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Abstract. The purpose of the present paper is to study a Finsler space with a special (&, 8)-metric

2
L(a,B) =a+ef+ K’% (¢ and & # 0 are real constants) satisfying some conditions. First we find a
condition for a Finsler space with a special (a, 8)-metric to be a Berwald space. Then we show that if a

2
two-dimensional Finsler space with a special (a, 8)-metric L(a,B) =a+ef + K% (e and % # 0 are real
constants) is a Landsberg space, then it is a Berwald space.
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1. Introduction

The real Landsberg spaces, in particular the real Berwald spaces, have been a major subject
of study for many geometers over the years. In 1926, L. Berwald [4] introduced a special class
of Finsler spaces which took his name in 1964 [8]]. It is known that a real Finsler space is
called a Berwald space if the local coeffcients of the Berwald connection depend only on position
coordinates. In the Cartan connection CI', a Finsler space is called Landsberg space, if the
covariant derivative Cj; ;. of the C-torsion tensor Cp;; = 0,0;0 j(L2/4) satisfies Cp; jjr(x, y)y* =0.

A Berwald space is characterized by Cj; i, = 0. Berwald spaces are specially interesting and



324 On Two-Dimensional Landsberg Space with A Special (a, )-Metric: G. Shanker and D. Choudhary

important, because the connection is linear, and many examples of a Berwald space have been
known. But any concrete example of a Landsberg space which is not a Berwald space is not
known yet. If a Finsler space is a Landsberg space and satisfies some additional conditions,
then it is merely a Berwald space [3]]. On the other hand, in the two- dimensional case, a general
Finsler space is a Landsberg space, if and only if its main scalar I(x,y) satisfies I;;3* = 0 [7].
The purpose of the present paper is to find a two-dimensional Landsberg space with a special
(a, B)-metric L(a,B) = a+ef+ K%2
First we find the condition for a Finsler space with a special (a, f)-metric to be a Berwald space
(see Theorem [3.1). Next, we determine the difference vector and the main scalar of F2 with the

aforesaid metric.

satisfying some conditions, where ¢, k¥ # 0 are real constants.

Finally, we derive the condition for a two-dimensional Finsler space F? with a special (a, B)-
metric L(a,B)=a+ef+ K'%Z (e and & # 0 are real constants) to be a Landsberg space, and we
show that if F2 with the mentioned metric is a Landsberg space, then it is a Berwald space (see
Theorem |4.1).

2. Preliminaries
Let F* =(M",L(a, B)) be an n-dimensional Finsler space with an (a, f)-metric and R"” = (M",a)

the associated Riemannian space, where a® = a; j(x) yiyl, A= =b;(x)y'. Since the metric tensor
a;; is invertible, we put a = (aij)'l.

The Riemannian metric a is not supposed to be positive-definite and we shall restrict our
discussions to a domain of (x,y) where 8 does not vanish. The covariant differentiation in the
Levi-Civita connection (yj.k(x))of R"™ is denoted by the semi-colon. Let us list the symbols here

for the late use:
(i) b'=a'"b,, b2 =a"*b,bs,
(i) Zrij = bi;j +bj;i, ZSij = bi;j - bj;i,
(i1i) ré. = airrrj, sj. = airs,j, ri=b,r7,s; =b;s;.
(iv) Ly =0L/da, Lg=0L/0f, Loy =02L/0a’, Lps = 0>L/3p>.
In the present paper Berwald connection BI" = (G;'.k,G;'.,O) of F"* plays one of the leading roles.
Denote by B;k the difference tensor of Matsumoto [7] of G;k from (y;.k):

G (,) =133, + By (3, ). 2.1)
With the subscript 0, the transvection by y*, we have

Gi=7vy,;+Bh, 2G" = yj, + 2B’ (2.2)
and then B; =0 jBi and Bj.k = akBj.. On account of Matsumoto [7], the Berwald connection

BT of a Finsler space with (a, 8)-metric L(a, ) is given by (2.1) and (2.2), where B;k are the
components of a Finsler tensor of (1,2)-type which is determined by

