Communications in Mathematics and Applications
Vol. 7, No. 3, pp. [T99H206, 2016 RGN

ISSN 0975-8607 (online); 0976-5905 (print) _ o
Published by RGN Publications http://www.rgnpublications.com

Special Issue on

Advances in Fixed Point Theory towards Real World Optimization Problems
Proceedings of The 9th Asian Conference on Fixed Point Theory and Optimization
May 18—-20, 2016, King Mongkut’s University of Technology Thonburi, Bangkok, Thailand

Some Common Fixed Point on Generalized
Cyclic Contraction Mappings with Implicit
Relation and Its Applications [Research Article]

Nantaporn Chuensupantharat and Poom Kumam*

Department of Mathematics, Faculty of Science, King Mongkut’s University of Technology Thonburi (KMUTT),
126 Pracha-Uthit Road, Bang Mod, Thung Khru, Bangkok 10140, Thailand.
*Corresponding author: poom.kum@kmutt.ac.th

Abstract. From the concept of cyclic relation, we introduced the generalized cyclic contraction with
respect to multi-valued mappings under implicit relation and obtained some common fixed point
theorem in complete metric spaces. In addition, some examples and applications are presented to
demonstrate our results.

Keywords. Cyclic contraction; Multivalued mapping; Implicit function

MSC. 47THO07; 47TH10

Received: June 6, 2016 Revised: June 9, 2016 Accepted: June 9, 2016

Copyright © 2016 Nantaporn Chuensupantharat and Poom Kumam. This is an open access article distributed
under the Creative Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

The famous theorem and most interesting in the fixed point theory is Banach contraction
principle which considered on Banach’s contraction that introduced by Banach [9]] in 1922 for
proving the existence of the solution of various problems in nonlinear analysis. There are many
works focus on the extension of the contraction as a generalized of the mappings see in [1]
which shown the diversified type of mappings. In the beginning, there is an enormous number
of works that generalized the contraction on single-valued mappings. Afterward, Nadler [10]
extended the idea of Banach to set-valued mappings in 1969.
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In 2003, Kirk [14] introduced the notion of cyclic representation which are cyclic relation and
cyclic contraction in metric spaces and investigated the existence and uniqueness of fixed point
for cyclical condition. Many papers considered cyclic condition for different contractions and
some works introduced new class of cyclic contraction mappings and further in another spaces
such as Neammanee [[7]] extended the concept of cyclic for single-valued to multivalued mappings,
Shatanawi [15] utilized the cyclic mapping for (2-distance in G-metric space, Nashine et al. [3]]
presented the new formula of cyclic contractive condition for implicit relation and proved the
existence and uniqueness of fixed point for the mappings, while in 2014, Nashine [4] got some
fixed point results for cyclic contraction endowed with implicit relation. In addition, Popa [13]
provided cyclic for multivalued mapping, which be more generalized than [4]. Moreover, Kumari
and Panthi [8] are also consider the cyclic contraction for proving fixed point theorem in the
generating spaces.

In the way of extending Banach fixed point theory, there are many numbers of work
considered on the contraction which are the generalizations of the well-known contraction.
Recently many years, Popa introduced and used the implicit function whose strength lies
rather than the various contractions to demonstrate some fixed point theorems in metric spaces.
Moreover, there are many works introduced the new condition of implicit function that we shall
see in [5], [11], and [12].

In the study, we shall introduce the generalized cyclic representation with respect to multi-
valued mappings and implicit relation on metric spaces. As we shall see in the main results
which show existence and common fixed point for such mappings.

2. Preliminaries

Throughout this paper for complete metric space (X,d), we denote CB(X) be the family of all
nonempty closed bounded subsets of X. We recall the Hausdorff distance for multivalued as
following

H(A,B) = max{sup{d(a,B)},sup{d(b,A)}}
acA beB

and
d(x,A) = inf{d(x, y)}.
yeA

For any A,Be CB(X), k> 1 for a € A, there exist b € B such that
d(a,b)<kH(A,B).

Many papers defined the definition of implicit relation that introduced in the literature. The
following functions are the example of the implicit function in variety conditions.

Definition 2.1 ([6]). Let T be the set of all real continuous functions 7':R% — R where R is the
set of all real numbers and [Rﬁ =[0,00), satisfies the following conditions:

T1: T is non-increasing in variables to,t3,%4,t5,%6 ;
Ts: there exists a right continuous function f :R, — R, £(0)=0, f(¢)<t for t>0 such that
for u,v >0,

Tw,v,u,v,0,u+v)<0 or T(u,v,0,0,v,v)<0

implies u < f(v) ;
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Ts: T(u,0,u,0,0,u)>0and T'(u,u,0,0,u,u)>0 for all > 0.
In recently, Popa [13] introduced the definition of implicit relation for multi-valued mappings.

