Communications in Mathematics and Applications

Vol. 16, No. 2, pp. 2025 RGN

ISSN 0975-8607 (online); 0976-5905 (print)
Published by RGN Publications http://www.rgnpublications.com

DOI:110.26713/cma.v16i2.3047

| Research Article |

Philos-Type Criteria for Testing the Oscillatory
Performance of Solutions to Differential Equations
With a Natural Argument

Ahmed E. Amer*' ™ Hassan M. EI-Owaidy', Ahmed A. El-Deeb'** and Osama Moaaz??

' Department of Mathematics, Faculty of Science, Al-Azhar University, Nasr City 11884, Cairo, Egypt
2 Department of Mathematics, Faculty of Science, Mansoura University, 35516 Mansoura, Egypt

3 Department of Mathematics, College of Science, Qassim University, Buraydah, Saudi Arabia
*Corresponding author: Ahmed.Essam@eng.mti.edu.eg

Received: February 14, 2025 Revised: June 26, 2025 Accepted: July 5, 2025

Abstract. The oscillatory performance of nonlinear delay differential equation solutions (by(u)[w'l") +
quP (0) =0 is examined in this work. The canonical case is considered, and Philos-type criteria are
established to test the oscillation of all solutions. The existence of ¢ increases the difficulty in obtaining
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extension and generalization of earlier findings in the literature.
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1. Introduction

The qualitative theory of differential equations is concerned with analyzing the characteristics
of their solutions. These characteristics include oscillation, stability, periodicity, bifurcation,
synchronization, symmetry, among others. A specialized area within this field, called oscillation
theory, focuses on establishing criteria that determine whether the solutions to differential
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equations exhibit oscillatory or non-oscillatory behavior. Recent decades have seen considerable
interest and research focused on investigating the oscillation conditions of particular Functional
Differential Equations (FDEs), see Agarwal et al. [2], Erbe [[7], Gyori and Ladas [12], Moaaz and
Albalawi [21], Palanisamy et al. [22], and Santra et al. [26].

A Neutral Delay Differential Equation (NDDE) is a type of FDE where the highest derivative
of the unknown function appears both with and without a delay. During the last thirty years,
the investigation of neutral differential equations has attracted considerable interest, becoming
a significant field of study owing to its applications and analytical challenges, see, e.g., Agarwal
et al. [1], Baculikova and Dzurina [3]], Candan [5]], Dong [6], Grace et al. [9,10], Liu and Bai
[17], Liu et al. [18], Meng and Xu [20]], Tunc¢ and Grace [27], Xu and Meng [28,29], Ye and
Xu [31], and Zhang and Wang [|32]]. There is a wide range of applications for these types of
equations, which include the analytical modeling of vibrating masses coupled with an elastic bar,
systems for automatic control, mixing of liquids, and dynamics of populations, see Hale [13],14].
Specifically, second-order NDDESs are highly valuable in biology for describing how the human
body maintains balance and in robotics for designing bipedal robots. These applications highlight
the relevance of these equations in understanding complex systems in both technological and
biological contexts, see MacDonald [19].

This paper studies the second-order non-linear NDDE of the form
GOy mw' @M1 +qmuf(em) =0, (1.1
1 =10, where w(n) = u(n) + p(n)u(r(n)). Hereafter, it will be assumed without further mention
that
(Al) be Cl([no,oo),IR), and r,f € Q" are quotients of odd numbers;
(A2) p,q € Cl(ng,00),[0,00)) and p(n) < po<1;
(A3) 1,0€C([ng,0),R), () <n, o(n) <n, ,}HEOT(H) =00 and nli_}nolop(n) =00;

(A4) v e CYR,(k,K]), where k and K are positive constants and § = VK/k.

