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1. Introduction

Statistical convergence, originating from the density of natural numbers, was independently
introduced by Steinhaus [19], and Fast [6]. Schoenberg [[17] also proposed statistical convergence
as a summability technique. Since its inception, statistical convergence has found applications
in various domains, such as summability theory (Freedman and Sember [7]), locally convex
sequence spaces (Maddox [[13]]), trigonometric series (Zygmund [22]), number theory (Erdés and
Tenenbaum [3]), and measurement theory (Miller [14]). Sal4t [16] characterized the statistical
convergence of a sequence of real numbers as a generalization of classical convergence:
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Let (¢{,) be a sequence in R and ¢, € R. Then, a sequence (¢,) is called statistical convergent to
&g, if for all € >0,

6({neN:[¢p —&ol z€}) =0.

Kizmaz [[11]] defined co(A), c¢(A), and [,(A) sequence spaces, (A,) = (&, —&nv1) for (&;,) real
number sequence, and showed that the considered spaces were Banach spaces according to
the |lxlla = 1] + IAx]loo norm. Et and Colak [4] defined the generalized difference sequence
spaces [oo(A™), ¢(A™), and co(A™) for a positive number m, formed by generalizing these
sequence spaces to A™-sequence spaces, [, ¢, and co being bounded, convergent and null
convergent sequence spaces, respectively. Besides, Mikail and Nuray [/5] introduced the notion
of A™-statistical convergence by combining the conception of generalized difference sequences
with statistical convergence. For further details on A™-statistical convergence, we refer Antal et
al. [1]], Karabacak and Or [10] and many others.

Definition 1 ([5]). Let ()C,|-|) be a metric space, (A"&,) =(A™1&, —A™1E, 1), where m €N,
be a generalized difference sequence in X and ¢y € X. Then, a sequence (¢,) is said to be
A™-statistical convergent to &g if, for all € >0,

6({n eN:|A™E, —Sol =€) =0,

Fuzzy sets were first introduced by Zadeh [21] and have since been utilized by many
mathematicians in topology and analysis. Fuzzy Metric Spaces (FMSs) extend the notion of
metric spaces by introducing degrees of membership or fuzziness of points. Kramosil and
Michalek [12], and Kaleva and Seikkala [9]] were among the first to investigate FMSs. Building
on Kramosil and Michalek’s [[12] work, George and Veermani [8] redefined the concept of FMSs
by utilizing a continuous triangular norm and obtained the Hausdorff topology of these spaces.
Now, we recall some basic definitions such as triangular norm, triangular conorm, and others
besides some related properties given by Schweizer and Sklar [18].

Definition 2 ([18])). Let ® : [0,1]®> — [0,1] be a binary operation. The © is called a triangular
norm if it satisfies the following axioms:
(1) © is both associative and commutative,

(i) wel=w, for all we[0,1],
(1i1) whenever w1 < w3 and w9 < w4 for each w1,ws, w3, w4 €[0,1], W1 © W < W3 © w4 is satisfied.
Definition 3 ([18]). Let o : [0,1]2> — [0,1] be a binary operation. The ¢ is referred to as a

triangular conorm if it satisfies the following axioms:
(1) ¢ is both associative and commutative,

(i) wo0=w, for all w€[0,1],

(1i1) whenever wi < w3 and w9 < w4 for each w1,ws,ws,w4 €[0,1], w1 ows < w30 w4 is satisfied.
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For brevity, we shall often write TN and T'C instead of “triangular norm” and “triangular
conorm”, respectively.

Example 1 ([18]). According to the previous two definition, the following operators are basic
examples of TN and T'C, respectively,

(i) w10w2=wiws,
(i) w1 © wg =min{wi,ws},
(1il) w10 w9 =max{wi,ws},
(iv) wiowg =min{wi + we,1}.
In 1986, Atanassov [2] extended the concept of fuzzy set. By adding the idea of not belonging
to the degree of belonging to the fuzzy set, he defined the intuitionistic fuzzy set, which is

a generalization of the fuzzy set notion. Intuitionistic fuzzy metric spaces, which are then
generalizations of fuzzy metric spaces, were defined by Park [15] as follows:

Definition 4 ([15]). Let X be a non-empty set and ®,¢ continuous #-norm and ¢-conorm,
respectively. A five tuple (X, p, u, ®,¢) is known to be as an intuitionistic fuzzy metric space if p,
p are fuzzy sets on X? x (0,00) satisfy the following conditions:

