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1. Introduction

Number theory acts as the soul of mathematics as it deals with numbers which play an effective
role in counting, measuring and labelling objects. It is also a pure area of mathematics where
integer solutions are highly concentrated. Diophantine equations are very fascinating topic in
the field of number theory. Diophantus of Alexandria proposed that the set of numbers w; = %

6 >
w9 = %, w3 = %, wyq = %, satisfying the condition

wiw;=Q*-1, foralli,j=1,2,3,4,
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where @ is a rational number. In addition to this, many research works have been carried out
on forming a sequence of integers.
A Diophantine k-tuple is formed by a sequence of integers {z1,z29,...,2%} with property n if

zmzn+n:z2, forallm,n=1,...,k withm #n and z€ Z.

Further, a special Dio-3-tuple is formed by three distinct set of polynomials {§1,62,03} whose
coefficients are in Z with the property D(¢) such that §;6; +6; + 6+t is a perfect square for all
1,7 =1,2,3, where ‘¢’ denotes a non-zero integer or polynomial with coefficients belongs to Z.

For the existence of integer z, Zhang and Grossman [10] proved necessary and sufficient
conditions by considering the Diophantine triples {a1,a2,a3} so that aja, +2z = c2, forall & #j,
where z € Z. Extensibility of D(4) pairs using Pellian equation is found by Baéi¢ and Filipin
in [4]] whereas Earp-Lynch et al. [5], generalized their result to distinguish the solutions of
Pellian equations corresponding to D(I2) Dio-3-tuples. Half companion sequences formed by Pell
numbers are studied by Gopalan and Geetha [6]]. Adédji et al. [2] dealt with the extensibility
of the Diophantine 3-tuple {61, b9, b3} with additional condition that b1 < bg < bg with b1 =3b;
and arrived at a result that such a set is not extended to a quadruple. They also showed that any
Diophantine triple which includes the pair {b1,3b1} is regular and they obtained the equivalent
result for by = 8b1.

Formation of Dio-3-tuples involving Pentatope number are discussed by Janaki and
Saranya [7] whereas Vidhya and Gokila [9] studied that a special Dio-3-tuple formed by using
nonagonal pyramidal number cannot be extended to a quadruple and the non-extendability of
Diophantine triples containing centered square number is proved by Saranya and Janaki [8]].
It is speculated that, suppose {£,k + 1,a,b} denotes a D(—¢) quadruple with the condition a < b,
then a =1, b =4t + 1, in which 3¢+ 1 must be a square number (Adzaga et al. [3]]). On the other
hand, Adedji et al. [1] postulates for the value of ¢ of the form ¢ = A2 -1, where h € Z, and h = 3.

Motivation of all the above works leads to present this paper on generalized half companion
sequences of special Dio-3-tuples using centered triacontagonal number of different ranks
p-wp+w, (p,p+p), (p—pu,p—p+1), where u e Z and with different properties which are
discussed in Section [2| along with some numerical and graphical illustrations using MATLAB.
Some theorems on validating the extendability of special Dio-3-tuples to quadruples for some
different ranks are shown in Section [3

2. Systematic Approach

In this section, three forms of distinct generalized half companion sequence is constructed by
using suitable algebraic algorithms.

Definition 2.1. A Centered Triacontagonal Number (CTG) is a centered figurate number that
gives the number of dots arranged in a triacontagon (30-sided polygon), with a dot in the center
and all other dots surrounding the central dot in successive triacontagon layers. The general
formula is given by CTG, = 15p% +15p + 1, where p € W denotes the rank of CTG. First few
CTG’s are 1,31,91,....

Genre A. (p,p +1): Let g1,g2 denotes the centered triacontagonal number of rank p and p + p,
respectively,

g1=CTG,=15p>+15p +1, (2.1)
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g2=CTGp+y=15p> +(380u+15)p + 15p% + 150 +1. (2.2)

On validating, it is found that gig2 + g1 + g2 becomes a perfect square 62 (say) by adding
the property D(p), where p =1 —45p?u—45pu—45pu® +6u% — 6.
Choose g3 € Z, such that

g183+81+83+1-45p?u—45pu—45pu® +6u? — 6 =032, (2.3)
g283+8a+83+1-45p°u—45pu—45pu® +6p” —6u =03, (2.4)

where ®q = ll +(g1 +1)mq and Dy = ll +(g2 +1)m;.
On solving eq. (2.3) and eq. (2.4) by elimination method, the value of l% results as

12=—45p*u—45pu—45ppu® +6u* —6u+ (g1 + 1)(ga + 1)m3. (2.5)
Making use of eq. (2.1) and eq. (2.2) in eq. (2.5) leads to the initial solutions
11=15p%+15p +15pu+6u+2, mq=1.