Lan.i y'yp=aLpbj, —Bf.ibk)yf. (2.3)
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According to Matsumoto [7], B(x;y) is called the difference vector. If
BPLy+ay? Loy #0,

where y? = b%2a? — 2, then B’ is written as follows:

Bi:%yi+iﬁxﬁsg_aigac*(éyi_%bi)’ (2.4)
where
B - (@)C* o* = aP(rooLq —2asoLg)
L ’ 2(f2Lo + ay?Lyq) '
Furthermore, by means of Hashiguchi, Hojo and Matsumoto [4], we have
Lp
aj; = —L—aﬁu, (2.5)
By’ =roo—2b,B’, (2.6)
bly' =2(ro+s0), 2.7
Yiy' =2(ro+so)a® -2 (i—ﬁbza + ﬂ) (roo —2b,B"). (2.8)
a

The following lemmas have been shown:

Lemma 2.1 ([2, 6]). If a® = 0(mod B), that is, aijyiyj contains bi(x)y' as a factor, then the
dimension n is equal to 2 and b? vanishes. In this case we have 1—form & = d;(x)y* satisfying
a? = B6 and d;b* =2.

Lemma 2.2 ([5, [6]). We consider the two-dimensional case.

() If b2 #0, then there exist a sign € = +1 and & = d;(x)y* such that a® = g—z +¢e52 and d;b = 0.

(ii) If b2 =0, then there exists § = di(x)yi such that a? = pBo and d;bi=2.

If there are two functions f(x) and g(x) satisfying fa? + gf? =0, then f = g = 0 is obvious,
because f # 0 implies a contradiction a? = —Tg ,62.
Throughout the paper, we shall say “homogeneous polynomial (s) in (y?) of degree r” as

hp(r) for brevity. Thus 7’60 are hp(2).

3. Berwald Space

In this section, we find the condition for a Finsler space F"* with a special (a, f)-metric to be a
Berwald space.
Let F* =(M",L(a, B8)) be an n-dimensional Finsler space with a special (a, )-metric given
by
2
L(a,,B):a+e,B+1<;, (3.1)

where €, k¥ # 0 are real constants.
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Then from the above we have

kp? 2kp 2k B2 2k
Lazl—?, Lﬁ:€+7, Laa:?, Lﬁﬁ:; (3.2)
Substituting (3.2) into (2.3), we obtain
(a®—kB*)B%y yi + a(-2kaf —ca®)(bj;i —B%by)y = 0. (3.3)

Assume that the Finsler space with metric (3.1) be a Berwald space, that is, Gj.k = Gj.k(x). Then
we have B?i = B;‘?L.(x), so the left-hand side of (3.3) has a form

P(x,y)+aQ(x,y)=0, (3.4)
where P, @ are polynomials in (y?) while a is irrational in (y*). Hence the equation (3.3) shows
P=@Q=0.

Thus we have

Bk awny'y" =0, (bj;i—B%by)y =0. (3.5)
The former yields Bfiakh +Biiak =0, so we have B?i = 0. Then the latter leads to b ,;—¢ directly.

Conversely, if b;,; = 0, then (y;k,yéj,O) becomes the Berwald connection of F* due to the
well-known Okada’s axioms. Thus F” is a Berwald space. Therefore, we have

Theorem 3.1. The Finsler space F™ with special metric (3.1) satisfying b% # 0 is a Berwald space

if and only if b;.; = 0, and then the Berwald connection is essentially Riemannian (y;k,yéj, 0).

4. Two-dimensional Landsberg Space

Let the Finsler space F" = (M",L(a, )) with an (a, 8)-metric given by be a Landsberg

space.
The difference vector B’ of the Finsler space has been first given in [7]. Here, by means of
and (3.2), we have
A

P 9,
2Bl—m(2ka bl+

i 2 .
By )+2a (€a+2kﬁ)36, 4.1
aL (a2 -Ep)
where
A =roo(a® - k%) - 2a%so(ca + 2k ),
B =(ca®-3ckap®-4k?p>),
Q= (a®+2kb%a% - 3kp).
It is trivial that (a® — %) #0 and Q # 0, because «a is irrational in (y*).
From it follows that
A(a@®-Ep?)
alQ