@ p(1,m2,u) +p(n1,n2,u) <1,
() p(m1,n2,u)>0,
(i) p(n1,n2,u)=1<n1=72,
(iv) p(n1,n2,w) = pn2,n1,u),
V) p(n1,m3,u+s) = p(n1,n2,u)© p(n2,13,8),
(vi) the function py,y, :(0,00) — (0,1], defined by p;,5,(w) := p(171,12,%) is continuous,
(vii) p(n1,n2,u)>0,
(viil) p(n1,n2,u)=0<=n1="n;2,
(ix) p(n1,n2,w) = pm2,n1,u),
(x) pn1,m3,u +s) < n1,m2,u) o Wn2,13,9),
(xi) the function )y, : (0,00) — (0,1], defined by p;),,,(w) := p(n1,n2,u) is continuous,
for all n1,n2,13€ X and u,s > 0.

The p(n1,n2,u) indicates the degree of nearness of the element 7; to element 12 according
to the u parameter, while u(n1,n2,u) indicates the degree of non-nearness.

We will refer to the intuitionistic fuzzy metric space (X, p, 4, ®,¢) by X only, unless otherwise
specified.

Example 2 ([15]). Let ®, ¢ t-norm and ¢-conorm, for all w1,w2 €[0,1], such that w; © wg = W1w2
and w1 o w2 = min{w; + wg, 1}, respectively. In this case, (X, p, i, ®,0) is an IFMS, for all n1,n2 € X

Commaunications in Mathematics and Applications, Vol. 15, No. 5, pp. (14691480, 2024



1472 A™-Statistical Convergence in Intuitionistic Fuzzy Metric Spaces: A. Or et al.

and u > 0, with
d(n1,m2)

and w(ni,n2,u)=——77—"—,
HATL 12 u+d(m,n2)

( b) 7u):—
P12 u+d(m,n2)

where d is a metric on X.

For brevity we shall often write “concerning (p, u)” instead of “concerning intuitionistic fuzzy
metric (p,u)”.

Definition 5 ([15]]). Let () be a sequence in an IFMS X. Then, (¢,) is referred to as a
convergent sequence to &g € X concerning (p, u) if, for all £ € (0,1) and u > 0, there exists n. € N
such that

p(€n1€0’u) >1-¢ and IJ(QZn,EO,u) <E&
whenever n = n. or equivalently

lim p(¢,,¢0,u)=1 and lim u(¢,,&o,u)=0

n—oo n—oo

p

and is denoted by Z-r}irgog‘n =& or &, 5 &y as n — oo.

Definition 6 ([15]). Let (¢,) be a sequence in an IFMS X. Then, (¢,) is called a Cauchy sequence
concerning (p, u) if, for all € €(0,1) and u > 0, there exists n, € N such that
P(Cn,éN,u)>1—€ and u($n,én,u)<e

whenever n,N = n, or equivalently

lim p(&,,¢n,u)=1 and lim wu(,,¢én,u)=0.
n,N—oo n,N—oo

The concept of statistical convergence and Cauchy sequence in IFMS was expressed in 2022
by Varol [20] as follows.

Definition 7 ([20]). Let (¢,,) be a sequence in an IFMS X. Then, (¢,) is called statistical
convergent to ¢y € X concerning (p, ) if, for all e € (0,1) and u >0,
0({n eN: p(&,,80,u)<1—€or w,,lo,u) =€) =0

or equivalently

I {n €eN:p($n,¢0,u) <1—¢or u(é,,lo,u) = ¢}
1m =

n—o0 n
Definition 8 ([20]). Let (¢,,) be a sequence in an IFMS X. Then, (¢,,) is referred to as a statistical

Cauchy sequence concerning (p, u) if, for all € € (0,1) and u > 0, there exists N € N such that

0({neN:p(,,én,u)<1-¢€ or un,én,u)=¢eh)=0.

0.

2. Main Result

In this section, we present exhaustive definitions and theorems with regard to A™-statistical
convergence and A™-Cauchy sequence in IFMSs. In addition, we deal with the relations between
these notions.
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Definition 9. Let (¢,,) be a sequence in an IFMS X. Then, (¢,) is said to be A" -convergent to
&o € X concerning (p, u) if, for all € € (0,1) and u > 0, there exists n. € N such that

p(A™E, Ep,u)>1—€ and u(A™E,,Ep,u) <€
whenever n = n, or equivalently
I}Lrgop(Amfn,éo,u): 1 and r}i_)rgloy(Amg‘n,cfo,u): 0.

p
It is convenient to represent symbolically by Z — lim A™¢, =&y or A™E, 5 & as n — oo.
n—.oo

