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1. Introduction

Let G be a simple undirected graph with vertex set V(G) and edge set E(G). The graphs
considered in this article are simple and finite. The order and size of graph G, is |V(G)| and
|E(G)|, respectively. If there exists an edge between vertices x and y, we say that x is adjacent
to y, denoted by x ~ y. The neighborhood Ng(v) of a vertex v is the set of vertices adjacent to
v. The degree of v; denoted by dg(v), is the cardinality of N(v). A graph G is called regular
when every vertex has the same degree. If dg(v) =r, V v € V(G), then G is called r-regular
graph. K, denotes the complete graph of n vertices. The complement of K, is a null graph
and it is denoted by K,,. Clearly, K,, and K,, are r-regular graphs with r =n -1 and r = 0,
respectively. Let G = (V,E) be any graph, and let S ¢V be any subset of vertices of G. Then the
induced subgraph G(S) is the graph whose vertex set is S and whose edge set consists of all of
the edges in E that have both endpoints in S. The adjacency matrix of a graph G is the n xn real
symmetric matrix A(G) = [a;;], where a;; = 1 if the vertices v; and v, are adjacent and equal to
0, otherwise. The eigenvalues 11,19,...,1, of A(G) are the eigenvalues of G. Furthermore, it
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should be noted that K, has eigenvalues n—1 and —1 with multiplicity 1 and n —1, respectively

and 0 is the only eigenvalue of K, with multiplicity n. The spectrum of a graph G is the set

of numbers which are eigenvalues of A(G), together with their multiplicity. If the distinct

eigenvalues of A(G) are 11 > A2 >...> A4, and their multiplicities are m1,mgq,...,m4, then we

shall write
O’(G):{Al Ao o Ay }

mip mg -+ mqg

We refer to Biggs [3]] and Harary [6] for any undefined terminologies or notations.

Let R be a ring. A nonzero element a € R is called unit of R if ab = 1 for some b € R.
An element a € R is called a zero-divisor of R if there exists a non-zero element b € R such
that ab = 0. The zero-divisor graphs of commutative rings were first introduced by Beck [2].
The author mainly focused on the coloring of commutative rings in this article. The definition of
zero-divisor graph was later modified by Anderson and Livingston in [1]. For a commutative
ring R, the set Z(R) denote the set of zero-divisors of R and let Z*(R) = Z(R) \ {0} be the set
of nonzero zero-divisors of R. The zero-divisor graph of R, is denoted by I'(R), and is a simple
undirected graph whose vertex set is Z*(R) two distinct vertices v and u are adjacent if and
only if vu = 0. The non-zero divisor graph ®(R) of ring R is defined by Kadem et al. [7]], with
vertex set V(R) =R \{0,1,-1}, where distinct vertices x,y € V(R) are adjacent if and only if
either xy # 0 or yx # 0. Any nonzero element a of Z,, is either a unit or a zero divisor. Therefore,
the number of vertices in ®(Z,,) is n — 3.

Motivated by work done by Chattopadhyay et al. [5], Magi et al. [8,9], Pirzada et al. [[10],
and Young [11]], this article derives the adjacency spectrum of the non-zero divisor graph for
rings Z,2m and Z ,2m+1, where p be a prime and m =1 is a positive integer. In Section we first
identify and analyze the structural properties of ®(Z,). In Section 3, we obtain the adjacency
spectrum of ®(Z o) and O(Z ,om+1).

2. Structure of ©(z,)

We begin with the definition of the non-zero divisor graph of rings.

Definition 2.1 ([7]]). Let R be a ring. The non-zero divisor graph of R is denoted by ®(R), and
is a graph with vertices V(R) =R \ {0,1, -1}, where distinct vertices x,y € V(R) are adjacent if
and only if either xy # 0 or yx #0.

Remember that when two graphs, G; and G2, have disjoint vertex sets, the graph that
results from union of G; and Gq is called join G1 Vv G2, and it is created by adding new edges
from every vertex in G1 to every vertex in Gg. The following is a generalization of the definition
of join graph.

Definition 2.2 ([4]). Let H be a graph with V(H) = {v1,ve,...,v;} and let G1,Go,...,G; be
pairwise disjoint graphs. The H-generalized join graph H[G1,Go,...,G¢] of family of graphs
G1,Go,...,G; is the graph formed by replacing each vertex v; of H by the graph G; and then
joining each vertex of G; to every vertex of G; whenever v; is adjacent to v; in H.

