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1. Introduction

Let Z denotes the class of all meromorphic functions f(z) and f(z) is normalized by (Aouf [1],
and Duren [3]):

f(z):z_1+ oiakzk (1.1)
k=0
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which are analytic and univalent in the punctured unit disk
U*={z;zeCand 0<|z| <1} =U/{0}.

If f(z) and g(z) are analytic functions in U and also let f(z) € £ given by (1.1) and g(z) € X is
defined by (Goodman [4,5], and Goyal and Goyal [6]):

g(2)= 27t 4 Z bkzk . (1.2)
k=0
We define the convolution of functions
(Fxg)2) =21+ Y apbpz® = (g f)2). (1.3)
k=0

Again if f(z) and g(z) are analytic functions in unit disk then the function f(z) is subordinate
to function g(z), written mathematically as follows

f(z2)<g(z),zeU or f<g,zelU.

(Goodman [4],5], Srivastava and Patel [13], and Srivastava and Aouf [14]).
If there exist a Schwarz function w(z) in the unit disk, which is analytic in U with the condition

w(0)=0and lw(z)<1], zeU suchthat f(z)=gw(z)), zeU.

(Komatu [7], and Miller and Ross [8]])
Really it is known as

f(2)<g(z), zeU
—  f(0)=g(0) and f(U)c gU)

If the function g(z) is univalent in unit disk U then we have the following equivalence to Miller
and Mocanu [9] and Owa and Srivastava [11].
For a function f(z) € Z given by (1.1), we define an integral operator

0:f(2)=

A-1
Vo [y,
0 z
It is clear from (1.4) that

¢
£21 tf)dt. (1.4)
Fr(A+&) & Tk+0) E-1
@) k; T(k+A+¢) F 17
It is easy to see that this integral operator has the following relation
20} f(2) =(A+E-1DO} () - (A+ OO} (2). (1.6)

Now we introduce the subclass of the functions class .

O}f(x)=2""+ (1.5)

Definition 1.1 ([2,/10,12,/15]). For A =0, A<¢ <1, u=0, A is a real number, A # B, and a
function f(z) € X is said to be in the class Z(1,¢,v,A,B).

If it satisfies the following subordination condition

(1-p)EO}f ) +7120} ()20} f(2)) ™ < i:‘;z zeU. (1.7)
For convenience, we can write

N6, y,p) =21, ¢,y,1-2p,-1).
Class of function f(z) € X satisfying the condition

Re{(1- )20} f () +720}  f(2)20} f)F T} > p, z€U. (1.8)
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In this paper, we established many properties for the class Z(A,¢,y,A,B) and derive some
results of functions belonging to the class 2(1,¢,y,A,B) which we have defined here by means
of the integral operator @?.

2. Preliminary Lemma

To establish our main results, we need the following lemma.

Lemma 2.1 ([9,/11]). Let the function h(z) be analytic and convex univalent in U with h(0) =1,
and also let p(z)=1+c1z+ coz? +c32% +... is analytic in U. If

B(z) + Z‘b(;Z) <h(z), z€U,Re(6)=0,6#0, 2.1)
P(z)<¥(z) = %fz P2 h@)dt<h(z), zeU (2.2)
z 0

and Y(z) is the best dominant of (1.1).

3. Main Results

Theorem 3.1. Let 1 >0, ¢ >—-1, {€[-1,1], p=0, AR and f(2) € 2(A,¢,y,A,B). Then
WA +&E— l)f1 o+ 1+ Azu 1+Az

-’ - u & u< D E———
5 0 1+Bzu 1+Bz

@O} f@ < zel,

where

1
(z@?f(z))“ < %f T 1+As 1+4z
0

dt .
1+ Bt = 1+ Bz

Proof. Let the function f(z) defined by (1.1) and setting
@O f@W =pl2), z€U. (3.1)
Differentiating both side with respect to z, we have

H2Of @) 2¢(2)