Definition 2.2. Let 7 be the family of all real continuous functions 7' : RS — R satisfying the
following conditions:

P1: T is non-increasing in variables t3,%4,15 ;
Py: there exists A€[0,1) and £ >1 such that for any u,v,t=0, u<kt and T (¢,v,v,u,u+v,0)<0

implies u < hv.

In addition, Kirk [14] defined the notion of cyclic representation which are cyclic relation as
follow.

Definition 2.3. Let (X,d) be a metric space. Let p be a positive integer in which, A1,A5,...,A,
be nonempty closed subset of X, Y = UleAi and T:Y — Y. Then Y is said to be a cyclical
representation of Y with respect to 7' if

(1) A; are nonempty closed subsets of X when i =1,2,...,p ;
(2) T(A1)c Ay, T(Ag) S As,..., T(Ap_1) A, T(Ap) S AL

Moreover, Nashine et al. [3] defined a new notion of cyclic contractive mapping and
demonstrated the new result from the following mapping.

Definition 2.4. Let (X,d) be a metric space, p a positive integer, Aq,As,...,A, nonempty
closed subset of X and Y = UleAi. An operator f:Y — Y is called an implicit relation type
cyclic contractive mapping if

(1) Y= UleAi is a cyclic representation of Y with respect to f ;
(2) forevery x,y€ A; xA;;1 wheni=1,2,...,pand A, 1 =Aq,
Td(fx,fy),d(x,y),d(x,[fx),d(y,fy),d(x,[y),d(y,fx)<0

for some T € 14.

3. Fixed Point Theorems for Implicit Generalized Cyclic
Contractive Mappings

In this section, we shall discuss on the some fixed point theorem that concern about the implicit
relation on the generalized cyclic mappings. Firstly, we will introduce some definitions that
extend from the literature.

Definition 3.1. Let Wg be the family of all real continuous functions ¢, where
@(t1,ta,t3,t4,t5,t6): IR?L — R which satisfies the following conditions:

M;: ¢ is decreasing in variable t3,%4,t5 ;
Ms: there exists A €[0,1) and £ > 1 such that

ifu,v,t =0, u <kt,and ¢(t,v,v,u,u+v,0)<0 then u <hv;
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Ms: ¢(u,0,u,0,0,u)>0, ¢(u,0,0,u,u,0)>0 for all u > 0.

Example 3.2. ¢(t1,t9,t3,t4,t5,t6) =t1—a1ta—agts—asts—asts—aste, where a1,a9,a3,a4,a5 =0,
and a1 +ag+ag+as+as<l.

M: Obviously.

Ms: Given u,v,t=0, u < kt, where
1
al +a2+a3+a4+a5’
and @(t,v,v,u,u+v,0)=t—ai1v—asv —asu—aq4(u+v)<0.

1<k<

Then t <(a1+ags+ag)v+(as+ay)u,thatis kt<k[(a1+ag+ag)v+(ag+as)ul.

k(a1+a2+a4)

Therefore, u < hv, where h = T-(astas) -

As an inspiration from [15]], [2] and other, we shall define the generalization of cyclic relation
on two multivalued mappings.

Definition 3.3. Let (X,d) be a metric space, p is a positive integer, and A1,As,...,A, be
nonempty closed subset of X. If Y = UleAi, F:Y - CB(X), and G:Y — CB(X), then we
called Y a generalized cyclic representation with respect to F and G if it satisfies the following
conditions:

C1: A; are nonempty closed subsets of X wheni=1,2,...,p ;
Co: F(A1)SA2,G(Ag) S A3, F(A3)SAy,...,
when p is even number, G(A,) S A4

when p is odd number, F(A,) S A;.

Definition 3.4. Let (X,d) be a complete metric space and A1,Ag,...,A, be nonempty closed
subsets of X when p is a positive integer. Then F: Y — CB(X) and G : Y — CB(X) are called
generalized implicit cyclic contractive mappings if it satisfies the following conditions:

I.: Y= Uf: 1A is a generalized cyclic representation of Y with respect to F' and G ;
I5: For any (x,y)€A; xA;;1 wheni=1,2,...,pand A,,1=Aq,
eHFx,Gy),d(x,y),d(x,Fx),d(y,Gy),d(x,Gy),d(y,Fx))<0 3.1)

for some ¢ € V.

Next theorem is the main result of this work that focus on the common fixed point of
mappings which satisfies the properties of generalized cyclic on implicit relation.