The greatest common divisor of two integers m and n, is denoted by (m,n). An integer d is
called a divisor of n if d divides n, denoted by d | n, for 1 <d <n. If d not divides n, then we

Commaunications in Mathematics and Applications, Vol. 16, No. 1, pp. , 2025



On Adjacency Spectrum of Non-Zero Divisor Graph of Z,: S. K. Babariya and P. T. Lalchandani 69

write d {n. Let do =1,d1,d9,...,d; be the distinct divisors of n, other than it self. For 0<i <¢,
consider the following:

S(d;)={x€Z,:(x,n)=d;}.

Clearly, the sets S(dg),S(d1),S(d2),...,S(d;) are pairwise disjoint and the cardinality of
S(d;) is given by the following lemma.

Lemma 2.1 ([11]). For 0<i <t

Sy w(%).

Now, if we consider Ay, = S(do) \{1,-1} and Ay, = S(d;) for 1 <i < ¢, then the sets
Agy,Ad,,Ad,y,-..,Aq, are pairwise disjoint and partition the vertex set of ®(Z,) as
V(®(Z,)=Aq,UAq, UA4,U---UAy,
and the cardinality of A4, is given by the following:

Corollary 2.1. For 0 <i < t, the cardinality of Ag; is as follows

a2 o2 ifi=o,
T e(2),  ifisist.

Proof. Follows from Lemma 2.1 O

Note that any element x of Ay, can be written as x = m,d; for some integer m, with

O<m,< dli and (mx, dll) = 1. The following lemma describes adjacency of vertices in ®(Z,).

Lemma 2.2. For i,j€{0,1,2,...,t}, a vertex of Ag, is adjacent to a vertex ofAdJ. in ®(Z,) if and
only if n1d;d;.

Proof. Let x€ Ag, and y € Ag;. Then x =m,d; and y = m,d; for some integers my,m, with
0<my<g,0<my< dlj and (my, dll) =1=(m,, dij) The vertices x and y are adjacent in ®(Z,,) if
and only if n not divides xy, if and only if n not divides m,md;d;. Since (m,, dll) =1=(my, dij),
we have

x~y<=n{mymyd;d;

n
— d—i)(mxmydj

n
<:>d—ij(mydj

(:)nfmydidj

n
d_jjfmydi

—
n
— —1d;
d; fdi
<= nfdid; O
We discuss the nature of the induced subgraph ®(Ag4,) of ®(Z,) in the next corollary.

Commaunications in Mathematics and Applications, Vol. 16, No. 1, pp. , 2025



70 On Adjacency Spectrum of Non-Zero Divisor Graph of Z,: S. K. Babariya and P. T. Lalchandani

Corollary 2.2. The following holds:
(1) For 1€{0,1,2,...,t}, the induced subgraph ®(Ag,) of ®(Z,) on the vertex set Ag, either the
complete graph K|Adi| or its complement graph K|Adi | Also, ®(Ag,) is K|Adi| if and only if
ntd?.

(2) Fori,je{1,2,...,k} with i # j, a vertex of Ag, is adjacent to either all or none of the vertices
ofAdj in ®(Z,).

Proof. (1) The subgraph ®(Ay;,) has |Ag;| vertices. Taking i = j in Lemma [2.2] it follows that
two distinct vertices of ®(Ag4,) are adjacent if and only if n ¢ d?. This implies that ®(Ag;)
is the complete graph K4 4.1 OF its complement graph K4 a1

(2) Follows from Lemma O

Let d1,d9,...,d; are the proper divisor of n. Then, the graph Y, is defined by Chattopadhyay
et al. [5], and is the simple graph with vertex set {d1,ds,...,d;}, in which two distinct vertices
are connected by an edge if and only if n | d;d ;.

Definition 2.3. Let n € N. The graph (,, is defined as a simple graph whose vertex set consists
of the divisors of n excluding n itself, i.e., the vertices are {dg,d1,d9,...,d;}, where 1<d; <n
and each d; divides n. Two distinct vertices d; and d; are adjacent in Q,, if and only if n{d;d;.