= . 3.2
a z@?f(z) P(2) (3:2)
Now from and (3.2), we get
24O} f(2)) /
u+lJ ffz _ Z(/)(Z) . (33)
20}f(2) (20} f ()
Now, with the help of and (3.3), we have
PO @V + pz(zOf (P HA+E - 1O} f(2) - (A+ OO f(2)}2¢(2),
- - zy¢' @)y
YIOF  f ()20 F()' D) - (20} f(2))] = PTETE
YO f@)@0} fF@) D) - 20} f(2)H] = % : (3.4)
Hy
Adding and (3.4),
(1-P@EOF @)W +720}  f(2)(20} f(2)! ' = p(2) + z¢§ ). (3.5)
H Y
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Since, it is given that f(z) € Z(1,¢,y,A,B). We get

z¢p'(z) 1+Az
P2)+ T 1+Bz’
'u, Y
Now by the help of Lemma [2.1], we have

2O = pta) < ZE 2 [T i <na).
0

ur
Here h(t) = i:‘g; and if we taking ¢ = zu in eq (3.6)), we have

ol <MD [ i bty (22 en.
Corollary 3.1. Let A =0, p #1, u>0. If

(- PO @) + 120} f@Ne@ fap )< 20
Then

(Z(G):}f(z))”) <p+ a _:)Ml fol iizz uéTu_ldu, zeU.

Corollary 3.2. Let 1 >0, u=0, 2(A,¢,y,A,B)c 2(0,¢,y,A,B). If
f(2) € 1 -DOF f () + 120} f(2)(2(OF f(2)H 1) < 1122 :
Then
(O} f(2)H) <

1+Az
1+Bz’

Theorem 3.2. Let (z) € 2(0,¢,y,p), u> 0, then

f(2) e Z(A,¢&,7,p), |1zl <Re(A,y,p),
YH -
A+(A2+y2u2)2

A=0.

where Re(A,y,u) =

Proof. We setting
(20} F(@)) = (1 - p)h(2) +p.

Taking logarithm and differentiating, we have

(2O} + 2O f (N 1O () = TR,

From (3.6) and (3.8), we get

_ ., (1-p)zh'(2)
@O} f () +2(zOF f () 12O f(2)) = oD
@0} 2O} f(2)) - (20} f(2)F = U-plzhlz)
and

@O} f@) —p=(1-ph(2).
By and (3.10), we have

ive-p) e[

Y

Re h(2)+ m
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B 2r
A-rHu(A+&é-1)

>Reh(2)|1

>0.
The right hand side of the above inequality is positive and r < Re(A,y, 1) =
Hence it follows that
f(2) e Z(A,¢,y,p)lzl <Re(A,y, ). O

YH -
A+(A2+y2u2)2

Theorem 3.3. Let 0 <y3 < y1, then
Z(A/,é-’Yl’p,A’B)CZ(A”&"Y27P’A7B)'

Proof. Let f(z)e Z(1,¢,y,A,B) and f(2) is given by (1.1) then we get
f(2) e Z(1,¢,v2,A,B)
and also from Theorem

_ _ z2¢'(z)
(1-y2)@O} f @) +2720}  f(2)(2O} F ()M = p(2) + ‘/’B :
l’t Y
Since, it is given that f(z) € Z(1,¢,y,A,B). We get
z¢p'(z) 1+Az
P2)+ —— < .
H¥ 1+Bz
Suppose f(z) € Z(1,¢,y,A,B) and
1+Az
A A-1 A -1

(1-y1)(z0; f)H +2y10; 7 f(2)(z0; fEF < 1+Bs"
Also, we have from Theorem

OV < A2 Z 121 O @) + 2@ fe)@ ) 4 [1- @)

¢ 1+Bz 7 =R Ve ¢ vi)
Therefore,
1+Az Y2\ 1+Az
O (2))H 1-22 :

