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1. Introduction

In 1965, the concept of fuzzy set was introduced by Zadeh [20] in domain X and [0, 1]. In 1986,
Atanasov [2] introduced the notion of an intuitionistic fuzzy metric space. Afterward, Park [14]
gave the notion of an intuitionistic fuzzy metric space and generalized the notion of a fuzzy
metric space due to George and Veeramani [6]. In 2008, Saadati et al. [17] modified the idea
of an intuitionistic fuzzy metric space and presented the new notion of an intuitionistic fuzzy
metric space.

On the other hand, in 1922, Banach [3] proved a theorem, which is well known as Banach’s
Fixed Point Theorem to establish the existence of solutions for integral equations. In 1981,
Heilpern [7] developed fixed point theory in fuzzy metric spaces, introduced the concept
of fuzzy contraction mappings and proved some fixed point theorems for fuzzy contraction
mappings. Afterward, in 2006, Rafi and Noorani [15] introduced the concept of intuitionistic
fuzzy contraction mappings and proved the existence fixed point in intuitionistic fuzzy metric
spaces for an intuitionistic fuzzy contraction mapping.

In this paper, we introduced the concept of f-a-¢-w-weak contraction mappings in
intuitionistic fuzzy metric spaces and prove some common fixed point results. In particular, the

presented theorems extend, generalize and improve the results given in Beg et al. [4].

2. Preliminaries

First, we give some definitions, examples and remarks in intuitionistic fuzzy metric spaces.

Definition 2.1 ([18]). A binary operation * :[0,1] x[0,1] — [0,1] is a continuous ¢-norm if it
satisfies the following conditions:
(1) = is associative and commutative;
(i1) * is continuous;
(i1i) a *1=a for every a €[0,1];

@v) axb<cxdifa<cand b=d forall a,b,c,d €[0,1].
Example of continuous ¢-norm are a * b =ab and a * b = min{a, b} (minimum £-norm).

Definition 2.2 ([18]). A binary operation ¢:[0,1] x[0,1] — [0,1] is a continuous ¢-conorm if it
satisfies the following conditions:

(1) ¢ is associative and commutative;
(ii) ¢ is continuous;
(iii) a<©0=a for every a €[0,1];
@iv) aob=codifa<cand b=<d for all a,b,c,d €[0,1].

Example of continuous #-conorm are a ¢b = min{a + b,1} and a ¢ b = max{a, b}(maximum

t-conorm).
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Definition 2.3 ([14]). The 5-tuple (X,M,N, *,¢) is an intuitionistic fuzzy metric space if X is
an arbitrary set, * is a continuous #-norm, ¢ is a continuous ¢-conorm and M, N are fuzzy sets
in X x X x (0,00) satisfying the following conditions:

(1) M(x,y,t)>0;
(i) M(x,y,t)=1iff x=y;
(iii) M(x,y,t) = M(y,x,?);
(iv) M(x,y,t)* M(y,z,8) < M(x,z,t +s);
(v) M(x,y,-):(0,00) — (0,1] is continuous;
(vi) N(x,y,t)<1;
(vii) N(x,y,t)=0iff x = y;
(viii) N(x,y,t)=N(y,x,1);
(ix) N(x,y,t)oN(y,z,8)=N(x,z,t+3);
(x) N(x,y,-):(0,00) — (0,1] is continuous;
(xi1) M(x,y,t)+N(x,y,t)<1,

for all x,y,z€ X and s,t > 0.

Then (M,N) is called an intuitionistic fuzzy metric on X. The functions M(x,y,t) and
N(x,y,t) denote the degree of nearness and the degree of non-nearness between x and y with
respect to ¢, respectively.

Remark 2.4. Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of the
form (X,M,1— M, x,¢) such that continuous ¢-norm * and continuous t-conorm ¢ are associated
[13], that is, xoy=1—-((1-x)*(1—y)) for all x,y e X.

Remark 2.5. In an intuitionistic fuzzy metric space (X,M,N, *,0), M(x,y,-) is non-decreasing
and N(x,y,-) is non-increasing for all x,y € X.

