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1. Introduction

H. S. Vandiver [16] was the pioneer in introducing the concept of semirings. Later, Nobusawa [10]
proposed I'-ring to generalize the notion of a ring. Sen [14] introduced the idea of a I'-semigroup,
which was further developed into I'-semiring by Rao [[11,12]. Huang [2] examined orthogonal
generalized (o, 7)-derivations in semiprime near-rings, and Dey et al. [1] investigated these
derivations in semiprime ['-near-rings. Javed et al. [3] focused on derivations in prime
I'-semirings. Orthogonal derivations in semirings were introduced by Suganthameena and
Chandramouleeswaran [[15] while Venkateswarlu et al. [17, 18] established the conditions for
the orthogonality of derivations and reverse derivations in semiprime I'-semirings. Majeed
and Hamil [4] explored orthogonal generalized derivations in semiprime I'-semirings. Murty et
al. [5-9], and Reddy and Murty [13] have proved results on the orthogonality of generalized
symmetric reverse bi-(og,7)-derivations in semiprime rings, on the orthogonality of generalized
reverse (0,7)-derivations, (o, 7)-derivations in semiprime I'-rings, I'-near rings and I'-semirings.
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In our current work, we explore the concept of generalized (o, 7)-derivations in the context
of semiprime I'-semirings. We also determine the necessary and sufficient conditions for
the orthogonality of two such generalized (o, 7)-derivations on semiprime I'-semirings, extending
the previously established results by Majeed and Hamil [4].

2. Preliminaries
A set M is called a semiring with two associative binary operations, addition (+) and
multiplication (-), if the following conditions are met:
(i) The addition operation is commutative.
(i1)) The multiplication operation distributes over addition from both the left side and the right
side.
(iii) An element 0 € M exists suchthata+0=a anda-0=0-a =0, for everya e M.

If (M, +) and (I', +) are two abelian semigroups with identity elements 0 and 6 of M and T’,
respectively and if there exists a mapping of M xI' x M — M satisfying the following properties
for a,b,ce M and a,B eI

(1) (a+b)ac=aac+bac,

(2) ala+pP)b=aab+apb,

3) aab+c)=aab+aac,

(4) (aab)Bc=aa(bpBc),

(5) aa0=0aa =0 and afb =0, then M is termed a ['-semiring.

Let M be a I'-semiring. M is said to be prime if for every a,b € M, al’ MT'b = 0 suggests a =0
or b =0. M is said to be semiprime if for every a € M, al’ MT'a = 0 implies @ = 0. A I'-semiring
M is said to be 2 torsion free if for every a € M, 2a = 0 implies a = 0. An additive mapping
di:M — M is called a (0,7)-derivation if for every a,b € M, di(aad) =di(a)ac(b) + t(a)ad(b).
An additive mapping D : M — M is called a generalized (o, 7)-derivation if for every a,b € M,
a€el', Di(aab)=Dq(a)ac(b)+ 1(a)ad1(b), where dq is an associated (o, 7)-derivation. Let M be
a I'-semiring. Two additive mappings d; and dg of M into M are said to be orthogonal if for
every a,b e M, d1(a)TMT'ds(b) ={0} =do(a)TMI'd(b).

We assume throughout the paper that M is a 2-torsion-free semiprime I'-semiring, while
o and 1 are automorphisms of M and di,ds are (g,7)-derivations on M such that 7dg = dar,
1d1=d17,0d1=d10, 0dg =do0. We denote two generalized (o, 7)-derivations D1 : M — M and
Ds: M — M determined by the (o, 7)-derivations d1,ds of M such that D17 =1D1, Dot =1D9,
D10' = UD1, O'D2 :DZO'.