(2 'ff(z)) = 1+Bz+( Y1)1+Bz
Hence

f(2)e Z(A,¢,v2,A,B). O

Theorem 3.4. Suppose 120, {>-1<B<A<1 u>0, f(z) e 2(1,¢,y,A,B). Then

1 1
YU 1—Au) g 1 Yu (1+Au) wy
— du <Re(z0 Fe— A
A Jo (1—Bu wh o du RO @< )\ 14 BL)”
and inequality is sharp defined by the extremal function

1
1 )/,ufl 1+Azu) w_q )F
e} =—|—= 17 d .
5f(z) z(?t o \1+Bzu “ “

Proof. By the definition of subordination and Theorem we have

1
YU 1+Azu) mw_4 1+Az
(20 F2) < A Jo \1+Bzu “ “= 1+Bz
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with f(2) e 2(1,¢,y,A,B), A>B,

L1+A _
Re(z@lf(z))”<sup Re{y/{tfo (1+BZZ)uMI?_1 ldu

1
Y 1+Azu ) Hy
< — R -
A {fo sup e(1+Bzu “
1
YU 1 +Au) b g }
< — -1 “du .
A {fo (1+Bu “ “
Now by the maximum modulus principal,

1i1+A
Re(z@lf(z))” > inf Re{y/{‘f (liBzu)uﬁ?—l‘ldu}
0 zu

1
Y . 1+Azu) py
> fR -
) {fo n e(1+Bzu “

1
YU 1—Au) L }
— + d
~ A {/; (1—Bu “ “

Theorem 3.5. Suppose 1 =0, -1<B<A<1, u>0, f(z)€ Z(1,¢,y,A,B). Then

1 1
Y 1+Au) by 1 Y (1 Au) W _q
= - ®) el — |ux
1 (1 ” u du < Re(z Ef(z)) < A ” u du

and inequality is sharp defined by the extremal function.

—_——

—_——

Proof. By the definition of subordination and Theorem we have

1
YU (1+Azu)uﬂ_g_ldu

A M
(Z@ F@Y <5 A 1+Bzu

1A
< 1132 with f(z) € Z(L,¢,1,A,B), A <B,
Li1+Azu By
Re(z@:}f(Z))“<sup Re{%fo (1+Bzu)u““ ldu}

1
Yu 1+Azu) B g }
< — R -1
A {j(; Sup e(1+Bzu “ “

1
YH 1—Au) w1 }
<)L{f0(1—Buu du;.

Now by the maximum modulus principal

Li1+A
Re(z@gf(z))” >inf Re{%fo (1132) uaffyl‘ldu}

1
> m{f inf Re(1+Azu)ulfg1_1du}
A (Jo 1+Bzu

>)f,u{f1 1+Au)
A (Jo \1+Bu

From (3.11) and (3.12) the inequality holds good.

Corollary 3.3. Suppose A =20, u>0, 0<p<1, f(2)e Z(A,¢,y,A,B). Then

I1-1-2 11+4(1-2
Y,Uf ( p)u by 1du<Re(z®/lf(z))” }/uf +( p)u 4 14,
1+u 1-u

Ky -1
uM-1""duy.
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and inequality is equivalent to

_ 11_ _ 1
L a p)wf 1-u o a p)wf 1tu w,
A 0o 1+u A 0o 1—-u

Theorem 3.6. Suppose A =20, -1<B<A<1, u>0, f(z)€ Z(1,¢,y,A,B). Then

1 1
11-4 11+A 2
{%fo 1—BZ t ldu} <Re(z®lf(2))2<{wf 1135”%_1@}  2eU

and the inequality is sharp with the extremal function defined as
1
Y 1+Azu) B _q )/7
@’1 f A 1d .
@)= ( 1+Bzu “
Proof. By the definition of subordination and Theorem we have

'du <Re(z0} f())" < p+ u.

1
1 u_ YH (1+Azu) g 1+Az th 5 AB). A>B
(20; f() < * ) \15Bau ur du< T Bs with f(z) € Z(1,¢,y,A,B), A>B.

