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1. Introduction

The Calderén’s reproducing formula is a fundamental construction in harmonic analysis,
providing a method for decomposing functions into basic elements that facilitate detailed
analysis. This formula is crucial in studying singular integrals, wavelet theory, and various
applications in signal processing and partial differential equations. One interesting extension
of Calderon’s reproducing formula involves its application through Hankel convolution, which
is particularly useful for problems exhibiting radial symmetry.
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Unlike standard convolution, Hankel convolution is tailored for radial functions and
problems with cylindrical symmetry. It is defined via the Hankel transform, an analog of
the Fourier transform specifically suited for radial functions in higher dimensions. This
transform and the resulting convolution are key tools in analyzing functions with inherent
radial structures.

Integrating Calderén’s reproducing formula with Hankel convolution allows for
the decomposition of functions in radially symmetric contexts. This integration leverages
the properties of the Hankel transform, enabling the representation of functions as integrals
over their convolutions with specific kernel functions. This formulation not only maintains
the foundational principles of the original Calderén formula but also extends its applicability
to a broader range of problems, particularly those involving cylindrical coordinates or radial
symmetry.

The classical Calderén’s formula [[1]] can be expressed as:

00 dk
f=f fxgrxhp—, (1.1)
0 k

where * represents the classical convolution operation on the set R. It was initially applied to
singular integral operators in the Calderén-Zygmund theory. However, it was later extended to
other fields of practical mathematics, such as wavelet theory (Daubechies [3], Frazier et al. [5]).
Building upon the work of Frazier et al. [5], Pathak and Pandey [6]], introduced the Calderén’s
formula related to Hankel convolution. With Watson convolution, Upadhyay and Tripathi [11]
established the reproducing formula of Calderén’s further expanding the theory of Frazier et
al. [5]], and Pathak and Pandey [6].

In this work, we have now defined Calderéon’s formula in the context of quadratic-phase
Hankel transformations. The quadratic-phase Hankel transformations H%%%%¢

u’v’a’ﬁ ’
on five real parameters a,b,c,d,e, b # 0 and four additional real-valued parameters (u,v, a, B),

which depend

where v +2v—a =1, for any function f on I =(0,00), is defined as follows (Prasad et a!l. [10]):

(H PS8 ) )—f K20 50 (w,0f ()t (1.2)
where

gabcide e 12w 1-2a+2v _if(at? +cw? +dt’ +ew") p

y,vaﬁ ((l) t) 'Vﬁ - a+ Velﬁa +cw”  + +ew (tU))aJIJ (g(tw)v), (13)

where J, represents the Bessel function of first kind with order p.
The inversion formula of (1.2) is as follows:

f(t) — (H—c,—b,—a;—e,—d( a,b,c;d, ef)(w))(t)

,u,v,a,ﬁ BV, ﬁ
- [T E e wa o,
and Dirac delta function is given by
2 0
Sw—t)= (?) w2 1f 2V 1g (ﬁ(wx)V) ('B(tx)v) (1.4)
0
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The Parseval’s relation is given by

ﬁmf(t)gﬁt_l_za+2vdxzﬁm( Zﬁ;%e f)( )( Zﬁ;%eg)(w)w—l—2a+2vdw. (1.5)

In this paper, we will be using a specific case of the quadratic-phase Hankel transformation

HZ’ZV”Z;‘; “ for v=p=1,0 =—p and it is denoted by H}; beide Therefore, the Quadratic-Phase

Hankel Transformation (QPHT) of a function f with order u = —% can be simplified as follows:
(H f)(w) = flw) = fo K ,0f (0, (16)

where
e_i%;1+”)t1+2pez(at2+cw +dt+ew) (1) MJ (tg)) . b#£0.
The inversion formula for is as follows:
£@&) = ((H; 75N F)@) = fo TR e ) Fw)dw. (1.7)

a,b,c;d,e

szbjc;dye(w’ t) —

For the operator H , the Parseval equality becomes

fo Fg®)et2Hdt = fo - () do. (1.8)

Definition 1.1. As per Prasad and Kumar [9], and Prasad et al. [[10]], the space Lﬁ(I), peRrR
consists of all real-valued measurable function ¢ on I =(0,00) for which the norm

(R 1p®PE+2de)7, 12 p <oo,
Il =

esssup [p(?)l, p =00,
tel

is finite.