Definition 2.6 ([14]). A sequence {x,} in an intuitionistic fuzzy metric space is said to be
a Cauchy sequence if and only if for each r € (0,1) and ¢ > 0 there exists ng € N such that
M(x,,xm,t)>1—r and N(x,,x,,t)<r for all n,m = ny.

Definition 2.7 ([14]). A sequence {x,} in an intuitionistic fuzzy metric space is called convergent
to x € X if, for each ¢ > 0, we have r}im M(x,,x,t)=1 and r}im N(x,,x,t)=0.
—00 —00

Definition 2.8 ([14]). An intuitionistic fuzzy metric space is complete if and only if every Cauchy
sequence is convergent. An intuitionistic fuzzy metric space is compact if every sequence contains

a convergent subsequence.
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Definition 2.9 ([15]). Let (X,M,N, *,0) be an intuitionistic fuzzy metric space. A mapping
f : X — X is intuitionistic fuzzy contractive if there exists £ € (0,1) such that W -1=<

k (W - 1) and N(fx,fy,t) < EN(x,,¢), for all x,y € X and ¢ > 0.

Definition 2.10 ([9]). Let (X,M,N, %,¢) be an intuitionistic fuzzy metric space. A mapping
f : X — X is intuitionistic fuzzy contractive if there exists & € (0,1) such that m -1=<

1 1 1 1
k(m—l) and m—lzE(W—l),forallx,yEXandt>0.

Definition 2.11. Let (X,M,N, *,¢) be an intuitionistic fuzzy metric space. We will say that the
sequence {x,} in X is intuitionistic fuzzy contractive if there exists & € (0, 1) such that, for each

n=0and¢>0 1<k (+ 1) and N(x,+1,%n12,8) < EN (X, %ns1,1).

1
> M(xp+1,%n+2,t) M(xp,%541,t)

Definition 2.12. Let (X,M,N, %,¢) be an intuitionistic fuzzy metric space and f,7T : X — X be
two mappings. A point z in X is called coincidence point (common fixed point) of f and T if
fz=Tz(z=fz=Tz).

Definition 2.13 ([8]). Two finite families {f;} and {T';} of self mappings on X are said to be
pairwise commuting if’

1) fifj:fjfi,where i,j€{1,2,...,m};
(i) T;T;=T;T;, where i,j€{1,2,...,n};
(i) f;T;=T,f;, wherei€{1,2,...,m} and j€{1,2,...,n}.

Definition 2.14 ([11]). Let X be a nonempty set. Two mappings f,T : X — X are said to be
weakly compatible if fTx =T fx for all x € X which fx=Tx.

Beg et al. [4] introduced the concept of w-waek contraction in intuitionistic fuzzy metric
spaces as follows:

Definition 2.15 ([4]). Let (X,M,N, *,¢) be an intuitionistic fuzzy metric space and f,7:X — X
be two mappings. The mapping 7T is called intuitionistic ¥-weak contraction with respect to f if
there exists a function vy :[0,00) — [0,00) with w(r) > 0 for r >0 and ¥(0) = 0, such that

1 1 1
e ) P S S
M(Tx,Ty,t) = M(fx,fy,t) ) W(M(fx,fy,t)

and
N(Tx,Ty,t)<N(fx,fy,t)—w(N(fx,fy,t),

hold for all x,y € X and ¢ > 0. If f is the identity mapping, then T is called intuitionistic y-weak
contraction.

Khan et al. [12] introduced the following concept of an altering distance in metric fixed point
theory.