The number & of vertices of 2, can be calculated as follows: Let n = p['py*---p;" be

the prime power factorization of n, where r,nq,no,...,n, are positive integers and p1,po,...,pr
are distinct prime numbers. Every divisor of n is of the form p‘fl pg2 .--p for some integers

ai,qs,...,a,, where 0 < ; <n; for each i €{1,2,...,r}. Thus, the total number of divisors of n is

¥
[T1(n; +1). Since we consider all the divisor of n excluding n itself, the number of vertices of Q2,,
i=1

is given by:

r
E=1VQul=]](r;+1)-1. (2.1)
i=1
The following lemma states that ®(Z,,) is a generalized join of certain complete graphs and
null graphs.

Lemma 2.3. Let ®(Ag,) be the induced subgraph of ®(Z,) on the vertex set Ag,, for 0<i<k-1.
Then ®(Z,) = Qp[P(Ag,), P(Ag,),. .., D(Ag, )]

Proof. For 0 <i <k -1, replace vertex d; of Q, with ®(Ag4,). The result can be obtained by
applying Lemma [2.2 O

3. Adjacency Spectrum of ®(Z,)

Usually it is difficult to obtain the adjacency spectrum of graphs in general. So, we attempt to
get the adjacency spectrum of particular class of graphs. Through this section, let p be a prime
number, and let m =1 be a positive integer. First, we find the structure of ®(Z ,2n).
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Theorem 3.1. Let ®(Z,,) be the non-zero divisor graph of ring of integers modulo n, where
n = p™. Then

q)(Zp2m) = Qp2m [K¢(p2m)_2,K¢(p2m—1), e ,K¢(pm+1),K¢(pm), oo ,K(p(p2),K(,b(p)]'

Proof. Let n=p®™. Then by Deﬁnition and equation (2.1), we have
V(Qpem)={1= %o, 0% p™ L p™ ™ p?P 2, p?™ ) and IV(Qp2m)l =2m.

Also,
1 :po ~1 p pm—l pm pm+1 p2m—1
pt~1,p,....p™ L p™, p™ . p? 2,
p>~1,p,...,p™ Lp™ p™t, L pP 3,
pm_l ~ 1’p""7pm_17pm’
pmN]"p""’pm_l’

m—2

pm+1~1’p7"'7p )

p2m—1 ~ 1

We observed that, p? ~ p/ if and only if i + j < 2m, for i =0,1,...2m — 1.
Now, by Corollary 2.1]
Al {</>(p2m)_—2, if i =0,
P Pp(p?mh), ifl<i<2m-1.
Also, by Corollary we have
D(A i) = Kppomy—g, ifi=0,
G;= (D(Api) = K(p(me—i), iflsis=m-1,
(D(Api) = K¢(p2m—i), ifm=<i<2m-1.
By using Lemma the generalized join of the non-zero divisor graph ®(Z ,2») is given by
D(Z ,2m) = Qp2m [K¢(p2m)_2,K¢(p2m—1), ... ,K¢(pm+1),K¢(pm), ... ,K¢(p2),K¢(p)]. O

Cardoso et al. [4, Theorem 5] demonstrated the following theorem, which states that
the adjacency spectrum of a generalized join graph H[G1,G9,...,G}] is represented in terms of
the spectrum of the n x n matrix C 4(G) and the adjacency spectrum of the r;-regular graphs G;
of order n;.

Theorem 3.2 ([4]). Let H be a graph with V(H) = {1,2,...,k} and let G;, 1 <i <k, be k
pairwise disjoint r;-regular graphs of order n;, respectively. Then, the adjacency spectrum
of G =H[G1,Go,...,Gt] is given by

k
(@)= (U (a(GH\ {ri})) Ua(Ca(H)),

i=1
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where
ri, ifi=J,
CaH) =lcijlpxr =1 yrin;, ifijeE(H),
0, otherwise.

The following theorem describes the adjacency spectrum of ®(Z,2») in detail, combining
simple eigenvalues with specified multiplicities and a more complex matrix-based representation
for the remaining eigenvalues.

Theorem 3.3. The adjacency spectrum of ®(Z,2m) consists of the eigenvalue 0,—1 with
multiplicity p™—m—1 and p?™—p™—m—2 respectively, and the remaining adjacency eigenvalues
of O(Z y2m) are the eigenvalues of matrix CA(€,2m).