In this context, a solution of is defined as a real-valued function u € C([n,,00),
Nu = 1Mo, that satisfies on [1,,00), and has the properties by (u)[w']” € Cl([nu,oo),IR) and
sup{ly(m)| : n = n.} > 0, for all . = n,. An oscillatory solution of is defined as having

arbitrary large zeros. If not, it is classified as non-oscillatory. In addition, we study the canonical
case of (1.1), that is,

f oob—l/’(z)de = 0. (1.2)
n

0
In 1987, a new class of functions P is introduced by Philos [23] with the aim of extending and
generalizing the results initially established by Kamenev [[15]]. Following Philos, it is necessary
to define

Dy={(n,¢):n>¢>np}
and

D ={n,0):n=¢=no}.
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The class P is said to include a function H € C([ng, co),R), or H € P, if
(i) H(n,n) =0, for n=n9, H(n,¢)>0 on D,.
(i1)) H(n,¢) has a continuous and nonpositive partial derivative 0H/0¢ on D, such that the

condition

o0H
o0 ~h(n, OLH®n, O,

for all (n,¢) € Dy, satisfies for some h € C(D,R).

Afterward, differential equations of various types and orders have been studied using Philos
class H.

In 1985, Grammatikopoulos et al. [11] studied the neutral equation
(u(m + pmun —1)" +gmu(n-p) =0,
and they showed that it oscillates if 0 < p(n) < 1 and [ q(¢)(1 - p(¢ — p))d¢ = co.
For the equation
(w(m) + pmuln — )" +q(f (w(n-p)) =0,
Xu and Xia [[30] proved that it oscillates provided that 0 < p(n) < oo and q(n) =M > 0.
In 2011, new oscillation criteria were presented by Baculikova and DzZurina [4]] for
(bMIum) + pmum]’) +gmulp(n) =0,
where 0 < p(n) < pg<ocoand Top=por.
By using comparison principles, Baculikova and Dzurina [3] studied the equation
B’ MY +gmuPom) =0,
where w(n) = u(n) + p(nu(z(n)), and they showed that it oscillates provided 0 < p(n) < po < oo,
'mM=0,7(n)=19>0and rop=por.
Li et al. [16] studied the equation
(BMIum - puEm)TY +qmu(em) =0,
where 0 < p(n) < pog < 1, and derived oscillation criteria.

In [8], a number of oscillation-related results were obtained for
GMun) — pum)'T) + q(n)uﬁ(Q(n)) =0.

Rogovchenko [24] employed the Philos class H to analyze the oscillatory behavior of the
delay equation

Gmywmu'®m) +qm)f (o)) =0.
Concerning the neutral equation,
OMywmuw'm) +q@mf (wlp®)) =0,

which represents a more general case, Sahiner in [25] demonstrated that it oscillates by utilizing
three frequently referenced sets of conditions in the literature.

This work focuses on studying the super-linear case and examining the oscillatory behavior
of the NDDE (1.1). The criteria established herein guarantee that every solution of (1.1) must
be oscillatory.
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2. Auxiliary Lemmas
For the sake of convenience, r and A are defined as r:=r"/(r + 1)1 and
Ae(m) := f ! b Vr(e)de. (2.1)
In preparatcion for the main results, the following lemmas are introduced:

Lemma 2.1. Assume that N(0) = ¢10 — c901*Y", where ¢1 and cg > 0. Then N has the maximum
value at Opax := (re1/((r +1)c2))” and N(0) < N(Opax) = rc’+lc2r, for O €R.

Lemma 2.2. Suppose that x is a positive solution. Then
(P1) w and w' are positive and (by(w)[w'l") < 0 eventually.
(P2) w> 56w’ Ay, and (w/A)) <.

Proof. Let u be an eventually positive solution of (1.1). Then, there is a n; =1 such that
u(r(n))>0 and u(p(n)) >0, forn=n;.

Based on the definition of w, it can be concluded that w(n) > 0, for n = n;. It follows from (1.1)
and that

(by)w'T) = -quP(p) <0. (2.2)
Thus, (by(u)[w']")Y <0 and w' is of a constant sign.

Suppose w’ <0 for 1 =ns. Now,
by umw'(mMI” < by (um))lw' (n2)l”

=-mo<O0.
So,
(W = ——
by(u)
Also, y(u) < K; this implies that
-mo 1
r <_—92.=
[w'] X3
Thus,
/ r mO 1
w <- f'bl/r. (2.3)
Integrating (2.3) leads to

- ds. 2.4
w(n) < w(ng) \/ nle/"(é) (2.4)

It follows from (1.2) that a contradiction is obtained.
Thus,
w'(n)>0, forn=ns.
Now, it follows that

L (bl//(lt))l/rw,

= —bl/"wl/r(u) , for n=ns.
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Since y(u) <K, then
(bu/(u))l/rw/ - (bu/(u))l/rw/
bl/ru/l/r(u) - VEbVr ’

for n = no.

