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1. Introduction

The notion of an essential ideal for semirings was given by Dutta and Das in [2]. Pawar and
Deore proved proved some important results of essential ideals for semirings in [4]. Some results
of essential subsemimodules and semi-essential subsemimodules of [5]-[6] has been extended to
the weak essential ideals for semirings. M.A. Ahmed in [1]] introduced and studied the Weak
Essential Submodules. In this paper we generalized the proofs of some results on the line of
[1] to semirings. Hence we investigate a class of ideals that lies between essential ideals and
semi-essential ideals, and we call this class of ideals, weak essential ideals.

2. Preliminaries

Definition 2.1 ([3]]). A semiring is a set R together with two binary operations called addition
(+) and multiplication () such that (R,+) is a commutative monoid with identity element Og;
(R,-) is a monoid with identity element 1; multiplication distributes over addition from either
side and 0 is multiplicative absorbing, that is, a-0=0-a =0 foreach a € R.
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Definition 2.2 ([3]). A semiring R is said to have a unity if there exists 1z € R such that
lpra=a-1gp=a foreacha e R.

E.g., the set N of non-negative integers with the usual operations of addition and multiplication
of integers is a semiring with unity, 1y.

Definition 2.3 ([3]). An ideal I of a semiring R will be called subtractive (k-ideal) if for a € I,
a+bel,beR imply bel.

Definition 2.4 ([3]). An ideal I of a semiring R is called prime (completely prime) if whenever
aRbcI (abel) where a,be R impliesacl orbel.

Definition 2.5 ([3]). An ideal I of a semiring R is called irreducible if and only if for ideal H
and K of R, we have I =HNK only when I =H or I =K.

Definition 2.6 ([3]]). An ideal I of a semiring R is semiprime if and only if, for any ideal H of
R, we have H2 c I only when H< .

Note 2.7 ([3]). Prime ideals are surely semiprime ideals.

Note 2.8 ([3]). Every semiprime ideal of a semiring R is semisubtractive.

3. Essential and Semi-essential Ideal

Definition 3.1 ([2]). An ideal I of a semiring R is said to be an essential ideal of R if InK #0,
for every nonzero ideal K of R.

Notation. We shall denote an essential ideal I of a semiring R by I <-R.

Definition 3.2. A nonzero ideal I of a semiring R is said to be semi-essential ideal of R if
InK #0, for each nonzero prime ideal K of R.

Notation. We shall denote semi-essential ideal I of a semiring R by by I < -R.

Lemma 3.3. Let R be a semiring. If I is an essential ideal of J and <J is an essential ideal of R
then I is an essential in R.

Proposition 3.4. Let R be a semiring and suppose that 11,1,...,I} are ideals of R. Then

ﬂif"’zlli <-R if and only if each I; is an essential ideal in R i.e. I;<-R, for all i.

4. Weak Essential Ideal

Definition 4.1. A nonzero ideal I of a semiring R is called weak essential if I n<J # (0), for
each nonzero semiprime ideal J of R.

Notation. We shall denote an Weak Essential Ideal I of a semiring R by I <, ‘R.
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Proposition 4.2. Let R be a semiring. A non-zero ideal I of a semiring R is weak essential if
and only if for each non-zero semiprime ideal K of R there exists x € K and r € R, such that

0)#rxel.

Proof. Suppose that for each non-zero semi-prime ideal K of R, there exists x€ K and r e R
such that (0) Zrx € I. Note that rx € K, therefore (0) Zrx€InK. Thus I nK #(0), that is K is
a weak essential ideal of R. Conversely, suppose that W is a weak essential ideal of R. Then
KNI #(0) for each semiprime ideal I of R, thus there exists (0) # x € K nI. This implies that
x€l and hence (0)#1-x€e 1. O

Lemma 4.3. Let I be an irreducible ideal of a semiring R. Then I is semi-prime if and only if I
is prime ideal of R.

Proposition 4.4. Let R be a semiring such that every semi-prime ideal of R is irreducible. If
an ideal I of R is semi-essential then I is a weak essential ideal of R.

Proof. Let S be a non-zero semi-prime ideal of R with I NS =(0). Since S is irreducible ideal
then by above Lemma S is prime ideal. But I is semi-essential ideal of R, therefore
S =(0). O

Lemma 4.5. Let R be a semiring and let 11 and I9 be any two ideals of R such that I1 < Iy. If
11 is a weak essential ideal of R then Is is weak essential ideal of R.

Lemma 4.6. Let R be a semiring and let 11 and 19 be any two ideals of R such that I1N1y isa
weak essential ideal of R, then both I1 and Iy are weak essential ideals of R.

Proposition 4.7. Let R be a semiring and let I1 and Is be any two ideals of R such that I is
an essential ideal of R and Iy is weak essential ideal of R. Then 11N 19 is weak essential ideal

of R.

Proof. Since I, is a weak essential ideal of R, then I NS # (0), for each non-zero semi-
prime ideal S of R. But I; is an essential ideal of R, so I1 n(I3NS) # (0), this implies
that (I1nI9)NS #(0), and hence the proof. O

Proposition 4.8. Let R be a semiring and let 11 and Iy be any two ideals of R such that one of
them does not contained in any semi-prime ideal of R. If I1 and Is are weak essential ideal of R,
then I1N1q is weak essential ideal of R.

Proof. Since I, is a weak essential ideal of R, then I NS # (0), for each non-zero semi-
prime ideal S of R. But I; is an essential ideal of R, so 11 n(I3NS) # (0), this implies that
(I1nI3)NnS #(0), and hence the proof. d

5. Conclusion

In this paper we have investigated a class of ideals that lies between essential ideals and
semiessential ideals. This class of ideals we called as weak essential ideals. Also we have
verified some basic properties of weak essential ideals.
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