Lemma 2.1 ([17, Lemma 3.1]). Let a and b be two elements of a 2-torsion-free semiprime
I'-semiring M. Then the following statements are equivalent:

(i) al'x'b =0.
(i1) bTxla =0.
(iii) al'xI'b+bT'xI'a =0, for every x € M.
If one of these conditions is fulfilled then al'b = bI'a = 0.
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Lemma 2.2 ([17, Lemma 3.2]). Let M be a 2-torsion free semiprime I'-semiring. If additive
mappings di and dgo of M into itself satisfy di(a)TMI'ds(a) = {0}, for every a € M then
d1(a)IMT'ds(b) =1{0}, for every a,b e M.

Lemma 2.3. Given a 2-torsion free semiprime I'-semiring M. Then two (o,T1)-derivations di
and ds of M into itself are considered orthogonal if and only if for any a,b € M and a €T,
the expression di(a)ads(b) +dao(a)ad1(b) =0, for every a,be M, a €T holds.

Proof. Suppose that

di(a)ada(b)+do(a)ad1(b) =0, foreverya,beM, acl. (2.1)
Replacing b by bfa, for all a e M, BT in (2.1I), we get

(d1(a)ada(b) + da(a)ady (b)Bo(a) + di(a)at(b)Bda(a) + de(a)at(b)fd1(a) = 0.
Using the equation (2.1), we obtain

di(a)at(b)Bds(a)+ de(a)at(b)Bdi(a)=0.
Since 7 is an automorphism on M and using Lemma [2.1], we get

d1(a)at(b)fda(a) = 0 =da(a)at(b)fd1i(a).
Since 7 is an automorphism on M and using Lemma we get

di(a)at(b)Bda(b) =0=d2(a)at(b)Bd(b).
Using Lemma [2.1}, we get

di(a)ads(b) =0=ds(a)ad1(b).

Thus, d1 and d9 are orthogonal.
Conversely, suppose that d; and ds are orthogonal.
Then,

d1(a)IMTI'de(b)=1{0}, foreverya,beM,
d1(a)'da(b) ={0} = d2(a)l'da(b), foreverya,beM. (By Lemma [2.1)

Hence, the theorem is proved. O

Lemma 2.4. Let M be a 2-torsion free semiprime I'-semiring. Suppose d1 and dg are (0,1)-
derivations of M into M. Then, d1 and dg are orthogonal if and only if d1ds =0.

Proof. Let M be a 2 torsion-free semiprime I'-semiring.
Suppose d1da2 =0,
dids(aab) =0,
d1(ds(@)ac?(d) + 1((da(a))adi(a(b)) + d1(tr(@)ac(da(d)) + T%(a)ad1da(b) = 0.
Since 0,7 are automorphism and tde =do7, 0de =ds0o, 1d1 =d 17T, 0d1 =d10, we get
dido(a)aoc(b)+ds(w)ad1(v)+di(w)ada(v) + T(w)ad1de(v) =0, fora,beM, acl,
do(a)ad1(b)+di(a)ads(b)=0. (Since d1dg =0).

Therefore, d1 and dg are orthogonal (by Lemma 2.3).
Conversely, suppose that d; and do are orthogonal.
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Then
d1(a)TMTI'de(b)=1{0}, foreverya,beM,
di(a)acfda(b) =0, foreverya,b,ceM, a,Bel.
Then, we have
di(di(a)acBda(b)) =0,
di(di(a))ao(c)Bo(de(b)) + 1(d1(a))aldi(c)Bo(de(b)) + 1(c)Bd1d2(b)) = 0.
Since 0,71 are automorphism of M and using odg =dq0, 1d1 =d17, we get
di(d1(a))ao(c)Bda(b) +di(a)adi(c)Bda(b) +di(a)at(c)Bd1d2(b) = 0.

The first and second summands are zeros as di and do are orthogonal.
Hence, we get

di(a)at(c)Bfd1d2(b) =0. (2.2)
Replace a by da(b) in eq. (2.2),

didae(b)at(c)Bd1da(b) =0.
Since 7 is an automorphism and using the semiprimeness of M, we get

d1d2(b)=0.