Now,
. by@)' w'
w =

\/_ Kblr ’
Integrating (2.5) leads to

(B (N w' () i

2 VKbV (0)
Utilizing the properties in one obtains

Ur_ 1 K 1
() fn g i

for n =ns. (2.5)

w(n) =w(ne)+

1
VK
Since y(u) >k, then

\/E Ur 1
wlo) > 22 b ') f e

1
= Sbl”(n)w’(nmm(n).

Now,

( w )’_ w'Ad —6A0 oMy

A A
Ap ' -5b"Vry
- 5
At
<0.
The proof is thus concluded. O

3. Main Results

In what comes next, it is assumed that all functional inequalities hold eventually, meaning
they are satisfied for sufficiently large values of 7. This assumption does not lead to a loss of
generality; specifically, any nonoscillatory solution u of can be regarded as eventually
positive. The first oscillation result is now introduced, and its proof is established.

Theorem 3.1. Suppose that o'(n) =0, r < B, and there exists a function p € C1(I,R") such that
Kr"p(0)b(p(0)) [Q(n, O

li H(,0)p(0)q(0)(1 - p(p(e)))F — de = oo,
imsup s no[ (. 0O~ PO ~ e G Ty o0
(3.1)
where
Q(n,0) = ()H( ,OYD _p(n, o). (3.2)

p(4)
Hence, every solution of (1.1) oscillates.
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Proof. Assume, contrary to the claim, that u is an eventually positive solution of (1.1). Besides,
there is 111 = 1o such that u(z(n)) > 0 and u(p(n)) > 0, for n=n;.

According to the definition of w,
u=w-pu(r)
=w - pw(t)
>w-pw.
Thus,
uz=zw(l-p). (3.3)
From eq. and using (3.3), it can be deduced that
by @)w'T) = -qu(o)

< —quwP(p)1 - plom))”. (3.4)
The function ¢ is defined as
by (w)w'l
=0— . 3.5
p=p wP(p) >0 85
Now,
N () (byw'T) by w)w'Tw'(p)e’
@' = o () + p(n)—wﬁ(Q) Bon) W) :
Using (3.4), one obtains
, p'(n) 8 by(w)lw'Tw'(p)’
=— - 1- - . 3.6
¢ (n) = o) @ — p(mq(1-pE)” - Pp(n) WP (o) (3.6)

Since (b(mw(u(n))w'(m)]") <0, then
b(m(E)y(u(E)w' ()" = by (w)w'T".

This leads to
bl/r 1/r /
w(g)z — YW (3.7
b (et (u(p))
Using (3.7) and [(A4)}, (3.6) becomes
/ b (u)[w/]r)1+l/r Q,
! < P_ _ 1— B _ :6 ( W )
v =0 =pa=P@) =P ) by
Now, one can write
B+(B/r)
p+1 _ (w(p))
(w(p)) —(w(g))(ﬁ/r)—l . (3.8)
Back to the last inequality and using (3.8), it is concluded that
! b rrl+lr (B/ir)-1
¢ < p—(p— pa(1-p()P - /ir [P pho ] e (Lf/(p)l)/
% K wh(p) eV bl ()
o' s B o (B/r)-1 141/
= r)— +1/r
= Etp—pq(l—p(p)) ~ pl/rb1/r(0)(w(9)) 7/ (3.9)
Since w = M for all n = n9 and letting r < 8, then
(w(Q))(,B/r)—l > M(ﬁ/r)—l. (3.10)
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Using (3.10) and substituting in (3.9)), it follows that

I (B/r)-1 li
_P B s BPM 0 1+1/r
@' < p(p pq(1-p(p) ' pl/rbl/r(g)go . (3.11)