Substitution of the above initial conditions in ®; (or ®9) yields

@1 =30p%+30p +15pu+6u+4. (2.6)
The g3 is obtained with the help of egs. (2.1), (2.3) and (2.6) as follows
g3=15u2+27u+60p% + p(60u+60)+ 7. 2.7

Equation (2.7) can also be represented as
g3=2(CTG,+CTGp+y)— 151> —3u+3.

In order to find g4 € Z,, g9,g3 are taken into account.

Consider
8284+82+84+1-45p°u—45pu—45pp” + 6% — 6 =3, (2.8)
g384+83+84+1-45p%u—45pu—45pu® +6u% — 6 = V2, (2.9

with W1 =c1 + (g2 +1)d1 and Yo =c71 + (g3 +1)d;q.
Elimination of g4 from eq. (2.8) and eq. (2.9) provides the value of c% as

2 =-45p2u—45pu—45pu® + 6p2 —6u+ (g2 + 1)(gs + 1)d2.

The following initial solutions are determined by using eq. (2.2) and eq. (2.7) in the above
equation,

c1=30p2+15u% +45pu+21u+30p+4, di=1 (2.10)

Accomplishment of validating g4 is enhanced by eqs. (2.2), (2.8) and (2.10) which is shown
below:

g4=60u+180pu+84u+135p2 +135p +17. (2.11)

Equation (2.11) implies
g4=3CTG,+6CTGp.,—30u>—6u+8.

Similarly, select g5 € Z... Further, g5 is depicted with the help of g3,g4. Take
8385+8s+85+1-45p°pu—45ppu—45pp® +6p° -6 =7, (2.12)
8485 +84+85+1-45p%u—45pu—45pu® +6u® —6u = (2. (2.13)

Suppose {1 =h1+(g3+1)f1 and (o =h1+(g4+1)f1.
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Eradicating g5 from eqs. (2.12) and (2.13) and using eq. (2.7), eq. (2.11) in the resulting equation,
the following initial solutions are generated,

h1=90p%+30u2+105pu+90p +48u+12, f1=1.
Applying the above values of A1, f1 and g3 in (1,

{1=150p% +45u% +165pu + 150p + 75u + 20. (2.14)
Operating the eqs. (2.12), (2.14) and (2.7), g5 is produced as follows
g5=13502+450pu+ 207 +375p% + 375p + 49 (2.15)

=  g5=10CTG, +15CTG .+, —90u> — 181+ 24
{(CTGp,CTGpﬂu,Q(CTGp+CTGp+p)—15,uz—3p+3),(CTGp+u,2(CTGp+CTGp+u)—15p2—3p+
3,3CTG,+6CTG p1,—30u>—6u+8),(2CTG,+CTGp+y)—15u% —3u+3,3CTG, +6CTG sy —
301 —6+8, 10CTG, +15CTGp+p — 90u2 — 181+ 24),.. .} represents a half companion sequence
of special dio-triples that are formed with the help of centered triacontagonal number for the
ranks (p,p + ).

Table 1. A few examples of Half companion sequences of special Dio-3-tuples formed by CTG,,CTGpy
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Figure 1. Scattered plot of special Dio-triples for the ranks (p,p +1) and (p,p +2)
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Genre B. (p — u,p + 1): Let the centered triacontagonal numbers of rank p —u and p + u be
denoted by x1,x2 respectively and are given by

x1=CTG,_, =15p®—30pu+ 154 +15p — 150 +1, (2.16)

%2 =CTG sy =15p* +30pu+15u® +15p + 15u + 1. (2.17)
On calculating the value of x1x9 + x1 + x9, it is seen that a perfect square is obtained with
the help of the property D(105u2 +1).

Let x5 be a non-zero integer such that the following equations hold with the assumptions
w1 =1i1+(x1+1)j; and wg =i; +(x2 + 1)j1,

x1%3 +x1 +x3+105u% +1=0?, (2.18)

X9X3 +x2+x3+105y2+1 :wg. (2.19)
By eliminating x3, the value of i% can be accomplished as

i2 = 10502 + (x1 + D(xg + 1)2. (2.20)
Utilizing eqgs. (2.16), (2.17) in (2.20), it leads to the initial solution

i1=15p%—15p%2+15p+2, ji1=1. (2.21)
Equation helps in finding w1 as

w1 =30p%+30p —30pu—15u+4. (2.22)
On applying the known values in eq. (2.18),

x3=60p2+60p+7 (2.23)