Definition 10. Let () be a sequence in an IFMS X. Then, ({,) is called A™-statistical
convergent to ¢y € X concerning (p, ) if, for all e € (0,1) and u >0,

d({fneN: p(A™¢,,Ep,u)<1—¢ or wW(A™¢,,Ep,u) = €}) =0.
st
It is convenient to stand for symbolically by zst — lim A™¢&, =&y or A™E, LR &g as n — oo.
n—oo

Example 3. Let X =R, w1 0w2 = w1wg, and wiowg = min{wy +we, 1}, for all w1,wq € [0,1]. Define
p and u by
u In1—n2l
p(M1,m2,u)= ——— and p(n1,ng2,u)= 70

u+|n1—nel u+Ini—-nal’
for all n1,n2 € R and u > 0. Then, (R, p, 1, 0,¢) is an IFMS. Now define a sequence

A", ::{
Then, for all € € (0,1) and for any u > 0, let

K={neN:p(A™¢,,0,u)<1—¢€or u(A™&,,0,u) = €}.
Thus,

n, n are squares,

0, otherwise.

K:{I’LENILSI—EOT—_
u+|AmE,| u+|Ame,

={n eN:n are squares}

and we obtain

IK| |{n€N:n are squares}| +n
— < <— —0asn—oo.
n n n

Consequently, (¢,) is A™-statistical convergent to 0 concerning (p, u).

Lemma 1. Let (¢,,) be a sequence in an IFMS X, and ¢y € X. Then, for all € (0,1) and u >0,
the following are equivalent:
(@) pst— lim A™¢, = do;
(i) 6({fneN:p(A™¢,,Ep,u)>1—€eh)=0({n e N: u(A™¢,,¢o,u) <€e}) =1,
(i) 6({n eN: p(A™¢,, ¢, u)<1—-eh)=6({neN: u(A™¢,, ¢, u)=€}) =0.

Proof. Using Definition |[10{and properties of density, the proof is trivial. O

Commaunications in Mathematics and Applications, Vol. 15, No. 5, pp. (14691480, 2024



1474 A™-Statistical Convergence in Intuitionistic Fuzzy Metric Spaces: A. Or et al.

Theorem 1. If a sequence ({,,) in an IFMS X is A™-statistical convergence concerning (p, 1),
then the A™-statistical limit is unique.

Proof. Suppose that (¢,) statistical converges in X and has two distinct statistical limits, 7;
and 79. Let us take r >0 such that (1-r)o(1-r)>1—-¢ and ror <e, for each € € (0,1). Then,
we define the following sets for any u >0

Ki(r,u):={neN:p(A™¢,,n1,u)<1-r},
Ko(r,u):={neN:p(A™¢,,n2,u)<1-r},
Ti(r,u):={neN: wA™¢,,n1,u)=r},
To(r,u):={neN: w(A™¢,,ne,u) =r}.
Since Zst - T}LI& A™¢, =n1 and Lemma then
0(K1(r,u))=0 and 6(T1(r,u))=0.
Similarly, since ﬁst - r}l_{glo A™¢, =n9 and Lemma ,
0(Ko(r,u))=0 and 6(To(r,u))=0.
Let
A(r,u) =Kpu(r,u) :={K1(r,u) UKa(r,u)} N {T'1(r,u) U To(r, u)}.
Hence, 6(A(r,u))=0. If n e N\\A(r,u), then we have two statements:
n e N\{K1(r,u)UKs(r,u)} or n e N\\{T1(r,u)uTo(r,u)}.
Let us consider n € N\{K{(r,u) U Kqo(r,u)}. Then, we obtain
p(n1,M2,u) = P(ﬂl,Amfn,%) ©p (Amfn,nz,g) >(1-re(l-r)>1-=¢.

Since € € (0,1) is arbitrary, then we obtain p(n1,n2,u) =1, for all u >0, which implies 71 =n2.
Now, let us consider n e N\ {T'1(r,u) U To(r,u)}. Then,

u u
(1, me,u) < u(nl,Amfn, §)°N(Am§n,n2, 5) <ror<e.
Since € € (0, 1) is arbitrary, then we obtain u(ni,n2,u) =0, for all u > 0, which implies n; =n9. O

Theorem 2. Let X be an IFMS and (¢,) a sequence in X. If (¢,,) is A™-convergent to {y € X
concerning (p, 1), then it is A™-statistical convergent to ¢y concerning (p, u).