Theorem 3.5. Let (X,d) be a complete metric space and A1,As,...,A, be nonempty closed
subsets of X when p be a positive integer. If Y = UleAi such that F : Y — CB(X) and
G : Y — CB(X) are generalized implicit cyclic contractive mappings for some ¢ € Vg, then
there are common fixed point of F and G in ﬂleAi.
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Proof. Consider xg € A1 and F'(A1) € Ag from Cq, then there exists x; € Fxg which implies that
x1 € Ag. And since G(Ag) € Ag, then we can choose x9 € Gx1, and k& > 1 such that

d(xl,XQ) < kH(Fx(),le). (3.2)
Similarly, there exists x3 € Fxo which implies that x3 € A4 such that
d(xz,x3)SkH(Gx1,Fx2). (3.3)

Following this process, then we can consider into 2 cases for the ending of the process.

Case 1: If p is even number, then F(A,_1) S A, and G(A,) € A1, then there exists x,_1 € Fx,_3
(when x,_9 € A,_1) such that

d(xp-2,%p-1) < kH(Gxp-3,Fx,_2) (3.4)
and there exists x, € Gx,_1 SAp1 = A; such that
d(xp_1,%p) <kHFxp_9,Gxp_1). (3.5)

Case 2: If p is odd number, then G(A,_1) A, and F(A,) S A1, then there exists x,_1 € Gxp_2
(when x,_2 € A,_1) such that

d(xp_2,xp-1) <kHWFx,_3,Gxp_2) (3.6)
and there exists x, € Fx, 1 SAp1 =A1 such that
d(xp-1,%p) <kH(Gxp_2,Fxp_1). (3.7
Since xp € A; and x; € Ay and from I5 in Definition [3.4] by using inequality we obtain that
¢ (H (Fxo,Gx1),d(x0,x1),d(x0,Fx0),d(x1,Gx1),d(x0,Gx1),d(x1,Fx0)) <0 (3.8)
for some ¢ € ¥g and by condition M in Definition we get
¢ (H(Fx9,Gx1),d(x0,2x1),d(x0,21),d(x1,%2),d(x0,x2),0) < 0. (3.9
By using triangle inequality we can conclude that
¢ (H (Fx9,Gx1),d(x0,%1),d(x0,%1),d(x1,%2),d(x0,%1) + d(x1,%2),0) <0 (3.10)

and by My in Definition it implies that
d(x1,x2) = h1d(x0,x1)

for some A1 €[0,1).
Similarly, from inequality (3.1) and 79 in Definition to obtain that

@(H(Gx1,Fx2),d(x1,x2),d(x1,Gx1),d(x2,Fx3),d(x1,Fx2),d(x2,Gx1)) <0 (3.11)

for some ¢ € W5 whenever x; € Ag and x2 € Ag.
And by condition M; in Definition we get

@(H(Gx1,Fxg),d(x1,x2),d(x1,x2),d(x2,x3),d(x1,x3),0) < 0. (3.12)
By using triangle inequality we can conclude that
@ (H(Gx1,Fx2),d(x1,x2),d(x1,x2),d(x2,x3),d(x1,%2) + d(x2,x3),0) < 0 (3.13)

and by using My, we get
d(x9,x3) < hod(x1,x2)

for some A9 €[0,1).
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Next, we proved in the same process to obtain that
d(xp—lyxp) = hp—ld(xp—27xp—1)

for some h,_1 €[0,1).

If we choose A =max{h1,hs,...,hp_1}, then we have
d(xp_1,%n) < hd(xp_9,2%n-1) < ... < h" Td(x0,x1)
when n be positive integer. Now we have the sequence x,, in which
lim d(x,_1,%,)=0.
n—o0
Next we will show that x, is Cauchy sequence. Without loss of generality, we assume that n >m
A, %n) < AKX, Xma1) + (X i1, Xme2) +..o +d(Xp—2,X,-1) + d(Xp-1,%p)
< h"d(xg,x1)+ ™ 1 d(x0, 1) + ... + B 1d(xg, x1)
<d(xo,x1) [A™ +R™ 4+ A"

hrm -1
<d(xg,x1) h™ (—) .

h-1
By taking limit as m — oo for some A € [0,1), we get d(x,,x,,) — 0. Hence x, is a Cauchy
sequence. And since X is complete, then x, converges to x* in X which implies that every

subsequence x,, of x, will converge to x*.