Now we deal with the condition for a two-dimensional Finsler space F2 with (3.1) to be a
Landsberg space. It is known that in the two-dimensional case, a general Finsler space is a

roo—2b,B" = (4.2)

Landsberg space, if and only if its main scalar I(x, y) satisfies I; yt =0 ([11, [6]).
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The main scalar of F2 is obtained as follows:

el? = izzﬂéz (4.3)
where

M =e(1+2kb%)a® - 82 + 4b2k%a’f - 5ekaf?,

Q=(1+2b%k)a®-3kp>.
The covariant differentiation of leads to

4a’LQ%I} = IM(aQMy] + 2aQy*M|; — Qy* M aj; — 3ay” MCQY;). (4.4)
Trasvevting by ¢, we have

4a’LOI} = IMUY!y' +QM;;y' —Rayiy' — SQy'), (4.5)
where

U =ea®—8eka*p? +4ekb?a’ — 8k%a3 3 + 46220’ B+ 15¢k%a® f* — 16ck2b% a2
+24k3ap® —28k3b%a® B3 + 4ek?bab + 8E3b%a® B,
Q =2b%a% - 10kb2a® B2 + 4kb*a® — 242 % + 6kap?,
R =cb%a” - 12¢kb%a’ B2 + 4ekb*a™ —ca® B% + 8eka® B + 25¢k2b2%a® p* — 20ek2 b2 a® B2
—15ek%a b + 4ek?b%a” + 6ek2b2 a3 p* — 128202 B3 + 52k3b%a? B° — 36k3b*a’ B3
+8k2a?p5 —24k3 87 + 420 a® B+ 836505,
S =3eb%ab - 21ekb2a* B2 + 6ekbra® — 36E2b%a B3 + 1220 a® B - 3ca’ B2
+15eka’p* + 24k a pP.
Thus the equation (4.5) is written in the form
4a’LQ% I} = IMUYLy' +Vauy' + Wh;iy' + Xblyh), (4.6)
where
V = 14ekb2a®p% — 12k%b%ab B — 5ek?b2 a3 f* + 24ek?bra® B2 + 100k3b%a 3 — 24236558
—10eka3p* + 68k2b%a* p3 — 15¢k%a f® — 1008362 a2 B° —eb?a’ — 4ekb*a’
+ea®B? —4ek?b%a™ —56k%a? % +24K3 87,
W = -2¢kb2%a®p - 56k2b%a5 % + 8k2b*a™ — 26¢k%b2at B2 + 48312 a3 p* - 643 b a® B2
—4ek?b*abB+16E305a” + 2cka’ 3 + 48k2 a3 p* + 30ek2a? 8°,
X = (—2¢kb%a® +8k20%a" f + 22¢k2b2% a8 % + 328302 a5 B3 — 4ek?b* a® - 8R3b%a" B
+2¢eka®p? —8k2a® B3 — 18ck%a p* — 243 a3 B0).
Consequently, the two-dimensional Finsler space F2 with is a Landsberg space, if and
only if
Uyty' +Vayy' + Why' +Xbly' =0, .7

li
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since M #0. If M =0, then b2 = 0, namely, it is a contradiction.

By means of (2.5), (2.6), and (2.8), the above equation is written as

20a® - k) aPU + X)(ro +so) + [(a® = kYW - Valea + 2k )
—{a®b2(ea + 2k B) + f(a® - ENU(roo —2b,B") = 0.
Substituting the values of U,V ,W,X and (roo — 2b,B") in (4.8), we obtain

