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1. Introduction
Let A, denote the class of functions f of the form
f(2)=2P +a14p2" P +ag,p2®*P +... (1.1)

in the unit open disc U ={z :|z| < 1}. Let S be the subclass of A; = A, consisting of univalent
functions.
The Hankel determinant for 2 =1 and n =1 was defined by Pommerenke [13]] as follows:
ar Ar+1  Ap+k-1
Ar+1  Qk+2 *° Qn+tk
Hk(n) _ + '+ n+
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This Hankel determinant has been studied by many researchers in the literature. For example,
Janteng et al. [5] studied the Hankel determinant for the classes of starlike and convex
functions. Also, Janteng et al. [6] discussed the Hankel determinant problems for the functions
whose derivative has a positive real part. Yavuz [17]] studied the analytic function defined by
Ruscheweyh derivative [14] and got an upper bound for the second Hankel determinant for it
in the unit disc. Krishna and Ramreddy [7] obtained an upper bound on the second Hankel
determinant for ‘p-valent’ starlike and convex functions by using Toeplitz determinants. Kund
and Mishra [8] studied a class of analytic functions related to the Carlson-Shaffer operator [1]]
in the unit disc and estimated the second Hankel determinant [11] for this class.

We note in particular that

ai a2 2
Hy(1) = =aijaz—a
2(1) 4y as 1a3—agy
and
az as 2
Hy(2)= =aot4s—0as.
2 as a4 204 — Q3

Hs(1)=aja3— a% is the well known Fekete-Szego functional. Several authors have obtained
Hs(2) = asay —a% (second Hankel determinant) for different subclasses of univalent and
multivalent functions.

Definition 1.1 ([4]). The g-differential operator was introduced by Jackson [8]] is defined as
f(2)-f(qz)
D,f(z) = ———

af (1-9q)z

In addition, the g-derivative at zero is D,f(0) = D,_1f(0), for |q| > 1. Equivalently, eq. (1.2)
can be written as

, zeU. (1.2)

Dof(@)=[plgz" '+ Y Inlg-an-2""', z#0, (1.3)
n=1+p
where
1-q"
EEE 17
[n]q = { 1-q q #
n, qg=1.

In the present paper, we have applied g-difference operator and we introduce some new subclass
of p-valent functions as given in Definition and obtained Hy(1 + p) given by,

Al1+p QA2+p

Hy(1+p)=
2( p) a2+p Q3+p

_ 2
=Q1+p@3+p ~— Qo4 p,

and we seek sharp upper bound to the functional |a1; a3, — a% +p| for function f in (1.1), when
it belongs to the new subclass, given in Definition

Definition 1.2. We say that a function f € A, exist in the class RT p,qg With p € N consisting of
p-valent functions, if it satisfies the condition

[ply .1

R
“1 Dyf@

>0, Vzel. (1.4)

The following lemmas are needed to prove our result.
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2. Lemmas
Let h € @, where @ is a class of functions, such that
Mz)=1+b1z+boe® +b32® +--=1+ ) b,2", (2.1)
n=1

where h(z) is regular in the open unit disc U. Also, ReA(z) > 0 for any z € U. Here we observe
that A(z) is a ‘Carathéodory’ function.

Lemma 2.1 ([12,(15]). If h € @ given by (2.1), the following sharp estimate holds:
|brl <2, fork=1,

and for any complex number i, we have

lbg — £b2| < 2max{1,|2¢ — 1]}. (2.2)
Lemma 2.2 ([3]]). If h € Q, then

2by = b +x(4 - b?) (2.3)
and

4b3 = b3 +2b1(4—b)x — b1(4— b2)x® +2(4 - b1 — |x)z, (2.4)

for some complex valued x, z such that |x| <1 and |z| < 1.

