pk)+alnl'p(a+ fx)-bInl, (a + Px).
Then,
g'(x)=—aflnp + bk—ﬁ In(pk) +apyp(a+ px)— by, p(a+ px)
=p|—-alnp+ %ln(pk) +ayp(a+ fx) by, pla+px)| <0
as a result of Lemma Thus, G is decreasing and for x € (0,1) we have,
G(1) =G(x)=G(0)

yielding the result (2.5). O

Theorem 2.3. Define a function H for x € (0,00), p e Nand k >0 by

eaec#(a + Bx)*Tp(a + Px)®

H(x) = afx bfx ’
EF (phk)~F Tppla+ fr)b

where a, b, a, P are positive real numbers. Then H is increasing on x € (0,00) and the inequality

( o )“ S S ) _ Tula+poy

a+ Bx e"@”(pk)bkﬁl“p,k(a)b T'pr(a+ px)b
ap
a+p\* EE@-D I'p(a+ p)*
| T e @)
a+ Bx eT(x_l)(pk)T(x_l) prk(a+,5)

is valid for x €(0,1).

Proof. Let h(x) =InH(¢) for x € (0,00). That is,

h(x) = — ’Bxl k+ “[Z” OB ok + aln(@ -+ x)+ aInTy(a+ f) — BInT, 4(a+ ).
Then,
; ap afy  bp ap
B(x)= === Ink+ =L+ =" In(pk) + +ﬁx+aﬁwk(a+ﬁx)—b/3wp,k(a+ﬁx)

+ayr(a+ Px)— by, p(a+ fx)

a ay b a
= ——1 — +—-1
B 7 nk+ 7 +k n(pk)+a+,6x

>0
as a result of Lemma [2.3| Thus, H is increasing and for x € (0,1) we have,
H(0)<H(x)<H(1)

yielding the result (2.6). O
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Remark 2.1. Let a =b = =1 and %k — 1 in either (2.4) or (2.6), then we obtain

a ye " I(a) T(a+x) (a+1)e"™ I'(a+1)
( ) < < 2.7)
a+x) p* Tpla) Tpla+x) \a+x) p@DT(a+1)
which is weaker than the results:
re [ T(a+ Y1=2) T(a+1
e (a) (a+x) e (a+1) 2.8)

< <
p* Tpla) Tyla+x) p&DTI,(a+1)
obtained by Krasniqi and Shabani in Theorem 3.3 of [4].

Remark 2.2. Inequalities of type (2.4), (2.5) and (2.6) have been investigated intensively in the
papers [5], [6], [81, [91, [101, [11] and [12].

Theorem 2.4. Define a function T for x €[0,00), p e N and k >0 by

_ Tpala+ fr)

= v o0

where a, B, A, 0, a and b are positive real numbers such that a + fx <A+ 6x, aff <bd and either
Wprla+px)>0or Yy (A +6x)>0. Then T is decreasing and the inequality

[prla+p) - [pr(a+ px)* - Ipr(a)
T, rA+8)8 ~ Ty p(A+6x)2 ~ T, ()P

is valid for x €[0,1].

(2.9)

Proof. Let u(x) =1InT(x) for x €[0,00). That is,
u(x)=alnl'p p(a+ px) - bInT, (A + 6x)

Then,

' (a+ px) " (A+6x)
u'(x) = apLE — o2t
['pr(a+ Bx) ['pr(A+6x)

=afypr(a+pfx)—boéy, (A +6x)<0

by Lemma That implies u is decreasing. Consequently, T is also decreasing and for x € [0, 1]
we have,

T1)<Tx)<T(O)
yielding the result (2.9). O

Remark 2.3. Let £ — 1 in Theorem then we obtain the results for the p-analogue as
presented in Theorem 3.9 of [4].

Remark 2.4. Let p — oo in Theorem then we obtain the results for the k-analogue as
presented in Theorem 3.3 of [7].

Remark 2.5. Let p — oo as k£ — 1 in Theorem then we obtain the results of Theorem 2
of [3]].
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3. Conclusion

By using some basic analytical techniques, we established some inequalities for certain ratios
involving the (p,k)-analogue of the Gamma function, which was recently introduced in [13].
The results provide generalizations of some previous results.
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