Multiplying (3.11) by H(n,¢) and integrating, one obtains

n , n p’([) n B
Hn,0O)¢ (Z)dﬁsf H(n,?) o) p0)dl — | H(n,0)p(0)q(0)1-p(p(£))”de
n2 n2 n2
pMP-1 f n 0'(0) 1+1r
-——— | H®n,?) (¢)de. 3.12
K" o P ()b (o(0)) " : (8.12)

Then,
n n
f H(n, 0)¢'(0)dl = —H(n,n2)p(n32) + f h(n, O)[H (@, OO Vo) de.
n2 n2

Returning to (3.12), it follows that
n n
H(,0)p(0)q(0)(1 - p(p(0)))Pd¢ < H(n,m2)p(ns) — f h(n, OLH @, OT" " V(o) de
n2 n2

n p'(0)
H(n,?¢
+ N (n,0) o0

pMUI-1 fn 0'(0)
-——— | H(n/
Kl/r - (17 )pl/’"(é)bl/’(p(f))

o) de

(p1+1/7‘([) d[,

or

(p1+1/r(€) de

n ﬁM(ﬁ/r)—l n 0'(0)
H(n,0)p(£)q(£)(1 - (e)ﬁdzs——f H(n,?¢
fm 1, Op(Oa(O = plee) & O s 0p Ty

1] !
+ [H(n’g)]r/(r+1) —h(n,€)+ p ([) [H(T],[)]l/(ﬂ_l) (p(g) dy
n2 p(f)

+ H(n,n2)p(1n2).

Using Lemma 2.1 with 0 = ¢,

c1 =[H@n, OV | —h(n, 0) + ’; ((5)) [H(n, O1Y" V| = [H@, 1" V0, 0)
and
ﬁM(ﬁ/r)—l 0!([)

)

C2= K (, pl/r(f)bl/r(p(ﬁ))’

one obtains

n

H(n,n2)e[2) 2[ H(n, 0)p(0)q(0)(1 - pp@))P de
n2

N (EMP p(0)b(p(0)) 1

_ —  _[[H®,¢ r/(r+1) 0 r+
L, G Dt OF R, O === ™ i, o7

or
Kr p(0)be) [Q(n, )Y
Mﬁ—rﬁr(p/(g))r (r+ 1)r+1

H(®,0)p0)q(0)1 - plp())F -

n
de,
H(n,n2) an

which contradicts assumption (3.1).

p(n2) =

The proof is thus concluded. O
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Theorem 3.2. Suppose that o'(n) =0, r < B, and there exists a function p € C1(I,R") such that

n KM™Prm (o' (0))** b(p(¥))
lims f (0)q(0)1 - p(p(0))P - = (3.13)
Mool Jyy [CTEEAE TP Frr+ 7 (o) (@)
Hence, every solution of (1.1) oscillates.
Proof. By following the approach used in the proof of Theorem one obtains
o' pMPN-L o 1+1/
"'<s—¢p-pq(1- p_ o
=9 pq(1-p(p)) ' pmbm(p)‘P
Using Lemma 2.1 with 6 = ¢, ¢1 = p'/p and
ﬁM(ﬁ/r)—l Q,
€2 = Kl/r pllrbllr(g)’
it can be concluded that
KM Prm (0'\""! pb(p)
"< —pq(1-p(p))’ —(—) : 3.14
v =mpa0mr @t i p) @y 519
Integrating (3.14) leads to
n KM™Prm (o' (0))** b(p(¥))
(n) —¢( )Sf —0(D)g(0)(1 - p(p(O)))F + -
pLn) — P2 - pLelq plo Br(r+1y+1 (o))" ('O
Thus,
n KM™Frm (') ™+ b(p(£))
( )zf [ (Og(0X1 - p(p(0)P - ,
PHIR= ) [P Pe B+ (oY (@O
which contradicts assumption (3.13).
The proof is thus concluded. O
Theorem 3.3. Suppose that there exists a function p € C1(I,R*") such that
" 22 (N’ K (o)
lims f OgO| =] - plo)) - b(0)| de = co.
i e ( 23.(0) PO e @
(3.15)
Hence, every solution of (1.1) oscillates.
Proof. Following the steps in the proof of Theorem one arrives at
My mw' M1 < —gmuwP(em)1- plem))F.
The function ¢ is defined as
nr
_ M 0. (3.16)
w
Then,
P w?2p w2h
o' —quwP(E)1-p)?  byw)w'T*!
=SE—@+p B - :6 B+1
Iy w w
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, . nr+1
< p[-a(“2) (- plotmny - poya ]
P w