Proof. By using Theorem [3.1]and Theorem we observe that the adjacency eigenvalues of
D(Z2m) is 0 with multiplicity
2m-1 .
Z (¢(p2m—l)_ 1) :pm —m - 1
i=m

and —1 with multiplicity

m—1 )
@(P*™) -2)-1+ Y (PP -1 =p> - p" -m-2.
i=1

Therefore, we have

0 -1

T(D(Z pom)) = {pm 1 p¥ 2} UG(Ca(Qyom)),

where the matrix C4(Q p2m) is of the form

ro Boi - Pom-2 Bo,m-1 Bo,m Pom+1 -+ Po2m-1
B1,0 ri o Prm-2 B1,m-1 B1,m Bim+1 0
,Bm—2,0 ﬁm—Z,l te m-2 ,Bm—2,m—1 ﬁm—2,m ﬁm—Z,m+1 0
Pm-10 Pm-11 *** Pm-1m-2  Tm-1 Bm-1,m 0 0
:Bm,O ﬁm,l Tt IBm,m—Z ﬁm,m—l 0 0 0 ’
IBm+1,0 ﬁm+1,1 Tt ﬁm+1,m—2 0 0 0 0
Boem-20 Pom-21 - 0 0 0 0 0
Bom-1,0 0 0 0 0 0 0
where
\/(¢(p2m)—2)<p(p2m—i), ifi=0and1<j<2m-1,
Bi,j=Bji= , _
Vo2 g(pm=i),  if1si,j<2m-1
and

Jew*™ -3, ifi=0,
Tlo@?ri-1, ifl<ism-—1.

In Theorem taking m = 1, we have the following consequence.
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Corollary 3.1. The adjacency spectrum of ®(Z,2) is

0 -1

PN = {p -2 p’-p

_S}Uroots of A2 = Mp®-p-3)-(p®-2p%—p+2).

Proof. By using Theorem [3.1]and Theorem we have
D(Z,2) = sz[KCD(p2)—27K¢(p)] = sz[sz_p_2,Kp_1]

and
|0 -1 o

0(D(Z2)) = p-2 p2-p-3 Ua(Ca(Q,2)),

where
2 2
p’-p-3 V(p2-p-2)p-1)
CA(sz) = (
V(pZ-p-2)(p-1) 0

Therefore, the other adjacency eigenvalues of ®(Z ,2) are the roots of characteristics polynomial

A2 Ap?-p-3)-(p>-2p%-p+2). O

If we set m =4 in Theorem the resulting consequence provides the adjacency spectrum
of ®(Z p4).

Corollary 3.2. The adjacency spectrum of ®(Z 1) is

0 -1

U((D(Zp4)) = {pz _3 p4 _p2 _4

} Ua(Ca(Qpe)).

Proof. Followed by Theorem [3.1]and Theorem we have
CD(Zp4) = Qp4[K(I>(p4)—2’K¢(p3)’K¢(p2)K¢(p)] = Qp4[Kp2_p_2,Kp3_p2,Kp2_pr_1]

and
0 -1
0(D(Z ) = p%-3 pt-p2-4 Ua(Ca(Q,4)),
where C4((,4) is the following matrix
p*-p*-3 V(pt-p3-2)(p3-p?) V(p*-p3-2)(p?-p) V(p*-p?-2)(p-1)
V(p*-p*-2)(p3-p?) p’-p*-1 V(03-p?(p?-p) 0 .
V(pi-p3-2)p2-p)  V(P3-p2)(p%-p) 0 0
V(pt-p2-2)(p-1) 0 0 0

Now, we will find the structure of ®(Z p2m+1).

Theorem 3.4. Let ®(Z,,) be the non-zero divisor graph of ring of integers modulo n, where
n=p?*l Then

CD(ZmeH) = Qp2m+1[K¢(p2m+1)_2,K¢(p2m), . ?K(p(p””l)’K(/)(pm)’ cee ,K(p(pZ),K(p(p)].
Proof. Let n = p?™*!. Then by using Deﬁnition and equation (2.1), the vertex set of O(Z ,2m+1)

as follows:

m+1 _m+2 2m—-1 2m}

V(Queni)={1=p°%p,p%....p" L p™ p"™  p™ 2, pP D
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and the dimension of CI)(szm+1) is

|V(Qp2m+1)| =2m+1.