Proof. Let (¢,) be A™-convergent to o concerning (p, ). Then, for all € €(0,1) and u > 0, there
exists ng € N such that
p(A"¢n,80,u) > 1—€ and w(A™Ey,60,u) <€
whenever n = ng. Hence, the set
{neN:p(A"¢p, o, u) < 1-¢€ or u(A™¢,,E0,u) 2 €},
has a finite number of terms. Therefore,

SUn eN: p(A™Ey,E0,u) < 1—€ or p(A™Ep, Eo,u) = €)) = 0.
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Consequently, (¢,) is A™-statistical convergent to ¢y concerning (p, u). O
The converse of this theorem does not always hold, as shown in Example (4).

Example 4. Let (R,|-|) denote the space of all real numbers with the usual metric and
w10 w2 = W1wW2, W1 o w2 = min{w; + we, 1}, for all wy,wq €[0,1]. Then, (R, p,u,®,0) is an IFMS
such that

_ v lx =yl
p(-')C,y,LL) = and 'Lt(x,y,u) =—
u+lx—yl u+lx—yl

for all x,y € R and u > 0. Now, we define a sequence
ATE o n, nare S(.luares,

0, otherwise.
From Example|3|(¢,) is A™-statistical convergent to 0 concerning (p, ¢t). On the other hand, (¢,)

is not A™-convergent to 0 concerning (p, u) since

u
A"y, 0,u) = —————

u
_ ) > naresquares,
0, otherwise

<1

and
A", |

u+|A™E,|

n
_ {m, n are squares,

p(A™En,0,u) =

0, otherwise
=0.
Theorem 3. Let (¢,,) be a sequence in an IFMS X. Then, (¢,) is A™-statistical convergent to &,
if and only if there exists a subset
K:{jk 3j1 <j2<...}
such that 6(K) =1 and Z— Lim A™¢;, =<o.
J

k00

Proof. (=): Let Zst - r}im A™¢&, =¢&y. Assume that
— 00

M(@r,u)= {n eN:p(A™E,,Eo,u) > 1—% and w(A™¢&,,&,u) < %}
and
K(r,u)= {n eN:p(A™Ep,E0,u) < 1—% or u(A™¢p,E0,u) 2 %}
forall r =1,2,... and u > 0. Then,
S(K(r,u))=0 and 6(M(r,u))=1 (2.1)
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and

M(r+1,u)cM(r,u) (2.2)
for all r=1,2,... and u > 0. It suffices to prove that

P . _

b lim A", =&

neM(r,u)

Suppose that (A™¢),) is not convergent to ¢y concerning (p, ). Therefore, there exists a 1 >0
such that

{neN:p(A™E,,E0,u)<1— A or w(A™E,,Ep,u) = A}
for infinitely many terms A™¢,,. Let

M(L,u) = {n €N: p(A™Ey,E0,u) > 1 - A and p(A™E,, Eo,u) < A)
and 1 > % Then, 6(M(A,u)) =0 and by (2.2), M(r,u) € M(A,u). Therefore, 6(M(r,u)) = 0 which
contradicts (2.1I). Consequently, the proof is complete.

(<): Suppose that there exists a set K={j,:j1<j2<...} such that 6(K) = 1 and

Z - r}ggo A™¢, =&p. From Definition there exists n. € N such that
nekK

p(A™E, E0,u)>1—€ and w(A™E,,Ep,u) <€
whenever n = n.. Hence,

A(e,u):={neN:p(A™¢,,¢o,u) < 1—¢€ or W(A"Ep, &0, u) = €}

such that
A, u) SN\ ne+1,kn+1), Uner2,Bne+2),- - 1.
Therefore, 6 (A(e,u)) = 0. Consequently, Zst — lim A™¢, =¢. O
n—.oo

Definition 11. Let (¢,,) be a sequence in an IFMS X. Then, (¢,) is said to be A™-Cauchy
sequence in X concerning (p, u) if, for all € € (0,1) and u > 0, there exists n. € N such that

p(AmfnaAmgN) u) > ]- —& and :u’(Amfn,Amé-Z\“ u) < 8)
whenever n,N = n. or equivalently

lim p(A™¢,,A™én,u)=1 and lim wp(A™¢,,A™én,u)=0.
n,N—oo n,N—oo

Definition 12. Let (¢,,) be a sequence in an IFMS X. Then, (¢,,) is called A™-statistically Cauchy
sequence concerning (p, u) if, for all £ € (0,1) and u > 0, there exists n. € N such that

6({neN: p(A™E,, AT én,u)<1—¢cor W(A™¢,, A™EN, u) = €}) =0,
whenever n,N = n, or equivalently

S({neN: p(A™E,, A én,u)>1—¢ and W(A™E,, A" Eén,u)<e}) =1.