at [26“10 +8ckb%al® — 18cka® % + 164ck3a B8 — 4ek2 a8 p* — 208¢k3b2ab p*
—126¢k*a?p8 +128¢k4b2a B8 + 8ck2b*al® + T2¢k3b* a® B2 — 40k bt a® gt
+72ek%b%a? B8 — 40ek®b* a* B8 — 18¢k° B0 | (1o + s0)
+a® ﬁ[ —52e2k2a5 8% + 32¢2k2b2%a® - 16062E3b2a 62 + 144623 a f* + 202k a2 B8
+176e2E50%a2 5 + 56e2k3b* a® - 3262k a8 B2 - 7262k b at Bt + 2% a®
— 1142k 68 — 7262k 402 at B + 241562 88 — 166D a? B8 | (ro + s0)
+a’p [ —64b%a®p% + 62¢k%ab p* + 218¢k3b2 a8 p* — 80ek3b*a® B% — 162¢k3a* B8
+16ek3b8at? - 6ekb2al® —cal® + 11eka®B? — 208ek*b%a* B8 + 99¢k*a? B8
+66ek°b2a? 8 —80ek®btat B8 — 9ek® B0 + 16508 ab p* + 160ck bt ab p*
- 32€k4b6a8,62] o0
+ a[ —98k2b%a%p% + 154k°b2a®p* — 88k3b* a0 B% + 163b2a’? + 68k%a® B*
+80k*b*a®p* —86k%a’ %+ 8k*b*a’ — c*a'" 7 - 2k*b%a’ p° + 166k 0 B
+42k*a* B8 — 146625 a* B8 + 12k5b* a® B8 — T2E8 b4 a* B8 + 95R% 2?2 p1°
+76E6b2a% 810 + 161566 a® g6 — 241 p12 — 9410 B8 — 328565 a® B | r oo
+2a* [94ek2b2a8ﬂ2 +68ck’b?a’p* +80ek’b*a’ p* - 16¢k°b*a’ - 87ck*a® p*
+160eck*b*a®pt — 125c¢k3a B8 — 8ck2b*al® + 3cka® B% - 354¢k b2t B°
—48ek*b8alp? + 251ek*a® B8 — 232¢k5b* a8 + 208¢£°b2a? B8 + 48¢k5 b5 a8 p*
—42¢k° 10 s
+2a°p [23462k5b2a8 B2 —206e%k2ab p* — 286¢k3b2ab p* + 2402 k3 b% a8 B2
+128¢2k3 a8 - 312308 a0 — 26€2k 40200 + €200 — 8e®ka® B2
—80e2k*b*abpt — 16301 a0 — 742k b2 B8 — 2 k108 a® % + 1332 k5% B8
—144£%b*a* 68 + 152k50% a2 88 + 32k6 b0 a® gt — 48E6 510 |50 = 0.

Separating (@.9) in the rational and irrational terms with respect to (y?), we have

(4.8)

(4.9

{a*D1(ro+s0)+ a?BE1roo + 2a*Fiso} + ala* BDo(ro + so) + Earoo + 2a2 fFase} =0, (4.10)
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where

D1 =2ca' +8ekb2a’® - 18ckalp? + 164ck3a? ® — 4ck?ab p* — 208¢£3b2 a8 p*

—126¢k*a? B8 + 128ck*b%a* B8 + 8ck2b*al? + 72ck3b* a® B2 — 40ck bt b g
+72ek°b%a’ B8 — 40ek°b* a* g8 — 18¢k° 10,

Dy = -52¢2k2a® 82 + 32e2Ek2b%a® — 1602 k302 a8 B2 + 144623t f* + 20e2 k1 a® 55
+176e2k50%a2 B8 + 56e2k3b* a® - 32¢% k1 a8 Bt - 722 k2Dt Bt + 2% a®
—114e2£5 68 - 72¢% k402 at p* + 241562 88 — 16E8b% % 88,

Eq=-64b%a®p% +62¢k%abp* + 218e£3b2ab p* — 80ek3b1a® B2 — 162¢k3a* g8
+16ek3b8at0 - 6ekb2al® —cal® + 11ekalp? — 208ek*b%a* B8 + 99¢k*a? B8
+66ek5b%a’ 8 —80ek bt a* B8 — 9ek® 610 + 16¢k5b%ab * + 160ek b4 a8 p*
—32¢k*b5%a8 52,