As per Pathak and Dixit [7], Prasad and Kumar [9], and Prasad et al. [10], we have
the following quadratic-phase Hankel convolution of the functions ¢ and v € LL(I Yforv=6=1
and a =—-u:

_12(1+u) bid L
Wrp)t) = f H)TOI D (@) oW+ ) 120, (1.9)

where the quadratlc-phase Hankel translation T‘:’b;d is given as:

@y (w) =y, w)
5 (1+p) . .
_ - f w(z)Dz,b,d(t’w,z)el(azz+d2)zl+2l~1dz, (1.10)
0
where
D& bid S

(tw,2)=— fo(ts)”J( )(ws) ”J( )(zs) “J(b)

(22t 2
X e ila(t*+w*+2z )+d(t+w+z))sl+2uds_

For any values of ¢,w and z such that 0 < t,w,z < oo, we have

i bid
f (zs) HdJ ( A ) i(@z?+cs?+dz+es) 1+2,uDa (t,w,2)dz
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— (ts) ,uJ ( )(ws) “J ( ) —L(at2+dt+aw2+dw)ei(csz+es)
b b
and
s(1+w) poo L g e—i(at2+dt+aw2+dw)
- - Da,b;d t,w,z ez(az +d2)2,1+2ud2 — . 111
b fo o ) 2T (u+1) ( )

Moreover, as per Chui [2], Debnath and Shah [4], Pathak and Dixit [7], and Prasad and
Kumar [9]] for v= =1 and a = —u the quadratic-phase Hankel wavelet 1//2 l,’nd of we L%(I ) with
dilation parameters m > 0 and translation parameters n = 0 is expressed as:

Y = Doty () = Dy ™m0 =y (n, ) (1.12)
_ m_g_zyei(a(m—1)(t2+n2)+d(%—1)(t+n))wa,b;d (E, i)
m m

s (ol 1) anyrd(L -1 e—i72—l(1+u) o n t g
_ - 2ilalr )@ a2 T f w(z)DZ’b;d(—,—,z)el‘“z td2) 420,
0 m m

(1.13)
Here, D,, represents the dilation operator.
The wavelet transform involving Quadratic-Phase Hankel (QPH) wavelet is define as:
Wt f(n,m) = f £@&) w2ty (1.14)
and accordlngly, the admissibility condition for the QPH-wavelet is as follows:
, 0o |(H%b-Cie i@ +d (D) y ()2
chowbid — f = POT 4o < oo, (1.15)
0 )
The reconstruction formula (inversion formula) for (1.14) is as follows:
_ 1 [ a,b;d a,b;d 1+2u
f@)= Wj; j(; (WU/ (n m)pnm (On dn dm. (1.16)

There are four sections of the paper. A brief introduction to QPHT, the wavelet transform
related to the specific QPHT instance, and Calderdon’s formula are provided in Section
In Section [2] some estimates related to quadratic-phase Hankel wavelet, convolution, and
translation are presented. A few properties of the quadratic-phase Hankel wavelet transform
are studied in Section [3| Calderén’s reproducing formula involving quadratic-phase Hankel
wavelet transform is obtained in the last section.

2. Preliminaries

In this section, preliminary results for the quadratic-phase Hankel translation, convolution,
and dilation are listed:

Lemma 2.1. LetfeLp(I)andgEL ), 1<p, q<ooand +——1 Then

@) 1 @)l < 1Fllz,

1
(2D)FT (1 + 1)

(if) Nle™ @A f x gllpe <

Ty A
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Proof. (i): Let f € L5(I). Then from (1.10), we have

T4 ) ()| <

1| [e° .
3‘ f IF@IDE" (¢t w,2)|2" 2 d.
0

Using Holder’s inequality, we get
1 1
1 oo . pf[® . q
< —‘ ( f | f(z)lpIDZ’b’d(t,w,z)Izl+2“dz)p ( f IDZ’b’d(t,w,z)Izl+2“dz)q
0 0

b
Using (1.11),
1 ; ;
b 1 5 0o pinabid 1+2u )5(;)5
[ca f)(w)lf(b’) (fo F@FID, 0,2l ) aur 1)
and
P )P < |- U I @PIDE 4, 0,2)1 2 d (;)p_l
; =31/, y » W, (2b)HT(u+1)