Hence the result is proved. O

3. Main Results

Theorem 3.1. Assume that M is a semiprime I'-semiring which is 2-torsion free and suppose
that D1,D9 are two generalized (o,7)-derivations on M associated with the (o,1)-derivations
d1,d2 of M into itself. The following conditions are to be satisfied if D1 and Dy are orthogonal:

(@) () D1(a)I'D9(b) =Ds(a)I'D1(b) = {0}, for every a,b € M.
(i1) D1(a)TDo(b)+ Do(a)I'D1(b) =1{0}, for every a,be M.

(b) d1 and Dy are orthogonal and d1(a)I'Do(b) = Do(a)l'd1(b) = {0}, for every a,b € M.
(¢) do and D1 are orthogonal and do(a)I'D1(b) = D1(a)'ds(b) = {0}, for every a,b € M.
(d) d1 and dg are orthogonal.
Proof. (a): It is given that D; and D are orthogonal generalized (o, 7)-derivations on M.
Then by the definition of orthogonality, we have
D1(a)TMT'D9(b) = Do(a)TMI'D1(b) ={0}, for every a,be M. (3.1)
By Lemma [2.1] we can write
D1(a)TDy(b) ={0} =D2(a)ID1(b), foreverya,beM.
Hence, the result is evident.
(b): From condition (i), we have
D1(a)TDo(b) ={0}, foreverya,beM.
Then
D1(a)BD2a(b) =0. (3.2)
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Replacing a by caa, c € M in (3.2), we get
Di(caa)pD2(b) =0,
(D1(c)ao(a) +1(c)adi(a))BD2(b) = 0,
Di(c)ao(a)BDo(b) + t(c)ad1(a)BDo(b) = 0.

Since o is an automorphism on M and using (3.1I), we have
1(c)ad1(a)BD4(b) =0, foreverya,b,ce M, a,Bel.

Premultiplying by di(a)BD4y(b)a, we get
di1(a)pDy(b)at(c)adi(a)BD4(b) = 0.

Since 7 is an automorphism on M, we obtain
d1(a)BD4(b) =0, foreverya,beM, BeT,
d1(a)I'D9(b) ={0}, foreverya,beM.

Replacing a by aac,ce M, a €T in and using it, we get
di(a)ao(c)I'Dyo(b) = {0}.

Since ¢ is an automorphism on M, we get
d1(@)TMTD4y(b) ={0}.

Using Lemma [2.1}, we get
d1(a)TDg(b) ={0}, for everya,be M.

From the result (i), we can have
Ds(a)TD1(b)={0}, foreverya,beM.

Replacing b by cpBb, where ce M,f€T in and using it, we get
Dy(a)'1(c)ad1(b) = {0}.

Since 7 is an automorphism on M,
Dy(a)ITMT'd1(b) ={0}.

By Lemma |2.1] we get
Dso(a)T'd1(b) =1{0}, foreverya,beM.

From and (3.8), we can conclude that d; and D are orthogonal.

(c): By proceeding in the similar manner as in (b), we can easily prove the result (c).

(d): From the condition (i), we have
D1(a)I'Do(b) ={0}, foreverya,beM.

Replacing a by aac and b by bfu, where c,u e M, a, €T in eq. (3.10), we get
Di(a)ao(c)I'Do(b)Bo(u) + 1(a)ad1(c)I' Da(b)fo(u) + D1(a)ao(c)I't(b)Bd2(u)