which by using (3.16) implies that

r+l1
o' w(p) w(u)qoT
o=Lprp|-q[ L ) Q=P =
p w T b r ’[/j r (u)
o' w(p)\” le
=—¢-pq (—) (1-plem)’ - p—1——. (3.17)
p w ; r’([/r(u)
Since ¥ (u) < K, (3.17) becomes
r+1
! w(p) -
¢<B#’PQ( )a plomf - L2 (3.18)
p K7 prbr
It follows from Lemma that
!
w
— <0,
1?;1)
which leads to
w@jﬁ> 2,
w ) o\ Ay )
Using this and substituting in (3.18), then
' 2@\ s
¢fsﬂw—pq("} )(1—p@»ﬂ—ﬂlfl- (3.19)
p /1”1 K; prbr
Using Lemma 2.1 with 6 = ¢, ¢1 = p'/p and
p 1
cg= ———.
Eq. (3.19) becomes
0 B r+1
, n 9)) 5 Kr o'
¢ S—m( A-p@)'+ ——7 || pb
gl Brr+1)y+1\p

Krr (p/)r+1
ﬁr(f‘ + 1)r+1 pr

=—pq( 115 ) (1-pE) + b. (3.20)

N1
Integrating (3.20) leads to

Krr (pl(g))r+1
ﬁr(r + 1)r+1 pr(g)

(o(©))
Do) L=
o(n) - wmg<f [p(M()(A -

m

ds.

B
)(1—p@w»W+ b(0)

Thus,

Krm (p'(on"
ﬁr(r + 1)r+1 pr(g)

A2, (p(€))

n
( )zf (O)q0)| 2 b(0)
P2 nz[p q (;L %

ds,

B
)(1—p@w»ﬁ—

71

which contradicts with assumption (3.15).

The proof is complete. O
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By replacing H(n, ¢) with (n—¢)", n € w*, in Theorem[3.1] the following corollary is obtained.

Corollary 3.1. Suppose that o' =0, r < 8, and there exists a function p € C*(I,R") such that
‘ 1 n Kr"p(0)b(o(£) [Q(n, )1+
lim su —f [ (O)q(0)n—0)"(1 - p(p(£))F -
et =110 Jyy [T Pe MPT R @@y (r+ 1y
where Q is given by the definition in Theorem Hence, every solution of (1.1) oscillates.

d¢ = oo,

By selecting p(¢) = A7 (0(¢)), the following oscillation result for (1.1) is derived.
Corollary 3.2. Let 0'(n) =0, r < 8, and suppose there exists a function p € C1(I,R") such that
5 KMr—,Br2r+11 Ql(f) :

Brir+ 172 A (o) b))

n
limsup q(O)A7, ()1 - p(p(£)))

nN—oo Jn

Hence, every solution of (1.1) oscillates.

]d[zoo.

As a special case of (L.1)), for
By wmlw' (M) + g(mulp@) =0, (3.21)

the criterion that is proposed here is as follows:

Corollary 3.3. Suppose that there exists a function p € C1(I,R") such that
. f n K (0'(0))
lim sup
n—oo Jny

A5, (p(e))
p(0)q(0)| ——— | (1 - p(p(£))) — —
where A, (1) := ,71[1/(17(4))] d¢. Hence, every solution of oscillates.

b(¢)| dl = oo,

22,(0) 4 p(0)

4. Conclusion

This paper has presented some new theorems that investigate the oscillation of the super-linear
equation (1.1) in its canonical case. The Riccati transformation technique was employed as a
fundamental tool. In Theorem [3.1|and Theorem monotonic constraints are not required on
the delay functions, while Theorem requires that o’ = 0. It would be intriguing if subsequent
research could extend the results for the non-canonical case and also for higher-order equations.
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