3. Main Results
Theorem 3.1. If f(2) e RT,, 4, with p € N, then

bl[p]q
=), (3.1)
Q1+p [1 +p]q
(b2 -by)lplg
=— (3.2)
A2+p [2+p]q
(bg - 2b1l)2 + b?)
=— 3.3
a3+p [p]q [3 +p]q ( )
Proof. Let f(z)=2P + % a,z" € ﬁ‘p,q. By (1.4), there exists A € @ with Re(h(z)) > 0 such
n=1+p
that
[ply 2P =h(2)-Dyf (2). (3.4)

Now by substituting 2(z) and D, f(z) in (3.4), we get

[ply 2P 1= {1 +3 bnzn}{[p]qu_l + Y [n]qanzn_l}.

n=1 n=1+p

Simple computation, we have
0=1{b1lply +[1+plya1+p}z? +{[2+ plyassp + b1l1 +p]qa1+p}zl+p

+{b3lply +ball+plyarsp +b1[2+ plyag., +[3+ plyazsp)z®P +---. (3.5)
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On comparing the coefficients of like powers of z?, z!*P and z2*P respectively in (3.5), we
get

bilplg (b3 - ba)lplg (b3 —2b1bg +bY)
Alip=—m—, Ao4p=————, A3+p = —[p] (3.6)
1+p [1+pl, 2+p 2+ pl, 3+p Plg [3+plg
By using Lemma [2.1| we get the desired inequalities.
Theorem 3.2. If f(2) € RT, 4, with p € N, then
2[p] { 2ulplqlp +2] }
2 q q q
a — ua < max< 1, T e
@2 =R = 0, ([p +11y)
Proof. Using a1+, and ag,,, we get
5 (b2-bylpl,  bIlpL
lag+p —pat,,|= —H B
b [2+plq [1+p]f
_ Iplq _p2(1- ulplylp +2]q)
p+2l,| > 1 (Ip +11,)?
Application of (2.2), leads us to
2[plq 2ulplylp +2]4
lags, —pa’, | < max{1,1+—}. O
2+p i 1+p [p +2]q ([p + 1]q)2

Corollary 3.3. If f(z) Eﬁ"p,q and p=1, then

2[p] 2[plylp +2]
_ 2 q q q
lag+p a1+p| “[p +2]q {1-" (Ip + l]q)z }

Theorem 3.4. If f(2) € RT, 4, with p € N, then

2[p], r
[2+plg
and the inequality is sharp.

2
|a1+pa3+p - a2+p| =

Proof. Substituting the values of a1,p,a2:, and as;, from in |a14passp —a§+p| for
f€RT), ,; and on simplification, we get
([2+ ply)?b1bs - Zb?bz{([Z +plg)? = [1+ ply[3+ ply}
[1+ ply(12+ ply)?[3+ply
b%[l +plg[3+ply b‘f{[l +ply[3+ ply — (2 + ply)%
C[1+plg(2+p12B+ply  [1+plg2+ plg)?[3+ plg

2 2
la1+paz+p —ag,, 1 =ply)

which is equivalent to

o (p1?ld1b1bs+dablby +d3b}+dsb]l

la14+p@3+p —Q5, | = L+ plo(2+ plgP3+ ol , 3.7
where
d1=([2+ply)%, da=-2{([2+ ply)? —[1+ ply[3 +p]q},} 3.8)
d3=-[1+ple[8+ply, da=—{[1+plel8+ply— U2+ ply)?. '
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Substituting for b9 and b3 in (3.7), we get
|d1b1b3 +dab2bg +d3bs +d b}

1
=|d1b x Z{b?l’ +2b1(4—b2)x —b1(4—b2)x® +2(4 - b2)(1 - |x?|2)}

1 1
+dgb? x 5{1;% +x(4—b2)} +d3 x Z{b% +x(4— b2 +dybi|.

Since |z| < 1 and applying triangle inequality the above expression reduces to
4|d1b1b3 +debibg +d3bi +dybil < |(d1 +2ds +d3 +4d4)bT +2d1b1(4 - b?)
+2(d1 +dg +d3)b3(4 - b?)|x|
—{(d1 +d3)b? +2d1b; —4d3}4 - b?)|x[?. (3.9)
From (3.8), we can write
di1+2ds+d3+4ds =2+ plg)® —[1+ply[8+ply, d1=(2+ply)?%
di+dg+ds=—[(12+ply)* —[1+ply[3+plgl. }
Thus, we have

(d1+d3)b? +2d1b1 —4d3 = {12+ ply)* —[1+ pl,[3+ ply}b3 +2(12 + p1,)*b1 + 41+ p1,[3+ pl, .
(3.11)

(3.10)