Also,
1=p°~1,p,....p" L, p™ p™*, ..., p?™,
p'~Lp,...p" Lp"p" PP,
p’~1,p,....p™ L, p™, pmt .. p? 2,
p" ' ~Lp,....p",p"",
p"~1p,....p™,

m—1

pm+1~17p7"'9p >

we observed that, p? ~ p/ if and onlyifi+j<2m+1,fori=0,1,...2m.
Now, by Corollary

42| e@ -2, ifi=0,
PR p(p2mtitly, if1<i<2m.
Also, by Corollary we have
CD(Api) = K¢(p2m+1)_2, lfl = 0,
G;= (D(Api) = I§¢(p2m+1—i), ifl<ism,
(P(Api) = K¢(p2m+1—i), ifm+1l<i<2m.
By using Lemma the generalized join of the non-zero divisor graph ®(Z ,2n+1) is given by
(D(Zp2m+1) = Qp2m+1[K¢(p2m+1)_2,K¢(p2m), cee ’K(p(p””l)’K(,b(pm)’ e ,K(p(pZ),K(p(p)]. D

2m+1 gnd its structure

is described in Theorem The following theorem presents the adjacency spectrum of this
graph.

The graph ®(Z,2n+1) is associated with the ring of integers modulo p

Theorem 3.5. The adjacency spectrum of ®(Z,2m+1) consists of the eigenvalue 0,—1 with

2m+1 _

multiplicity p™ —m -1 and p p™ —m — 3 respectively, and the remaining adjacency

eigenvalues of ®(Z,2m+1) are the eigenvalues of matrix C4(Qpem+1).

Proof. By using Theorem [3.2] and Theorem [3.4] the adjacency eigenvalues of ®(Z,,) are 0 and
—1 with multiplicities as follows:

2m .
Z ((p(p2m+l—l)_ 1):pm_m_ 1

i=m+1
and
m .
((p(p2m+1) _ 2)_ 1 + Z((p(p2m+1—l)_ 1) — p2m+1 _pm —-m— 37
=1
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respectively. Therefore, we have

0 -1

O’(@(szm+1)) = {pm -m-1 p2m+1 —p™—m - 3} U U(CA(Qp2m+1)),

where the matrix C A(Qp2m+l) =

ro Bo1 - Pom-1 Bo,m Bom+1  Pom+2 - Pozm

B1,0 r1 o Prm-1 BP1,m Pim+1  Pims2z -+ O
ﬁm—l,O ,Bm—l,l m-1 ,Bm—l,m ﬁm—l,m+1 0 0

,Bm,O ,Bm,l e ,Bm,m—l 'm 0 0 0
Pm+1,0 Pm+11 0 PBmslm-1 0 0 0 0 ’
Pm+20 Pmi21 - 0 0 0 0 0
Bom-10 Pom-1,1 0 0 0 0 0

,32m,0 0 0 0 0 0 0

where

V@(p2m+h) —2)p(p?m 1)), if i=0and 1= j<2m,
Bij=PBji=

\/¢(p2m+1‘i)¢(p2m+1‘f), if1<i, j<2m
and
2m+1y _ o
$(p )-3, ifi=0, .
ri= .
Tt~ 1, if1<i<m.

If we take m = 1 in Theorem then the following consequence gives the adjacency
spectrum of ®(Z3).

Corollary 3.3. The adjacency spectrum of ®(Z,3) is
0 -1

O'(q)(ZPS)): {p_z p3_p_4

}ucA(st).

Proof. The divisors of p3 others than p? are 1= p°, p!, p2. Therefore by Theorem we have
(I)(Zp3) = st[K®(p3)_2,K¢(p2),K¢(p)] = st [Kps_pz_z,sz_p,Kp_l]
By using Theorem
0 -1
p-2 p*-p-4
and other adjacency eigenvalues of ®(Z ,3) are the eigenvalues of the following matrix C4(Q,3),

T(D(Z,,2) :{ }ua(cAmps))

p2-p?-3 V3 -p2-2)p2-p) V(3 -p2-2)(p-1)
V(p3—pZ-2)(p2-p) p2-p-1 0 . 0
Vp3-p2-2)(p-1) 0 0

4. Conclusion

In this study, we explored the adjacency spectrum of the non-zero divisor graph ®(Z,,) associated
with the ring of integers modulo n. Leveraging structural properties and generalized join
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graph techniques, we provided explicit formulations for the adjacency spectrum of ®(Z2n)
and ®(Z ,2m+1), where p is a prime and m = 1. The results offer new insights into the spectral
characteristics of these graphs, particularly regarding their eigenvalues and their multiplicities.
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