Definition 2.16 ([12]). A function ¢ :[0,00) — [0,00) is an altering distance function if ¢(¢) is
monotone non-decreasing and continuous and ¢(¢) = 0 if and only if £ = 0.
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Definition 2.17 ([4]). Let (X,M,N, *,¢) be an intuitionistic fuzzy metric space and f,7:X — X
be two mappings. The mapping T is called intuitionistic (¢, ¥)-weak contraction with respect to
f if there exist a function vy :[0,00) — [0,00) with w(r) > 0 for r >0 and ¥(0) =0 and an altering
distance function ¢ such that

1 1 1
S S| Y (S S—) ] S —
N\ MTx Ty, )<“’(M<fx,fy,t> )”’(M(fx,fy,ﬂ
and

G(N(Tx,Ty,0) < p(N(fx,fy,0) —w(N(fx,[y,1)) (2.1)

hold for all x,y € X and ¢ > 0. If f is the identity mapping, then T is called intuitionistic
(¢, yp)-weak contraction.

3. Main Results

In this section, we will introduce the concept of generalized a-admissible as follow:

Definition 3.1. ([16]) Let (X,M,N, *,¢) be an intuitionistic fuzzy metric space and let T, f :
X — X be two mappings. We say that T is f-a-admissible if there exist three function «a :
X x X x(0,00) — [0,00) such that, for all ¢ >0 and x,y € X, we have

alfx,fy,) =1 = a(Tx,Ty,t)=1. (3.1)
Definition 3.2. Let (X,M,N, %,¢) be an intuitionistic fuzzy metric space andlet 7,/ : X — X
be two mappings. The mappings T is called intuitionistic f-a-w-weak contraction with respect

to f, if there exist two functions a : X x X x(0,00) —[0,00) and ¥ : [0,00) — [0,00) with w(r) >0
for r > 0 and ¥(0) = 0 such that

a(fx,fy,t)

IA

1 1
E—— [ [P (U—— P77 PE——— 3.2
M(Tx,Ty,t) ) (M(fx,fy,t) ) w(M(fx,fy,t) ©2)

and
alfx,fy, ) N(Tx, Ty, ) <N(fx,fy,t)—w(N(fx,fy,t) (3.3)
for all x,y € X and ¢ > 0.

Definition 3.3. Let (X,M,N, %,¢) be an intuitionistic fuzzy metric space andlet 7,/ : X — X
be two mappings. The mapping T is called intuitionistic f-a-¢-w-weak contraction with respect
to f, if there exist three function a : X x X x (0,00) — [0,00), ¢ : [0,00) — [0,00) and v :
[0,00) — [0,00) with w(r) > 0 for r >0 and y(0) = 0 such that

1
a(fx,fy, 0

)=l ]y 1 3.4

and

a(fx,fy, 0pWIN(Tx, Ty, 1)) < p(N(fx,fy,0) —w(N(fx,fy,) (3.5)
for all x,y € X and ¢ > 0.

Next example guarantee the Definition (3.3
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Example 3.4. Let X = {1 ne N} u{0,4} and * be a minimum ¢-norm and ¢ be a maximum

o

t-conorm. Let M,N be defined by

t

—  ift>0
M(x,y,t)=<X t+|x—yl

0, ift=0

and

=yl o
N(x,y,t)=<R t+]|x—yl

1, ift=0.

Define the mapping T : X — X by

X ifx#£0

-, ifx
T(x): 4

1, ifx=4

and define the function a : X x X x(0,00) — [0,00) by

C((fx,fy,t):{

0, otherwise.

1, ifx,ye X\ {4}

Also, defined ¢,y :[0,00) — [0,00) by ¢(t) = %, w(t) = é and let f(x) = 5. In fact, if at least one
between x and y is equal to 4, then a(fx,fy,t) =0 and so (3.4), (3.5) holds trivially. Otherwise,
if both x and y are in X \ {4}, then a(fx,fy,t) =1 and so (3.1I). Then, we have

1 1
"’(M(fx,fy,t) - 1) _W(M(fx,fy,t) - 1) - ‘P(M(g

i)l
2,t) M(3,5,1)
|

<[5

1
ol

1
= a(fx,fy,tﬂ/’(m—l)-
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From the last inequality and the fact that N =1 - M, we conclude that the conditions (3.4)
and (3.5) are satisfied. Therefore T is intuitionistic f-a-¢-y-weak contraction with respect to f.

Now, we are ready to state and prove our the first main result.