Now applying Fubini’s theorem, we have

|7 i oo
0

< 1‘ (;)IH f ~ f oolf(z)lplDa’b;d(t w,2)| 0 dw 2172z
b \(2b)HT(u+1) o Jo H o

1 p-1 poo ,
“l@oyr T+ 1) fo 7

1 p-1 poo 1
=l p__ = 142u
(2H)FT(p+1) fo & e %

L [ Habd
5' f DGt w,2) 0 P dw 2T PHd 2
0

1 P poo
Sl PP —— p 1+2u
(2b)HT(u+1) L If(2)1°z dz.

Now

f If(2)|Pz1*2Hd 2 "
0

IA

(foo I(T?’b;df)(w)lpw“z“dw) ’
0

Therefore,

IS )@l <

1
(<2bwr<u 1)

eorrGurn It
(ii): Let f € L{)(I) and g € L{(I). Then we have

—i(a()2+d(- —i(a()?+d(:
le i(a(-)*+d( ))f*g”L‘,’f = sup|(e i(a(-)*+d( ))f*g)(t)|
tel

o151+
b

e +d) a,bid i@ +dw) 1+2
e flw)(Ty"" g)w)e w “Pdw
0

1 [ )
fo F@) P g) )l P do

b
1( [ 5 ([ 7
SEUO If(w)lpw”z”dw) UO I(T?’b;dg)(w)lqw“z”dw) :
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Using Lemma [2.1{i), we have
—i(a()2+d(
le O F % gl < = IIfIILp

Hence,

o (e 1) 8L

le —i(a()?+d(- ))f*g”Loo ”f”Lﬁ "g”LZ- =

QMBI (u +

Lemma 2.2. If the function v € Lp (I) and vy, bid g quadratic-phase dilation of v with m >0
given by

w?nb d ___zuei[a(#—l)tzﬂi[%—l)t)w(%) , (2.1)
then
_5_ 2+2
Iyl < m™ 22 gl

Proof. Let yeLi(I) and v, b is defined as (2.1) for m > 0. Then

%P (1)) < m~ 52 w(i) .
m
Then,
fo Iw“mbd(t)lpt“z”dts(m‘%‘z“)pfooo‘w(%)‘p L+ 2uqy
Hence,
g <m T . -

Lemma 2.3. For v,¢ € L%(I), we have
@) Hz,b,c;d,e (e—i(a(;)2+d(;))w%b;d)(w)

1 o s . o
_ _e—L(c(m -Dw +e(m—1))wH2,b,c,d,e (e_l(a(.) +d('))w)(mw), 0.9
vm
(ii) HZ’b’C;dve(e—i(a(-)2+d(~))wc;%b;d)(w)
e ) 2D bod (am2()2
= ———el(ctmrhe +e(m+1)‘”)HZ’ s (gmilam2(P+dm(Dy) (maw), 2.3)
vm

. —ila(H)2] L = ML=
(ili) Hz,b,c,d,e((p*e l(a() (m2 1)+d( )(m 1))1//)((”)

. 2 . . 2 . . ) .
— o ilew +ew)HZ’b’c’d’e (e—L(a(-) +d(-))¢)(w)HZ,b,c,d,e (e—z(a(ﬁ) +d(;))u/)(w), (2.4)

where Yy, bid s given by (2.1).

Proof. When we apply quadratic-phase Hankel transform H,;’ wb.cide og (1.6) on (@.1) , We obtain
the results (i) and (ii). The proof of (iii) is straightforward as (Prasad et al. [10, p. 13]). O
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3. Normalized Wavelet Transform Involving Quadratic-phase Hankel
Wavelet
According to references Pinsky [8]], Prasad and Kumar [9], and Upadhyay and Singh [12],
the normalized continuous quadratic-phase Hankel wavelet is defined as follows:

Definition 3.1. The function v in the space Li([ ) is considered a normalized quadratic-phase
Hankel wavelet if its norm |y/|| L= 1 and it satisfies the admissibility condition given as (1.15).

If the function y belongs to the space L%(I ) and is a normalized continuum quadratic-
phase Hankel wavelet then it must satisfy the condition H z’b’C;d’ew(O) =0 as the continuity
of HZ’b’C;d'ew and HZ’b’C;d’eu/(O) # 0 would contradict the convergence of the integral in the
equation (1.15). By adjusting the scale of the spatial coordinate, we can suppose that both
”‘V”Lﬁ =1 and Cf;ja’b;d =1.