+ t(a)ad1(c)['1(b)Bda(u) = 0.
Using and conditions (b) and (c), we get
t(a)ad1(c)I't(b)Bd2(u) ={0}, foreverya,b,c,ueM, acl.
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Premultiplying by d1(e)T'1(b)Bda(u)a, we get
d1(c)T't(b)Bd2(u) ={0}. (Since M is semiprime.)
Since 7 is an automorphism of M, we get
d1(c)IMT'do(u) ={0}.
From the hypothesis, we have
Dy(a)TD1(b)={0}, foreverya,beM.
Replacing a by aac and b by bfu, where c,u e M, a, €T in eq. (3.7), we get
Dy(aac)ID1(bfu) =1{0},
(Da(a)ao(c) + t(a)ade(c)I'(D1(b)fo(u) + 1(b)d1(w)) = {0},
Dy(a)ao(c)ID1(b)Bo(u)+ Do(a)ao(c)['t(b)Bd1(u) + t(a)ade(c)I D1(b)Bo(u)
+1(@)ade(c)['T(b)Bd1(u) ={0}, foreverya,b,c,ueM, a,Bel.
Using and conditions (b) and (c), we get
t(a)ada(c)I'T(b)Bd1(u) ={0}, foreverya,b,c,ueM, a,fel.
Premultiplying by da2(c)I't(b)Bd1(v)a, we get
do(c)['T(b)Bd1(u) ={0}. (Since M is semiprime)
do(c)IMTI'd1(u)=1{0}, foreveryc,ue M. (Since T is an automorphism)
From and (3.13), we can conclude that d; and ds are orthogonal.

(3.12)

(3.13)
O

Theorem 3.2. Assume that M is a 2-torsion free semiprime I'-semiring and D1 is a generalized
(0,1)-derivation on M associated with the (o,7)-derivation di of M into M. If D1(a)I'D1(b) = {0},

then, D1 =dq1=0.

Proof. By hypothesis,
D1(a)TD1(b)=1{0}, foreverya,beM.

(3.14)

Replacing b by bac, where ¢ € M in (3.14) and using it, we get D1(a)['t(b)ad(c) ={0}. Hence,

D1(a)'MTI'dq(c)={0}. (Since 7 is an automorphism)
Using Lemma [2.1], we get
Di(a)l'd1(c)=1{0} = d1(c)I'D1(a), foreverya,ce M.

(3.15)

(3.16)

Replacing a by aac, where ¢ € M in (3.16) and using it, di(c)I't(a)adi(c) = {0} and so

d1(c)ITMT'd1(c) =1{0}.
Since 7 is an automorphism on M and by Lemma [2.1] we get

d1(c)ld1(c)={0}, for every ce M.
Since M is semiprime, we can have
d1(c)=0, foreveryceM.
Again replacing a by baa, b € M,a €T in (3.14) and using (3.16), we obtain
D(b)ao(a)I'D1(b) ={0}.
Since ¢ is an automorphism on M, we can write
D1(b)IMT'D1(b)={0}, foreverybeM.
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By using Lemma [2.1] we get
D1(b)IMTD+(b) ={0}.
Using the semiprimeness of M, we get
Dq(b)=0.
Hence, we get D1 =d1=0. d
Theorem 3.3. Assume that M be a 2-torsion free semiprime I'-semiring. Let D1,Do be two

generalized (0,7)-derivations on M associated with the (o,1)-derivations d1,ds of M into itself.
If the relations

(i) D1(a)I'Dg(b)+ Do(a)T'D1(b) = {0}, for every a,be M,
(11) d1(a@)I'D9(b) +do(a)I’'D1(b) = {0}, for every a,b € M, are satisfied,
then D1 and Dy are orthogonal on M.