Theorem 3.5. Let (X,M,N, *,0) be an intuitionistic fuzzy metric space. Let T and f be self-
mappings on X such that the range of f contains the range of T (TX < fX) and f(X) or
T(X) is a complete subset of X and a : X x X x (0,00) — [0,00). Suppose that T is intuitionistic
f-a-¢p-y-weak contraction with respect to f and the following conditions hold:

(i) T is f-a-admissible;
(ii) there exists xo € X such that a(fxg,Txg,t) =1 for all t >0;

(1i1) T is continuous.

Then, T and f have a coincidence point in X. If T and f are weakly compatible, then T and f
have a unique common fixed point in X.

Proof. Let xy € X such that a(fxq,Txo,t) =1 for all £ >0 and choose a point x; in X such that
Txo = fx1. Define the sequence {x,} and {y,} in X such that

Yn=Txp=fxp+1, neNU{O}L

In particular, if vy, = y,+1, then y,,1 is a point of coincidence of T' and f. Consequently. We
assume that y, # y,+1 for all n € N. By condition (ii), we have a(fxo,Txo,t)=a(fxo, fx1,t)=1.
Since, hypothesis of T is f-a-admissible, we obtain

a(Txy, Tx1,t)=a(fx1,fxe,t) =1, a(Txq,Txo,t)=a(fxe,fx3,t)=1.
By induction, we get

alfxn, [xXn+1,8) = 1.
for all n e NuU{0}. Now, by and with x =x,, ¥y = x,.1, we have

1
- 1l= -1
(/) M(ynayn+].7t) ) ¢(M(Txn,Txn+1,t) )

1
Sa(fxn7fxn+1,t)§b(M(Tx Tx 1t)_1)
ns n+ls
gl
B M(fxn,fxn+1,t) v M(fxn>fxn+1>t)

1 1
pl—  1|y|—— 1
(p M(yn—lyynyt) ) W(M(yn—].?yn’t) )

1
S —
M(yn—l,yn,t)
which considering that the ¢ function is non-decreasing implies that M(y,i1,yn,t) >

M(y,-1,¥n,t) for all n € N and hence M(y,_1,yn,t) is an increasing sequence of positive real
numbers in (0, 1].
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Let S(¢) = hm M(yn 1,¥n,t), we show that S(¢) = 1 for all ¢ > 0. If not, there exists ¢ > 0 such
that S(#) <1, then from the above inequality on taking n — oo, we obtain

1 1
<¢p|——-1|-y|——-1
(5w =5 Y v lsw
a contradiction. Therefore, M(y,, yn+1,t) — 1 as n — oo. Now for each positive integer p,
M(yn,yn+p7 £) = M(Yn, Yn+1,t/D) * M(Yp11, Ynr2,t/p) % -+ % M(yn+p—1,yn+p: t/p).
It follows that
lim M(yn,Yn+p,8) =1*1%---x1=1.
n—00
Similarly, we have
(P(N(yn,ym—l, t)) = (,b(N(Txn’ Txn+17 t))
<alfxn, fxn+1, DPWIN(Txp, Txp11,1)
SOWIN(fxn, fxn+1,8) —WIN(fxn, f2Xn+1,t)
= ¢(N(yn—1,yn, t)) - W(N(yn—l,yn;t))
< (P(N(yn—lyyny t))a
which considering that the ¢ function is non-decreasing implies that N(y,,yn+1,t) <
N(yn-1,¥n,t) for all n € N and hence N(y,_1,¥,,t) is a decreasing sequence of positive real

number in [0,1). Let R(¢) = nlim N(¥n-1,¥n,t), we show that R(¢) =0 for all £ > 0. If not, there
—00
exists ¢ > 0 such that R(¢) > 0, then from the above inequality on taking n — oo, we obtain

P(R()) = p(R(?) — w(R (D)),

a contradiction. Therefore, N(v,,Vn+1,t) — 0 as n — co. Now for each positive integer p, by
Definition [2.3(xi), must be

M(yn,Yn1p,t) + N(Yn, Ynip, ) <1
and then

Lim (M (yn, Yn+p,8) + N, Ynsp, ) < 1.
It follows that

Lim N(yn, Yn+p,t) = 0.