=  x3=2(CTGp_u+CTGp:y)—60u>+3

To find a non-zero positive integer x4, both x9, x3 will be considered with the conditions
Qi=a1+(x9+1)b1 and Q9 =a1 +(x3+1)b; such that the following equations hold

XoX4+ X9 +x4+105u% +1 =02, (2.24)
X3%4 + X3 +x4 + 10507 +1= Q3. (2.25)

The initial solution a1 = 30p2+30p +30pu+151+4, b1 = 1 is obtained by elimination of x4 from
eqs. (2.24) and (2.25) and this helps in finding Q1 as

Q1 =45p% +45p +60pu+ 15u% + 30U +6. (2.26)
With the help of eqgs. (2.24) and (2.26), x4 is generated as
x4 =152 +90pu+45u+135p2 +135p + 17 (2.27)

=  x4=3CTG,_,+6CTGp.,—120p>+8

x3, x4 are used to detect some x5 € Z, where
X35 +x3 + x5+ 10507 + 1= A2, (2.28)
X4%5 + x4 + x5+ 10507 +1= A2, (2.29)

Assume that Ay =q1+(x3+ 1)ry and Ag =q1+ (x4 + Dry.

Removing x5 from egs. (2.28) and (2.29) leads to the foremost solution g1 = 90p2 +90p +30pu +
15u+12 and 1 = 1 and this solution gives the value of A1 as A1 = 150p2+150p +30pu+ 151+ 20.
On using the value of A1 and x3 in eq. (2.28),

x5=15u2+ 751 +375p% + 150pu + 375p + 49 (2.30)
=  x5=10CTGp_,+15CTG .+, —360p> +20
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Thus, the half companion sequence formed by the special Diophantine 3-tuples involving
centered triacontagonal number of the ranks (p — u,p +p) is given by {(CTG,—,,CTGp+y,
2(CTGp—y + CTGpsp) — 60u? + 3),(CTGp+y, 2(CTGp—y + CTGpsy) — 60u® + 3,3CTG,, -, +
6CTGpy — 12002 + 8),(2(CTG -y + CTG p4y) — 60p* + 3,3CTG -y + 6CTG sy — 12002 + 8,

10CTGp—y+15CTG p1y — 360p* +20),.. ).

Table 2. Examples of half companion sequences of special Dio-3-tuples formed by CTG,_,, CTG 1y

Rankp |u | p—-u | p+u (x1,%9,x3) (x9,%x3,%4) (x3,%4,x5) D(105u2+1)
1 1 0 2 (1,91,127) (91,127,437) (127,437,1039) D(106)
9 1 1 3 (31,181,367) (181,367,1067) (367,1067,2689) D(106)

2 0 4 (1,301,367) (301,367,1337) (367,1337,3109) D(421)
1 2 4 (91,301,727) (301,727,1967) (727,1967,5089) D(106)
3 2 1 5 (31,451,727) (451,727,2327) (727,2327,5659) D(421)
3 0 6 (1,631,727) (631,727,2717) (727,2717,6259) D(946)
1 3 5 (181,451,1207) | (451,1207,3137) (1207,3137,8239) D(106)
4 2 2 6 (91,631,1207) (631,1207,3587) (1207,3587,8959) D(421)
3 1 7 (31,841,1207) (841,1207,4067) (1207,4067,9709) D(946)
4 0 8 (1,1081,1207) | (1081,1207,4577) | (1207,4577,10489) D(1681)
Special Dio triples of rank p-p and p+p
Qo ey
50000 _ < eraraor 62 pe2)
(xz.x3,Xs)for (p-2,p+2)
40000 __ (xa, X4, Xs)for (p-2,p+2)

30000 __

Figure 2. Scattered plot of special Dio-triples for the ranks (p —1,p+1) and (p—2,p +2)

Genre C. (p — u,p — nu+1): Take the centered triacontagonal numbers of the ranks p — u and

p_.u‘+ 1:
k1=CTG,_,=15p*-30pu+15p +15u* - 15u+1, (2.31)
ko =CTGp_y+1=15p>—30pu+45p +154% — 450 +31. (2.32)

It is found that k1k9 + k1 + k9 becomes a perfect square on adding the property D(a), where
a=1-45p%2—45u%+90pu—90p +90u).
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Table 3. Examples of half companion sequences of special Dio-3-tuples formed by CTG,_,,, CTGp_y11