Since —-1<B<A<1,
1+A
1+B°

Theorem 3.7. Let L =0, -1<B<A<1 u>0, f(z)€ Z(1,¢,y,A,B). Then

1 3 1 3
Yu [F1+Au -1 1 e (yp [*1-Au w_4 2
{Tfo 1+Bu du} < Re(z0; /()" < A Jo 1—Buu)L dup . zel,

and the inequality is sharp with the extremal function defined as
1
1 1
O L N e P e
0

1+Bzu
Proof. By the definition of subordination and Theorem we have

0< :‘; <Re(zO}f(2)" <

1+Az
O} f ()
(=0: (=) <1+Bz
_1

and for =5, we have

1
L1+A 2
Re(20}£(2))% < sup Re{y/{lf (TBZL‘)u%—ldu}

1

T 1+Azu) B _q }2

— R AT d

ﬂt{f Sup e(1+Bzu “ “
1

o[ izaea

A |Jo \1+Bzu

1
Li1+A 2
Re(z@ﬂ”f(z))2 > inf Re{y/{t‘[o (1+Bz2)u%_ldu}

1
1 1+A 2
zm{f infRe( il Zu)u%_ldu}
A Jo 1+Bzu

1
1 1
Y l—Azu) B }2
— d . O
- {fo (1—Bzu whoan

Theorem 3.8. Let L =0, -1<B<A<1 u>0, f(z) € Z(1,¢,y,A,B). Then

with f(2) € Z(A,¢,y,A,B), A<B,

Commaunications in Mathematics and Applications, Vol. 15, No. 4, pp. (133141340, 2024
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1) If =0 when |z| =r <1, we have

1(1-Au 1 1+Au\k
?(1—Bu) =20 f@I=7 (1+B
and the inequality is sharp with the extremal function defined by
1
1(1+Au\k
O} f(2) = - )
12 grf(Z)I r\1+Bu

(i1) If A #0 when |z| =r < 1, we have

1 1
1 yu[ll—Aru by } 1 1{y,ufll+Aru Br_q }17
- d <|z0 S—9 1d U
r{/l o 1-Bru “ 2672l rli A Jo 1+Bruu “poo 2€

and the inequality is sharp with the extremal function defined by
1+Au ) "
1+Bu

Proof. (i): Since A =0 and f(z) € 2(0,¢,y,A,B), - 1<B <A <1 then
1+Az

1+Bz
Now by the definition of subordination, we have

1+A(w)z
ot P —————
O =< B
where w(z) = c1z +c9z2 +c32% +... is analytic in U and |w(z)| <|z| when |z|=r < 1.
Now,

20} (2)] = —(

@O} f@ <

1+Aw)z 1+Alw(z)] 1+Ar
A M
O = |11 Buwe)| = 1+ Blwe) = 1+Br
1-Ar
(20} f(2)!| = Re(20} f () = —

(i1): If A # 0 then by Theorem we get

1
Wy w_11+Azu 1+Az
o} “<—f T ———du < , eU.
(2 'ff(z)) A Jo “ 1+Bzu “ 1+Bz ‘

Now by the definition of subordination

1 p:ﬂ 1 11+Aw(z)
O = | T Bk

where w(z)=c1z + 0222 +eg2d 4. s analytic in U and |w(z)| <|z| when |z|=r<1,
1 1+Auw(z)
@’1 Hl < 2 f e Pt atd
I(z6¢ /()" A “ 1+Buw(z)
,uyf 1 11+Au|w(z)|
1+ Blw(z)|

YE_q1+A
Sﬂf uT_lliBZ:du
A
and

1 _11-Aur

du.
lBuru

(2O} ()] = Re(z0} F () = & f
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The inequality is sharp with the extremal function defined by

1(1+Au

/l —_ —
|z®§f(z)| " r\1+Bu

1
)” and £(2) € Z(L,,7,A, B). -
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