Hence y, is a Cauchy sequence. If f(X) is complete, then there exists q € f(X) such thaty, — ¢
as n — oo. The same holds if 7'(X) is complete with q € T(X). Let p € X be such that fp =q.
Now, we show that p is a coincidence point of f and T'. In fact, we have

¢

1
M(Tp,f%ns1,) 1) =¢ (M(Tp,Txn,t) - 1)

< a(fp,fxmt)‘/’(m ) 1)

1 1
S(l)(M(fp,fxn,t) _1)_1//(M(fp’fxn,t) _1)
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for every t > 0, which on taking n — oo gives that

lim M(Tp,fxn+1,t) = lim M(Tp,Tx,,t)
n—00 n—oo

= M(Tp,fp,H)=1.

That is fp =Tp = q and so q is a point of coincidence of T and f. Now, we show that fq =q.
Now, if g is a point of coincidence of T' and f as T and f are weakly compatible, then we prove
that q is common fixed point of 7" and f. Since fp =Tp =q and f as T and f are weakly

compatible, then fq = T'q. Using (3.3) and suppose that fq # g, then consider
1 1

e, [ |
M(fq,q,t) M(Tq,Tp,t)

<a(fq,fp,®) (—M(Tq,Tp,t) - 1)

S(m‘l)‘W(m*)

1 1
- (M(fq,q,t) } 1) _W(M(fq,q,t) } 1)
a contradiction which leads to the result, that is f¢ =g and so fq = Tq = q. Therefore T and f
have a common fixed point in X.
We will prove the uniqueness of a common fixed point of f and 7T'. Let z be another common
fixed point of f and T (z # ¢).Then, there exists ¢ >0, such that

1 1
‘/’(M(q,z,t)— 1) :‘/’(M(Tq,:rz,t)— 1)

< a(fq,fz,t)(p(

M(Tq,Tz,t)— 1)

1 1
S(p(M(fq,fz,t)— 1) _‘”(M(fq,fz,t)— 1)
1
<‘/’(M<q,z,t)—1)'

a contradiction which leads to the result, that is ¢ = z. Therefore g is a unique common fixed
point of f and T'. This completes the proof. O

Example 3.6. Set X, M, N, *, o, a, ¢, v, [, T as in Example Obviously, (X,M,N, x,0)
is a complete intuitionistic fuzzy metric space. Clearly, T(X) c f(X). All the assumption of
Theorem [3.5| are satisfied, then f and T have a unique common fixed point.

From Theorem [3.5] if the function @ : X x X x (0,00) — [0,00) such that a(fx,fy,¢) =1 for all
x,y € X, we deduce the following corollary.

Corollary 3.7 ([4]). Let (X,M,N, x,0) be an intuitionistic fuzzy metric space and let T and [ be
self-mappings on X such that the range of [ contains the range of T (TX € fX) and fX or TX

Communications in Mathematics and Applications, Vol. 7, No. 3, pp.[167 , 2016
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is a complete subset of X. Suppose that the following conditions hold:

1 1 1
SR SE—| Y (S S—) ]
P\ M@=, Ty, 0 )<¢(M(fx,fy,t) ) ‘”(M(fx,fy,ﬂ

and

forall x,ye X and t > 0. If T and f are weakly compatible, then T and f have a unique common

fixed point in X.

From Theorem if we choose f = I'x the identity mapping on X, we deduce the following
corollary.

Corollary 3.8. Let (X,M,N, x,0) be an intuitionistic fuzzy metric space. Let T be self-mappings
on X and a: X x X x(0,00) — [0,00). Suppose that the following conditions hold:

1) T is a-admissible;
(ii) there exists xg € X such that a(xg,Txg,t) =1 for all t >0,
(i1i) T is continuous.
Then, T has a unique fixed point.
Theorem 3.9. Let (X,M,N, *,0) be an intuitionistic fuzzy metric space and {f;}, {Tr}, where
i€{l,...}and k €{1,...,n}, be two finite families of self mappings on X with f = fifs-- fn and
T=T1Ty---Ty,. Let T be an intuitionistic f-a-p-w-weak contraction with respect to f. If the

range of f contains the range of T (TX < fX) and f(X) or T(X) is a complete subset of X and
a:X xX x(0,00) —[0,00) then T}, and f; have a unique common fixed point in X.