Rankp | p | p—p|p—p+1 (k1,k2,k3) (ko,ks3,k4) (k3,k4,k5) D(a)
1] 2 3 (91,181,529) | (181,529,1331) | (529,1331,3541) | D(-359)
1 0 1 2 (31,91,229) (91,229,611) (229,611,1591) D(-134)
0 1 (1,31,49) (31,49,161) (49,161,391) D(1)
-2 4 5 (301,451,1489) | (451,1489,3581) | (1481,3581,9691) | D(—1079)
-1 3 4 (181,301,949) (301,949,2321) (949,2321,6241) D(-674)
2 0 2 3 (91,181,529) (181,529,1331) (5629,1331,3541) | D(-359)
1 1 2 (31,91,229) (91,229,611) (229,611,1591) D(-134)
2 0 1 (1,31,49) (31,49,161) (49,161,391) D)
1 2 3 (91,181,529) (181,529,1331) (629,1331,3541) | D(-359)
3 2 1 2 (31,91,229) (91,229,611) (229,611,1591) D(-134)
3 0 1 (1,31,49) (31,49,161) (49,161,391) D)
1 3 4 (181,301,949) (301,949,2321) (949,2321,6241) D(-674)
4 2 2 3 (91,181,529) (181,529,1331) (529,1331,3541) | D(-359)
3 1 2 (31,91,229) (91,229,611) (229,611,1591) D(-134)
4] 0 1 (1,31,49) (31,49,161) (49,161,391) D(1)
1 4 5 (301,451,1489) | (451,1489,3581) | (1481,3581,9691) | D(-1079)
2 3 4 (181,301,949) (301,949,2321) (949,2321,6241) D(-674)
5 3 2 3 (91,181,529) (181,529,1331) (5629,1331,3541) D(-359)
4 1 2 (31,91,229) (91,229,611) (229,611,1591) D(-134)
5 0 1 (1,31,49) (31,49,161) (49,161,391) D(1)

Special Dio triples of rank p-p and p-p+1

Figure 3. Displays the scattered plot of special Dio-triples for the rank (p — 1, p)
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The values k3,k4,k5 which are given below are obtained by applying a similar procedure as in
the previous cases,

k3=2(CTGp_,+CTGp_y11)— 15,

k4=3CTGp_;,+6CTGp 11 —28,

k5 =10CTG,-;, +15CTGp— 1 —84.
{(CTGp-11,CTGp—y+1,2(CTGp— + CTG 1) = 15),(CTG p411,2(CTG p—, + CTGp 1) — 15,
3CTGp-y + 6CTGp—py1 — 28),2(CTGp—y + CTGp—ps1) — 15,3CTGy-y, + 6CTGp— 41 — 28,
10CTGp—; +15CTGp—py+1 — 84),...} configures a half companion sequence. Some numerical

illustrations are available in Table [3|and special Dio-3-tuples for the ranks (p — 1, p) are plotted
in Figure

3. Theorems on Extendibility

Theorem 3.1. Special Diophantine triples formed by centered triacontagonal numbers of ranks
p and p + i cannot be extended to quadruples for all p, p with both p, u# 0, simultaneously.

Proof. Consider g1,g82,83 as in eqgs. (2.1), (2.2), (2.7) and choose the property D(p), where
p=1-45p%u—45pu—45pu? + 61 — 6 as in Genre A.
Let s€ Z, such that

g15+g1+s+p==0%, (3.1)
g2s+ga+s+p=D3, (3.2)
g3s+g3+s+p=d32, (3.3)

where ®1 =11 +(g1+1)mq1, Pg=11+(gg+1)m71 and Og=11+(gg+1)m1.
Removal of ‘s’ from eqs. and leads to the initial solutions
1, =30p%+30p +15pu+6u+4, mi=1.
®; can be detected with the help of the above initial solutions and eq. (3.1),
@1 =45p% +15pp+45p + 61 +6. (3.4)
Equation generates the value of s by using eqs. and as
s=15p%+90pu+39u+135p2 +135p + 17.
Substituting all the known values in eq. gives
@2 =2025p* + 225u* + 4050p% + 8103 + 2925 p%u? + 25652 + 891u* + 7965p%
+5400p3 1+ 1800up +4770pu? + 2025 p2 1% + 3421+ 3240pu+540p +36.  (3.5)

If w% is a perfect square, then the triples can be extended to quadruples. To check, the following
cases are monitored.

Case 1: u<p
Suppose mu = p — 1, then eq. (3.5) becomes

@2 = 14400p* - 4005p> — 1539p? + 360p # perfect square.

Case2: u>p
Take u=p+1in eq. (3.5),
CD% = 14400p4 + 39195p3 + 38331p2 + 15804 p + 2304 # perfect square.