The wavelet transform, given by the equation (1.14), can be represented in the form of
quadratic-phase Hankel convolution as

(Wu‘f’b;df)(n,m) _ beig(1+p)(e—i(a(-)2+d(-))f T )(n)’ (3.1)

where y%%? is quadratic-phase dilation defined as (@.1).
As per Prasad and Kumar [9], we define

1
NP (m) = ( f |(W1‘Z”’;df)(n,m)|2n1+2”dn)2 . (3.2)
0

Lemma 3.2. Consider v € Li(I ) as a normalized quadratic-phase Hankel wavelet and let
f € L%(I). Then

—-3-2u
2

. a,b;d m
@) W, f(n,m)| = TG

£l

(i1)) For m>0, n — W$’b;df(n,m) belongs to Li(I) and the norm NZ’b;d(m) satisfies
o0
| o = 522, (3.3)
u

Proof. (i) From (3.1), we have
(W ), m) = b BT (o7 f oy o),
By applying Lemma [2.1]and Lemma we obtain

|(W$,b;df)(n,m)| < |b| 5 llf"L%”’r’/?ﬁb;d

QHBpHIT (11 + Iz

-3-2u

m
< ”f”L%—(2b)ﬂF(p+ 1)

—-3-2u
2

T (2b)FT(u+ 1)

v 2
%12

£z,

as lylpz =1.
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(ii) Let f € L}l(I ) mLi(I ). Then using (3.1) and Parseval’s relation (1.8), we have
o0
Vg = [ W ), mon
0
: — 2
= bZ)(e_‘(a(')z“Ld('))f* w%b’d )(n)) nlt2tdn

©© . . 2 T g 2
_ bzf ‘Hﬁ’b""’d’e[e“(a(" +d(-))f* w‘,f;b’d](w)) w2
0

o0 . N2 2 . . 3 2
— b2f ‘HZ:bycyd:e(e—ZL(a(J +d(-))f)(w)‘ ‘Hz,b,c,d,e(el(a(.)2+d(.))wgl,b,d)(w) w2t dw.
0

In particular, n — Wu‘i’b;d f(n,m)isin Li([ ) for every m > 0. Then, using (2.3)

(0,0]
f [Nz,b,d(m)]2dm
— b2f f a b,cid, e —Zz(a( P +d( ))f)(w)l
e—lﬂ'(l“'u) (c(1+ 2) 2+ (1+m)w) abede . 9 2 1+2
x [ eic@rm M re(lrmo) grabocidie (o—ialmP+dcmy ) mw)| o2 dw dm
vm
a b,c;d.e 2.4 2
= b? f T 2 O ) )2 f e IO it
0 m
w .
=2 [ T HEP OO ) 2
0
= b2If I
This completes the proof. O
Definition 3.3. The partial inverse transform of a function f € Li(I ) is defined as
o0
S0 f£(x) = ( f W £, myye b (@n* 2 dn|dm, for e>0. (3.4)
m>e \JO

Theorem 3.4. The partial inverse transform of a function f € Li([ ) can be written as

m>€

(Wb i, myx o OGOyt am. (35)

Proof. From (1.14), we have
® abid bid
f W, f(n,myy o (n™dn
0

N
N ——
g
N
+
QU
y
-
+
[\
=
Q.
S
&
U
P
S
3
S
—
+
DO
=
Q.
S
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o151+
=
b

><e_L(a[n_22 x_2)+d(n+ )) n'* 2t dn

= m—%—zu f()ooe_i(ax2+dx)HZ’b’C;d’e (e_i(“(')2+d('))1ll) (g)e—i(062+e£)51+2u (%5)_”

/«00 ei(a22+c£2+dz+d£)(26)_uc]u (zb_é) z1+2ue—i(azz+d2)w(z)d2)e—i(c§2+e§)d€)
0

s Zgponin
X — e e m
Mlmb

Now setting > £ = and using (2.2), (2.4), we get

Hz,b,c;d,e (e_2i(“(')2+d('»W$’b;df(-,m)) (i) d{_
m

/ Wabdf(n m)wabd(x)n1+2udn

_ m—§—2uein(1+u)f e—i(ax2+dx)Hz,b,0;d,e(e—i(a(-)2+d(‘))w)(mw)e—i(C(mw)2+e(mw))
0
— _ 2
% (mw)1+2“(xw) I ( ; ) i(cw? +ew)Ha ,b,e;d, e( 2i(a(-)“+d(- ))Wa ,b; df( m))(a))dw
:ein(l+u)f —i(ax?+dw? +dx+ew)(xw) K ( A ) 1+2p
0

. —ifa()?(L - Neu .
x Hyy" 5 e (o0 (a-1)+d0G-D) et Wg,’b’df(-,m))(w)dw.
Applying inverse QPHT (1.7), we have
f WPl f(n,mywy ol (on ' 2 dn
0

_ bei%(uu)( abdf(n m)* e i(a0?( L5 -1)+dO(%-1) abd)(x)
Thus, we have

294 ey = b 100 |

m>e

( ;bdf(n m)* e i(a0?(L5-1)+d0(%-1) abd)(x)dm 0

Theorem 3.5. Let the function f € Li(I ) and v € Li(I ) be a normalized continuous wavelet.