Proof. Using Theorem we conclude that g is unique common fixed point of 7" and f.
Now, we will show that q remains the fixed point of all the component mappings. We consider

T(T;q)=(T1,T2, -, T)T;)q
=(T1Te- Tn-DUTxT;)q)
=(T1Ty-TiTnq)

=T1Ti(TeTsTs - Tnq)
=T;T1(TeT3---Trmq)
=Ti(Ty)

=Tiq.

Similarly, we can show that T'(f,q) = fx(Tq) = frq.f (frq) = fr(fq) = frq and f(T;q)=T;(fq) =
T;q, which implies that, for all i and %k, T;q and frq are other fixed point of the pair {T', f}.
Now appealing to the uniqueness of a common fixed point of mappings T and f, we get
q =T;q = frq, which shows that ¢ is a common fixed point of f; and 7', for all i and %. O

Commaunications in Mathematics and Applications, Vol. 7, No. 3, pp.[167 , 2016



Common Fixed Point Results for ®-VY-Weak Contraction Mappings...: W. Onsod and P. Kumam 177

Definition 3.10. Let (X,M,N, %,0) be an intuitionistic fuzzy metric space. Let ', f : X — X be
two mappings. The mappings T is called intuitionistic f-a-¢-w-weak contraction of integral
type with respect to f, if there exist three functions a : X x X x(0,00) — [0,00), ¢ : [0,00) — [0,00)
and v : [0,00) — [0,00) with w(r) > 0 for r >0 and ¥(0) =0, such that

st -1 x;yt—1 +yt—1
a(Fx, £, fOM(Tx,Ty,> (p(s)ds) - d)(j(;M(f NER) cp(s)ds) _w(j;M(f NEZ)) (p(s)ds) ’ (3.6)

and

N(Tx,Ty,b) N(fx,fy,0) N(fx,fy,t)
alfx,fy,t)p fo (p(s)ds) <¢ (.[0 (p(s)ds) -y (fo (p(s)ds) , 3.7

for all x,y € X and ¢ > 0, where ¢ :[0,00) — [0,00) is a Lebesgue integrable function which is
summable on each compact subset of [0,00) and such that for all £ >0, f; ¢(s)ds > 0.

Theorem 3.11. Let (X,M,N,*,0) be an intuitionistic fuzzy metric space. Let T and f be self-
mappings on X such that the range of f contains the range of T (TX < fX) and f(X) or
T(X) is a complete subset of X and a : X x X x(0,00) — [0,00). Suppose that T is intuitionistic
f-a-¢-y-weak contraction of integral type with respect to f and the following conditions hold:

(1) T is f-a-admissible;
(i1) there exists xo € X such that a(fxo,Txo,t) =1 for all t >0,

(1i1) T is continuous.

Then, T and f have a coincidence point in X. If T and f are weakly compatible, then T and f
have a unique common fixed point in X.

Proof. Define I' :[0,00) — [0,00) by I' = f(f ¢(s)ds. So, condition reduces to condition (3.4)
and condition (3.7) reduces to condition as ¢ol is an altering distance function and
wol :[0,00) — [0,00) with w(I'(r)) > 0 for » > 0 and y(I'(0)) = 0. Therefore, the conclusion follows
immediately by Theorem O

4. Conclusion

We introduced the new concept and the new notion of f-a-¢-y-weak contraction mappings in
intuitionistic fuzzy metric spaces and also proved common fixed point in intuitionistic fuzzy
metric spaces. The presented theorems extend and improve the corresponding results which
given in the literature. In particular, Corollary [3.7 extend, generalize and improve the results
given of Beg et al., in [4].
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