Eo=-98k2b2a'08% + 154k°b2a® p* — 88311 a0 6% + 16E3b2a!? + 68k2a® g
+80k*b% a8t - 86E3a® B8 + 8E2b 1% — 200 B2 — 2k1b%a® B8 + 16b°R %110 B2
+42k%a* B8 — 146b2E%a* B8 + 12150 a® B8 — T2k8 b4 a* B8 + 95 a2 p1°
+76E8b%2a% 10 + 16£50%a® 86 — 2416 812 — 94k B8 - 328505 a® Y,

F1=94ek?b% a2 + 68ek>b2a’ g1 + 80ek®b* a® B2 — 16¢k3b%a '’ — 87ck%a® gt
+160ek*b*abpt — 125¢k3a* B8 — 8ck2b*al® + 3cka® B% — 354ek*b2a* B¢ — 48¢k* b8 a8 52
+251ek*a? B8 — 232ck5b% a* B8 + 208¢k5b%a B8 + 48¢k5b8a® Bt — 42¢£5 510,

Fo =234¢2k5b%a® 2 — 2062k a8 p* — 286¢£3b2ab Bt + 240623 b% a® B2 + 12862 k3 a 5
—31e2k3b%a 0 - 2662102010 + 20 - 8%k a® B — 80e2k b ab Bt - 16E3b1a1?

— 7462202 a* B8 — 2R b8 a® B2 + 1332 k% a? B8 — 144£8b% a* 88 + 152k8 b2 0% 88
+32k8b8a8 8% — 48E6 10,
The equation yields two equations as follows:
a’D1(ro+so)+ PE1roo +2a?F1s0 =0, (4.11)
atBDa(ro +s0) + Earoo +2a?fFsq = 0. (4.12)
From (4.12), we obtain
—24k5B2r ¢ = 0(mod a?). (4.13)
Therefore, there exists a function f(x) such that o9 = a?f(x). Thus, we have
rij=a;;fx). (4.14)
Transvection by 'y’ leads to

ro=pBfx); rj=b;f(x). (4.15)
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Eliminating (r¢ + sg) from (4.11) and (4.12), from (4.13), we have
a?f(x)Na?p2DoE1 —D1Es) +2a%Bso(a’DoF1 —D1Fs) =0. (4.16)

From a? # 0(mod p) it follows that there exists a function g(x) satisfying so = g(x)B.
Hence (4.16) is reduced to

a?B(f(x)D2E1 +2g(x)DoF1) — (f(x)D1E o +2%g(x)D1Fs) = 0. (4.17)

Since only the term —432¢%(f(x) + 4g(x))B?2 of (f(x)D1E 5+ 25%g(x)D1F9) seemingly does not
contain a2, we must have A p(20)Vyy such that ﬁ22 = a2Vy. But it is a contradiction because
of a? # 0(mod B), that is, (f(x)D1E2 +2ﬁ2g(x)D1F2) does not contain a? as a factor. Hence
(f(x)D1Eo + 2ﬁ2g(x)D1F2) must be zero, which implies f(x) = g(x) = 0, which leads to sy = 0 and
si =0. From (4.14), we get r;; = 0.

Summarizing up, we obtain r;; =0 and s; =0, that is,
bi;j+bj;i =0, brb,«;i =0. (4.18)
Therefore b;(x) is the so-called killing vector field with a constant length.

According to Hashiguchi, Hojo and Matsumoto [4], the condition (4.18) is equivalent to
bi.; =0. So, we have

Theorem 4.1. Let F? be a two-dimensional Finsler space with a special (a, B)-metric (3.1)
satisfying b2 #0. If F? is a Landsberg space, then F? is a Berwald space.

5. Conclusion

The present paper is devoted to finding a Landsberg space in a two-dimensional Finsler space
2
F? with a special (a, f)-metric L(a,8) = a +ef + x2

. satisfying some conditions, where €, x # 0
are real constants. First we find the condition for a Finsler space with a special (a, f)-metric
to be a Berwald space (see Theorem (3.1). Next, we determine the difference vector and the
main scalar of F? with the aforesaid metric. Finally, we show that if the Finsler space F? with

the metric (3.1) is a Landsberg space, then it becomes a Berwald space under some conditions.
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