By writing,
{12+ pl)? —[1+ pl,[3+ pl 162 +2(12 + p1,)%b 1 +4[1+ pl,[3+ pl,
in the form (b1 +a)(b; +¢).
Since b1 €[0,2] and (b1 +a)(b1+c¢)=(b1—a)(b1—c), where a,c =0, then the above expression
becomes
~[{(2+ p1y)® — [1+ p1,[3 + ply}bT +2(12 + p1,)?b1 +4[1 + p1,[3 + pl,]
< —[{(12+ ply)® — [1+ pl,[3 + ply}b% — 2(12 + p1,)?b1 +4[1 + p1,[3 + pl,]. (3.12)
From and (3.12), we have
—{(d1+d3)b +2d1b1 —4d3}
< —[{(12 + p1y)? - [1+ p1,[3 + p1 }b% — 2(12 + p1,)?b1 +4[1 + p1,[3 + pl, ). (3.13)
Using and in (3.9), we get
4|d1b1b3 +d2bTbs +dsb3 +dsb]l < {([2+p]y)? — [1+p)y[3+p],}1bT +2(12 + ply)?b1(4 - bT)
—2{(12+ plg)? — [1+ pl4[8 + plgbi(4 - blx|
—[{([2+ plg)? —[1+ pl4[3 + plg}b% — 212 + pl4)*b1
+4[1+pl,[3+ pl 14— b)xf?l.
Choose b1 = b €[0,2], using triangle inequality and replace |x| by p on the right-hand side of
the above inequality, we get
4|d1b1b3 +d2b2bg +d3bs +d4bT <[{(2+ ply)? —[1+ ply[3 + pl,1b* +2(12 + p1,)*b(4 - b?)
+2{(12+ ply)® —[1+ ply[3 + ply}b%(4 - b%)p
+[{([2+ p1y)* — [1 + ply[3 + 1 }b% - 2(12 + p1y)*b
+4[1+ pl,[3+ pl,1(4 - b%)p?]
=G(b,p). (3.14)
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Let
G(b,p) = {2+ ply)® —[1+pl,[3 + pl }b* +2(12 + p1,)?b(4 - b?)
+2{(12+ ply)® = [1+ p1y[3+ ply}b%(4 - b%)p
+[{(I2+ p1y)? = [1+ p)y[3 + pl 6% — 212+ p1,)%b
+4[1+ pl,[3+ pl, (4 - b?)p>. (3.15)
Now we find [G(b, p)lmax in the region [0,2] x [0, 1]. Differentiating G(b, p) partially with respect
to p, we get
G, =2[{[2+ ply)® —[1+ pl4[8 + p1g}b% + {(I2 + p1y)? — [1+ p1y[3 + plg1b® — 2(12 + p1,)?b
+4[1+ pl,[3+ pl }pl(4 - b). (3.16)
For p €(0,1), and for a fixed b with b €(0,2), p € N, we observe in that G, >(0). Hence,

G (b, p) will be an increasing function of p and thereby it will not attain a maximum value no
where in the region [0,2] x [0, 1]. Moreover, for a fixed b €[0,2], we have

0male(b,p)=G(b,1):F(b). (3.17)
<p<
Therefore,
G(b,1) = F(b) = —2b*{(12 + p1,)?® —[1+ p1,[3 + pl,} — 4b%{=3(I2 + p],)* + 4[1 + p1,[3 + pl,t}
+16[1+ ply[3 + ply, (3.18)

F'(b) = —8b[b%{([2+ ply)* — [1+ ply[p + 31} + {312+ pl,)® +4[1+pl,[3+pl, 1. (3.19)

In (3.19), we see that F'(b) <0, for every b € [0,2]. Hence, F(b) is a decreasing function in [0, 2],
which attains maximum value at b =0 only. From (3.18), we have

Frax =F(0)=16[p + 1]4[p + 3l4. (3.20)
From and (3.20), we get
|d1b1b3 +dabibg +d3bs +dyb| < 4lp +1],[p +31,. (3.21)
From and (3.21), we obtain
2[pl, 12
[2+ p]q]
By choosing b1 = b = 0 and setting x = 1 in and (2.4), we see that by =2 and b3 = 0.

Substituting for b1, be, and b3 in (3.21) along with the values in (3.8), we see that equality is
obtained. Therefore the result is sharp. Hence the proof. O

(3.22)

2
|a1+pa3+p - a2+p| =
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