Theorem 4. Each A™-statistical convergent sequences with respect to (p, 1) in an IFMS X is a

A™-statistical Cauchy sequence.
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Proof. Let (¢,) be a sequence in X and it is A™-statistical convergent to ¢y concerning (p, u).
Let r € (0,1) be given and we take € € (0,1) such that

1-r)o(l-r)>1-¢ and ror<e.

Then, for all u >0, we have

_ X m u _ m u _
5(A(r,u))_5({n € N.p(A Ens o, 2) >1-rand ,u(A Ens o, 2) <r}) -1
Let N € A(r,u). Then,
m E _ m E
p(amén.0.5) > 1-r and u(amEn,éo,5) <.
Hence,
p(A7En A e u) = p (A7En 60, 5 ) @10 (0., 5 )
>(1-re(l-r)>¢
and
u u
(A7 En, AN, ) < (A7 En, 0, ) o160, AT EN, )
2 2
<ror<e.
Therefore, N € B(r,u) where
B(r,u)={neN:p(A™&,,A"™¢n,u)>1—r and W(A™E,, A™EN,u) < ).
Consequently, (¢,) be A™-statistical Cauchy sequence concerning (p, u). O

Theorem 5. Let (¢,,) be a sequence in an IFMS X. Then, the following situations are equivalent:
(i) (&) is a A™-statistical Cauchy sequence concerning (p, ().

(ii) There exists a subset K ={j;:j1 <j2<...} of the set N such that 6(K) =1 and the
subsequence (¢, ) of the sequence (¢,,) is a A™-Cauchy sequence concerning (p, ).

Proof. The proof is the same as the proof of Theorem O

Theorem 6. Let (¢,,) be a sequence in an IFMS X. Then, Zst — lim A™¢, =& if and only if there
n—oo

is a sequence (y,) such that

Z—r}ilgoAmyn:fo and 6({neN: A", =AMy, ) =1.

Proof. Let lﬁst—lim,Hoo A™¢, =¢&y. By Theoremwe getaset J=1{k,:p=1,2,3,...} =N with
0(J)=1 and z—klim Amcfkp = {y. Consider the sequence (A™y,) such that A"y, = A™¢, for
p—’OO

ned and A"y, =¢ forne¢d,i.e.,
Amyn:{Am£n7 I’LEJ,

o, otherwise.
In this case, ﬁ— r}LIgloAmyn =¢pand 6(fn e N: A™¢, = A™y,}) =1 are hold.
Conversely, let £ =(¢&,,), ¥ = (y,) be sequences in X, and

ft_nh_,rgoAmy":"(O and 5({neN: A"y, = A", =1.

Commaunications in Mathematics and Applications, Vol. 15, No. 5, pp. (14691480, 2024



1478 A™-Statistical Convergence in Intuitionistic Fuzzy Metric Spaces: A. Or et al.

Then, for all e >0 and u >0,

{neN:p(A™¢,,é0,u)<1—€or W(A™E,,Ep,u) =€} S AUB,
where

A= {n eN: P(Amyn,fo,%) <l-ecor ,u(A’”yn,Eo,g) ze}
and

B={neN:(A"y, #A™&,)}
For k€ A° N B¢, we have

PA™E,E0,1) 2 p (A7 Ek, A", 5] 0 p (A7 E, 60, 5

>1o(l-€e)>1-c¢
and
HA™ G, Go,u) = 1 (A™ 64, A7 g, 5 o1 (A7 €, 60, 5
<0¢e<e.

Since Z — r}im A"y, =¢&p, then the set A contains at most finitely many terms. Moreover, since
—00
0(B¢) =1, 6(B) =0. Therefore,

0({n eN: p(A™¢,, ¢, u) <1—€ or (A" ¢, Eo,u) = €}) =0.
We obtain Zst— ’}Lm A™E, =&. O

3. Conclusion

Intuitionistic Fuzzy Metric Spaces (IFMSs) are a mathematical framework that generalizes
traditional metric spaces to accommodate uncertainty and ambiguity through intuitionistic
fuzzy sets. In this context, the concept of convergence plays a crucial role in understanding
the behaviour of sequences. Convergence in IFMS refers to the conduct of sequences of
intuitionistic fuzzy points as they approach a limiting value, much like convergence in classical
metric spaces. In this current study, we introduced the concepts of statistical convergence
and statistical Cauchy sequences for generalized difference sequences in intuitionistic fuzzy
metric spaces. Additionally, we established a Cauchy convergence criterion for this innovative
form of convergence. This study can shed future studies on deferred statistical convergence of

generalized difference sequences and their hybrid versions in intuitionistic fuzzy metric spaces.
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