Proof. By the condition (i) of the hypothesis, we have
D1(a)TDy(b)+Do(a)TD1(b) ={0}, foreverya,be M. (3.17)
Replacing a by aac, ce M, a €T in (3.17), we get
Di(a)aoc(c)I'D2(b) + Da(a)ao(c)I'D1(b) + 1(a)a(d1(c)I'D2(b) + d2(c)I'D1(b)) = {0},
Di(a)ao(c)I'Do(b) + Do(a)ao(c)I'D1(b) ={0}. (Using condition (ii)) (3.18)
Replacing b by a in (3.18), we get
Di(a)ao(c)I'Da(a) + Da(a)ao(c)I'D1(a) = {0},
D1(@)TMT'Dg(a)+ Do(a)TMI'D1(a)={0}, (Since o is an automorphism)
D1(@)TMTDy(a) =Do(a)TMI'D1(a) = {0}, foreveryaecM. (By Lemmal2.1)
By Lemma we get
D1(@)TMTDy(b)=Do(a)TMTD1(b) ={0}, foreverya,be M.
Therefore, D1 and Dy are orthogonal. d

Theorem 3.4. Assume that M is a 2-torsion free semiprime I'-semiring and let D1,Dy be two
generalized (0,7)-derivations on M associated with the (o,1)-derivations d1,ds of M into itself.

If D1(a)TDo(b) =d1(a)T Do(b) = {0}, then D1,D9 are orthogonal, for every a,b € M.
Proof. Given that
D1(a)TDo(b) ={0}, foreverya,beM, (3.19)
d1(a)I'Ds(b)=1{0}, foreverya,beM. (3.20)
Replacing a by aac, where ce M, a €T in and by (3.20), we get
Di(a)ao(c)I'D2(b) = {0}.
Since o is an automorphism on M, we obtain
D1(a)TMT'D2(b) = {0}, (3.21)
Do(b)IMT'D1(a)=1{0}. (By Lemma [2.1) (3.22)
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Replacing b by a in (3.22), we get
D2(a)T MI'D1(a) = {0},

Dy(a)TMTD1(b)={0}, foreverya,beM. (ByLemmal2.2) (3.23)
From (3.21) and (3.23), we can conclude that D1,Dy are orthogonal. O

Theorem 3.5. Assume that M is a 2-torsion free semiprime I'-semiring and let D1,D be two
generalized (0,7)-derivations on M associated with the (o,1)-derivations d1,ds of M into itself.
If D1(a)I'Dy(b) = {0}, for every a,b € M and d1D9 =d1d2 =0, then D1,D9 are orthogonal.

Proof. By hypothesis, we have

d1ds =0.
By Lemma 2.4, we have that d; and ds orthogonal.
Hence,

d1(a)TMTdo(b) ={0} =do(a)IMI'd(b), foreverya,beM. (3.24)
By using Lemma 2.1} we can write

d1(a)l'da(b) =ds(a)l'd1(b) ={0}, for everya,be M. (3.25)

It is also given that d1D9 = 0 (by hypothesis),
d1Do(aab)=0, foreverya,beM, acT,
d1Ds(a)ac?(b) + 1(Da(a))ad1(a(b)) + d1(t(a))ac(ds(b)) + T2(a)ad1da(b) = 0.

Since d1Ds = didg = 0 and tD9 = Dot, 1d1 = d17, 0d1 = d10, 0dg = deo, where 0,7 are
automorphisms on M and using (3.25), we get

Dy(a)ad1(b)=0, foreverya,becM. (3.26)
Replacing a by afc, for ce M,f€T in and using (3.25), we get

Dy(a)po(c)ad(b)=0.
Since o is an automorphism on M and using Lemma we can write

Do(a)IMTI'd1(b) ={0} =d1(b)ITMI'Ds(a), foreverya,beM.
Replacing b by a in the above equation, we get

d1(a)TMTI'Dy(a)=1{0}, foreveryaecM,
d1(a)TMT'Dy(b) =1{0}, foreverya,beM, (ByLemma2.2)
d1(a)I'Dg(b)=1{0}, foreverya,be M. (By Lemma2.1)

Also, we have

D1(a)TDo(b) ={0}, foreverya,be M.
Thus, we have

D1(a)TDy(b) ={0} =d1(a)l Dy(b), foreverya,be M.
By Theorem we can conclude that D; and Dy are orthogonal. O
Theorem 3.6. Assume that M is a 2-torsion free semiprime I'-semiring. Let D1,D9 be two
generalized (o,1)-derivations on M related to the (o,7)-derivations di,ds of M into itself,

respectively such that D1Ds is a generalized (o,t)-derivation on M related to the (o,t)-derivation
d1ds and D1(a)I'Dy(b) = {0}, for every a,b € M, then D1,Ds are orthogonal.
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Proof. Given that D1,D, are two generalized (o, 7)-derivations on M associated with the (o, 1)-

derivations d1,ds of M.