Since xo € A1, then there exists subsequence x,, € A1 that converge to x* and since A1 is closed,
then x* € Aq. Again for x1 € Ag,x3 € A3,...,x, € A1 there are Xnp, € Ao, Xnpps € A3,...,x,12p_1 €
A, are also converge to x™ and x* € A; when i =1,2,...,p because every A; are closed. Therefore
* V4 A
X €ﬂi=1A1-
Now, we want to show x* be fixed point of F and G. Firstly, we let x =x*, y = x,, and assume
that x* ¢ Fx*, which implies that d(x*,Fx*) > 0 then we obtain that
0= ¢ (H (Fx*,Gxy),d(x",x,),d(x" , Fx"),d(xp,Gxy),d(x*,Gxp),d(xy, Fx™))
=@ (H (Fx",Gx2p-1),d(x",x2n-1),d(x" ,Fx"),d(x2n-1,Gx2n-1),d(x",Gxon—1),d(x2n-1,Fx"))
= (d (Fx",x2,),d(x",22n-1),d(x",Fx™),d(x2n-1,%2,),d(x", x2),d(x2,-1,Fx "))

and we take n — oo to have

0=¢(d(Fx*,x"),d(x",x"),dx" ,Fx"),d(x*,x"),d(x" ,x*),d(x",Fx")) (3.14)
while the condition M3 in Definition [3.1]implies that

0<g(d(Fx*,x"),dx",x"),dx" ,Fx"),d(x",x"),d(x" ,x"),d(x",Fx"))
for any d(x*,Fx*)> 0, which contradict. Therefore x* € Fx*, meanwhile if we let x =x,,, y =x"
and assume that x* ¢ Gx*, which implies that d(x*,Gx*) > 0 then we obtain that

0= ¢ (H (Fxp,Gx™),d(xp,x"),d(x, Fxy),d(x* ,Gx*),d(xn,Gx™),d(x",Fxy))

> ¢ (H (Fxgn,Gx™),d(x2y,x"),d(x2n, Fx2,),d(x",Gx™),d(x2,,Gx™),d(x" ,Fxg,))
2 (p (d (x2n+1,Gx*) ,d(x2n7x*), d(x2n7x2n+l),d(x*,Gx*), d(xzn,Gx*),d(x*,szn))

and also take n — oco to have

0=¢(d(x*,Gx"),d(x",x"),d(x",x"),d(x",Gx"),d(x*,Gx"),d(x" ,Fx")) (3.15)
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that is
0=¢(d(x*,Gx*),0,0,d(x",Gx™),d(x*,Gx"),0). (3.16)
But the condition M3 in Definition [3.1/implies that
0<¢(d(x*,Gx"),0,0,d(x",Gx™),d(x",Gx"),0) (8.17)
for any d(x*,Gx*) > 0, which contradict then d(x*,Gx*) = 0. Hence x* is common fixed point of
F and G. -

Corollary 3.6 ([13]). Let (X,d) be a complete metric space, p € Nand A1,As,...,A, be nonempty
closed subsets of X and Y = UleAi. If F:Y — CB(X) is an implicit cyclic contractive mapping
for some T € 1g, then F has at least a fixed point in ﬂleAi.

Proof. From Theorem when F and G are the same mappings then we obtained that
result. O

Definition 3.7. Let (X,d) be a complete metric space. Let Aj,A3,...,A, be nonempty closed
subsets of X when p be a positive integer. Then F': Y — CB(X) and G :Y — CB(X) are called
Kannan-type of generalized cyclic contractive multivalued mappings if it satisfies the following
condition:

I,;: Y= UleAi is a generalized cyclic representation of Y with respect to F' and G ;

Iy: Foranyx,y€A;xA;;1 wheni=1,2,...,pand A, 1 =Ay,
1
H(Fx,Gy)<ald(x,Fx)+d(y,Gy)] WhereOSa<§.

From the Definition and Example [3.2] we can obtain the following corollary.

Corollary 3.8. Let (X,d) be a complete metric space, p € N and A1,Ag,...,A, be nonempty
closed subsets of X and Y = UleAi. IfF:Y - CB(X)and G:Y — CB(X) are called Kannan-
type of generalized cyclic contractive multivalued mappings, then F and G has a common fixed
point in ﬂleAi.

Proof. The proof of this Corollary will follow by Theorem and Example [3.2] where
ai,aq4,a5=0,and ag =az=a. O

Remark 3.9. There are many ways to define the implicit function that satisfies the conditions
in Definition then we can define and proof the generalization of our main theorem as same
as the previous corollary.

4. Conclusion

In this work, we consider the extension of cyclic representation and implicit function that
established in [13]. We have determined cyclic relation on two mappings which are multivalued
mappings and more generalized than the literature. Moreover, our results are also generalized
and can reduce to cover the results in [13]. It would be an interesting study to consider for the
other spaces by using this cyclic representation under implicit function.
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