Then ¥V € >0 and x € 1, the partial inverse transform S?’b;d f(x) has a pointwise bound

bllfle
a,b;d U
Se f(x)| = —(Zb)ﬂl“(u+ D
1
where C, = (fm>€ m3+2#dm) .

Proof. From (3.4) and (3.5), we get
S&bs df(x) ( f Wt f(n,myys s d(x)n“z“dn)dm
m>e¢

:beigmu)f ( Wb i, m) % e i{a0?( L -1)+d() (5 1)) abd)(x)dm
m>e€
Applying Lemma [2.1] we obtain

’W$’b;df(n,m)* i(a?(Lp-1)+dc )(——1))w%b;d‘

Commaunications in Mathematics and Applications, Vol. 15, No. 2, pp.[671 , 2024
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a b; d(e—i(a(')z(#_l)"'d(')(%_l)) a,b; d)

a,b;d
m ||W f(n, m)||L2 Ym 2
-
_ Wabd .
|b| || f(n,m)l2 —(2b)#l“( )||1V||L3
Now using (3.2) and (3.3),
3
-5l
gabid _f Wabd m2
IS fxo)l < . [ f(n,m)ll2 —(2b)“F(p+1)
1

= a,b;d 3
T (20T (u+1) m>€[Nu (m)Im~2"Hdm

1
1 a,bd 2 )5 (f -3-p2 2
= 20T+ 1) Um>e[N“ (m)Fdm | || (m 27 dm

b||f||L2 1 3
TG e )
(2b)#1‘(u +1) \Umse m3+2p

bllfIl L

(26T (u+1) €

I

where for each ¢ >0, C, = (fm>€ 3+2#dm) is convergent for u > —-1. O

4. Calderon’s Reproducing Formula

Calderén’s reproducing identity is a powerful method used across various scientific and
engineering fields for function reconstruction and analysis through wavelet transforms. In
this section, we derive Calderon’s reproducing formula utilizing the properties of quadratic-
phase Hankel transformation and Hankel convolution.

Theorem 4.1.Let v and ¢ € LZ(I ) be basic quadratic-phase Hankel wavelets such that
the following admissibility condition holds:

. . 2 . B
Cl«l abod, . o |(Hz,b,c,d,ee—z(a(.) +d(-))w)(w)| |(Hz’b’c’d’ee_l(a(')2+d('))(ﬁ)(a)) | ;
v,¢ 0 w

Then, Calderén’s reproducing formula for f is given by

f(t) — ein(1+p)f ((e—L(an +dn)( —i(a(-)2+d(- ))f( ) % 1'Ua abid, d( N(n ))*(pa b;d)(t)dm.
0

w =

Proof. From equation , we have

f(&)= W f f (W ), mg o (On'2#dn dm.
v

Using equations (3.1) and (1.12), we have

el z1+h) - d “abid, a,b:d 142
f@)= f f (e ia()’+ Ve * Y22 O)n)P% > (n, On' 2 dn dm

(1+”) _l(an +dn), —i(a()2+d (") “abid, a,b;d i(an®+dn), 1+2u
= (e O * v (O)n)p,, " (n,t)e n - “*dn dm.
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Applying equation (1.9), we obtain the desired result as:
f(t) — eiﬂ(1+p) foo (( —L(an +dn)( —z(a() +d(- ))f( )* wa b d( ))( ))*('bg,nb d)(t) dm. 0
0

Remark 4.2. If ¢ = ¢, then the following holds:
o |(Ha,b,C;d,ee—i(a(-)2+d(-)) )(w)|2
)= e
0

w =
w

and the Calderon’s reproducing formula for fis given by

f(t) — ein(1+ﬂ) foo (( —i(an? +dn)( —i(a(-)2+d(- ))f( ) % wa ,b; d( ))(n))*wzzb d)(t) dm.
0

5. Conclusion

In this work, we have successfully established the Calderén’s reproducing formula in the
framework of quadratic phase Hankel transformation. The Calderén’s reproducing formula is a
combination of two convolutions. This work may have the future scope in the signal and image
processing.
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