Also, D1Ds is a generalized (o, 1)-derivation on M associated with (o, 7)-derivation d1ds and

D1(a)TDy(b) ={0}, foreverya,be M.
Leta,be M, ael, then
D1Ds(aab) =D1(D2(aabd)) = D1(D2(a)ac(b) + t(a)adz(b))
= D1D3(a)ac’(b) + 1(D2(@)ad1(0(b)) + D1(tr(a)ao(d2(b) + 7°(a)ad1d2(b).
Since 0,7 are automorphisms and D9 = D91, d10 =0d1, D1t =1D1, doo = 0d2,
D1Ds(aab) =D1Ds(a)ac(b) +Do(a)ad1(b) + D1(a)ada(b) + t(a)ad1ds(b).
But, it is given that D{Ds is a generalized (o, 7)-derivation and so
D1Dy(aab) =D1Ds(a)ac(b) + 1(a)ad1d2(b).
From and (3.29), we get
Dy(a)ad1(b)+D1(a)ads(b) =0.
Replacing b by bfc, ce M, BT in (3.27), we get
Di(a)aD2(b)Bao(c)+Di(a)at(b)Bda(c) =0.
Using equation (3.27), we get
D1(a)at(b)Bda(c) =0.
Since 7 is an automorphism of M,
Di(a)TMT'dy(c)={0}, foreverya,ce M.
By Lemma [2.1} we have
Di(a)l'da(c) ={0} =da(c)I'D1(a), foreverya,ce M.
Consider
da(c)I'D1(a) ={0}.
Replacing ¢ by bac, be M, a €T in (3.31) and using it, we get
do(b)ao(c)I'D(a) ={0}.
Since o is an automorphism on M, we get
do(b)TMT'Dq(a) ={0}.
By Lemma [2.1] we get
do(b)I'D1(a) = {0} = D1(a)l'd2(b).
Using eq. relation in (3.30), we get
Do(a)T'd1(b) ={0}, foreverya,beM.
Replacing b by bfu, ue M, el in and using it, we get
Dy(a)I'1(b)Bd1(u) ={0}.
Hence,
Do(a)IMI'd1(u) ={0}, foreverya,ueM,
Do(a)T'd1(u) ={0} =d1(u)['Dy(a). (By Lemma [2.1)
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(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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Consider d1(u)I'Dy(a) = {0}.
Replacing u by a and a by b in the above equation, we get

d1(a)I'Do(b)=1{0}, foreverya,becM.
Thus, we have
d1(a)I'D2(b) ={0} =D1(a)I'D2(b), foreverya,be M.
Then, by Theorem we can conclude that D{,Ds are orthogonal. O

4. Advantages of the Study

This study introduces and develops the concept of orthogonal (o, 7)-derivations in semiprime
I'-semirings, extending the existing theory of derivations in algebraic structures. By providing
various characterizations of semiprime I'-semirings, the research opens up new lines of inquiry
for future work in algebraic structures. The results of the study have potential applications in
related fields such as mathematical physics, where understanding derivations can lead to new
techniques and models.

5. Future Research

Researchers can explore how the concept of orthogonality can be extended to other types of
generalized derivations in semiprime I'-semirings. The study can be expanded to explore the
properties of (g, 7)-derivations in noncommutative semirings and their potential applications.
Researchers can verify whether these concepts can be applied to fields such as cryptography or
coding theory, where non commutative algebra plays a role.
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