Commaunications in Mathematics and Applications, Vol. 15, No. 4, pp. [1383H1393, 2024
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Case 3: u=p
Put u=p in eq. (3.5),
o2 = 14400p4 + 17595p3 + 6696p2 + 882p + 36 # perfect square.

For all values of u, p with p=p #0, it is found that a special Dio-3-tuples formed by centered
triacontagonal number cannot be extendable to quadruples.

Hence the theorem. Ol

Corollary 3.1. If p = p = 0, then the special Dio-3-tuples that are generated by CTG, and
CTGp+y are extendable to quadruples.

Theorem 3.2. For all values of p, pu with u= p # 0, the special Dio-3-tuples generated by
CTGp-u and CTGp4y are not extendable to quadruples.

Proof. Consider x1,x2,x3 as in Genre B. Choose z € Z. so that the following equations hold,

xlz+x1+z+t:w%, (3.6)
x22+x2+z+t:w§, 3.7
x32+x3+z+t:w§. (3.8)

Here D(t) denotes the property as in Genre B with ¢ = 10542 + 1. Assume w1 = i1+ (x1 + 1)1,
wo=11+(x2+1)j1 and wg =11+ (x3+1)j1.
By the similar procedure in Theorem z and wg are obtained as
z=15p%-90pu—45u+135p% +135p + 17,
w3 = 2025p* +225u* — 2475p% 1% + 27003 + 4050p> + 4050p2 u + 2565p% — 900 p
—450pp® +1710pu +540p — 4501 + 2025p% u? — 2702 + 1801 + 36. (3.9)
In order to check whether w% is a perfect square, consider the following cases.

Case 1: u<p
If u=p -1, then eq. (3.9) turns to

w3 = 3600p* +7650p> — 1395p? — 639 # perfect square.
Case2: u>p
Assume p=p+1, then eq. (3.9),

w5 =3600p* +7650p> +4905p? + 540p — 279 # perfect square.

Case3: u=p#0

w% = 3600p4 + 7200p3 + 4005p2 + 720p + 36 # perfect square.
In all the above cases, it is found that special dio-triples produced by CTG,_, and CTG, are
not extendable for all u, p with u = p # 0. This proves the theorem. O

Corollary 3.2. Suppose that p= p =0, then the special Dio-3-tuples that are formed by CTGp_,
and CTGpy, are extendable to quadruples.

Theorem 3.3. Let (k1,ko,k3) be a special Diophantine triple formed by centered triacontagonal
number of ranks p —pand p —u+1, then (k1,ko,k3) cannot be extendable to a quadruple for all
p <pand p > u but it is extendable for all = p.
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Proof. Assume k1,ko,ks as in Genre C. Suppose r is a positive integer such that

kir+ki+r+a=o0%, (3.10)
kor+ko+r+a=03, (3.11)
ksr+ks+r+a=03, (3.12)

where a =1-45p2 - 45;12 +90pu—90p +90u is taken as in Genre C and o1 = p1 + (k1 + D)tq,
o9 =p1+(ke+1)t; and 03 = p1 + (k3 + 1)t;.
Eliminating ‘7’ from eqs. (3.10) and (3.12) provides the initial solution p; = 30p2+30u%—60p u—
45u+45p + 10, t1 = 1.
This gives the value of 01 as
45p% —90pp +45u% — 60 +60p + 12.
Applying all the values which are obtained before in eq. (3.10),  can be deduced as
r=135u% - 270pu—225u+135p% +225p + 71.
Substitution of all known values in eq. gives
03 =2025u* - 81004 p — 9450u° + 12150u% p® + 28350u°p
+15480u% —8100up® — 28350up? — 30960up — 103504
+2025p* +9450p3 + 15480p2 + 10350p + 2304.. (3.13)

Let p > u. Take u=p —1in eq. (3.13). This shows that O'g is not a perfect square. Similarly for
p < L, substitution of y=p+1ineq. leads to the result that ag # perfect square. Suppose
that p = u), then eq. becomes Ug = 2304 which is a perfect square. Thus, it is clear that
for all values of u, p satisfying the condition u = p, the special Dio-triple (21,k2 k3) is extended
to a quadruple (k1,k9,k3,r).

Hence the theorem. O

4. Conclusion

An effort is made to find the generalized version of half companion sequence of special
Diophantine triples using centered triacontagonal number of different ranks and their
extendability to quadruples are detected for some ranks. It is analysed from the table that all
the numbers in the sequence are odd. Also, it is found that the path traced by all the scattered
plot of triples are similar on observing all the figures.
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