
Communications in Mathematics and Applications
Vol. 15, No. 2, pp. 511–524, 2024
ISSN 0975-8607 (online); 0976-5905 (print)
Published by RGN Publications http://www.rgnpublications.com

DOI: 10.26713/cma.v15i2.2740

Research Article

Coupled Invariant Point Theorems in Bicomplex
Parametric Partial Metric Space Amongst Dominate
Function
Rakhi Namdev*1 , Rashmi Tiwari2 , Umashankar Singh3 and Ramakant Bhardwaj4

1Department of Mathematics, Government Narmada College, Narmadapuram 461001, Madhya Pradesh, India
2Department of Mathematics, Government Mahatma Gandhi Smrati College, Itarsi 461111, Madhya Pradesh,

India
3Sagar Institute of Research & Technology Excellence, Bhopal 462041, Madhya Pradesh, India
4Department of Mathematics, Amity University – Kolkata, Kolkata 700135, West Bengal, India
*Corresponding author: rakhinamdev16@gmail.com

Received: April 21, 2024 Accepted: June 6, 2024

Abstract. In this paper, bicomplex parametric partial metric space is discussed. The new contractive
condition is discussed for coupled invariant point concerning self-mapping on the said spaces with
particular conditions. We support our tracking down through models. Our outcomes sum up the
common coupled invariant point in bicomplex valued parametric metric spaces by Saluja (Coupled
fixed point results based on control function in complex partial metric spaces, Functional Analysis,
Approximation and Computation 15(2) (2023), 1 – 15). Established results generalize previously
known results for specified conditions.

Keywords. Bicomplex Parametric Partial Metric Space (BCPPMS), Dominate function, Coupled
invariant point, Generalized contraction conditions

Mathematics Subject Classification (2020). 47H10

Copyright © 2024 Rakhi Namdev, Rashmi Tiwari, Umashankar Singh and Ramakant Bhardwaj. This is an
open access article distributed under the Creative Commons Attribution License, which permits unrestricted use,
distribution, and reproduction in any medium, provided the original work is properly cited.

1. Introduction
There is part of progress and speculation work has been finished by a few researchers on
invariant point results and common fixed point brings about metric space. Choi et al. [6] proposed
the idea of bicomplex numbers and their rudimentary capabilities, which was speculation of
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complex numbers and made some common invariant statement hypotheses regarding two feebly
viable planning. Later, in 2019, Jebril et al. [8, 9] demonstrated a variety of invariant point
outcomes in bicomplex valued metric spaces by means of mixed type contractions. Mani et
al. [11] exhibited some normal FPTs in bicomplex valued metric spaces in 2022. In 2023,
Bharathi et al. [3] found coupled invariant focuses results in bicomplex partial metric space
and its applications and Saluja [18] exhibited some coupled invariant point results complex
partial metric space in view of control capability. Poornavel et al. [16] recently discovered some
significant invariant point results on tricomplex valued parametric metric spaces in the year
2024. After that few specialists distributed a significant amount of the review, e.g., Beg et al. [2],
Bharathiet al. [3],Bhaskar and Lakshmikantam [4], Bhatt et al. [5], Choiet al. [6], Jebrialet
al. [8, 9], Mukheimer [12], Ramaswamyet al. [17], Saluja [18], and Venkatesh and Raju [20].
In this paper, we present bicomplex parametric partial metric space and established some
fixed-point results.

2. Preliminaries
Now we recall some basic definition which will be utilized in our paper:

Definition 2.1 ([19]). Let C be the set of complex numbers and ϱ,υ ∈ C. Define a partial order
≤ on C as ϱ≤ υ if Re(ϱ) ≤ Re(υ), Img(z1) ≤ Img(υ). It follows that ϱ≤ υ. If one of the following
conditions are holds:

(i) Re(ϱ)= Re(υ) and Img(ϱ)= Img(υ),

(ii) Re(ϱ)< Re(υ) and Img(ϱ)= Img(υ),

(iii) Re(ϱ)=Re(υ) and Img(ϱ)< Img(υ),

(iv) Re(ϱ)<Re(υ) and Img(ϱ)< Img(υ).

We write ϱ ≤ υ2 if ϱ ̸= υ and one of (ii) and (iii) are satisfied and we write ϱ < υ if only (iv) is
satisfied.
We denote the symbol E0, E1, and E2 as a bunch of genuine, complex and bicomplex numbers
separately, a bunch of genuine, complex and bicomplex numbers separately. The arrangement
of bicomplex numbers characterized as:

E2 = {w : w = a1 +a2i1 +a3i2 +a4i1i2, a1,a2,a3,a4 ∈E0}

= {w : w = ϱ+υi2, ϱ,υ ∈E1},

where ϱ = a1 + a2i1, υ = a3 + a4i1 and i1, i2 are independent imaginary units such that
i2
1 =−1= i2

2. The product of i1 and i2 defines a hyperbolic unit j such that j2 = 1. The product
of all units are commutative and satisfy:

i1i2 = j, i1 j =−i2, i2 j =−i1.

The inverse of u = u1 + i2u2 exits if u2
1 + u2

2 ̸= 0, i.e., |u2
1 + u2

2| ̸= 0 and it is defined as
u−1 = 1

u = u1−i2u2
u2

1+u2
2

, and then u is called invertible.
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For a bicomplex number w = ϱ+υi2, the norm is denoted by ∥ϱ+υi2∥ and defined by

(|ϱ|2 +|υ|2)
1
2 = (|ϱ−υi1|2 +|ϱ+υi1|2)

1
2 .

If we take w = a1 +a2i1 +a3i2 +a4i1i2 then the norm of w is defined by

∥w∥ = (a2
1 +a2

2 +a2
3 +a2

4)
1
2 .

The partial order relation ≲i2 on E2 was defined by Choi et al. [6] as τ≲i2 σ if and only if ϱ≤ w1

and υ≤ w2, for τ= ϱ+υi2and σ= w1 +w2i2 be two bicomplex numbers. It follows that τ≲i2 v if
one of the following conditions is satisfied:

(i) ϱ= w1, υ= w2,

(ii) ϱ≺ w1, υ= w2,

(iii) ϱ= w1, υ≺ w2,

(iv) ϱ≺ w1, υ≺ w2.

We write τ�i2 σ if τ≲i2 σ and τ ̸=σ and one of (ii), (iii) and (iv) are satisfied and we will write
τ≺σ if only (iv) is satisfied. The following statements hold for any two bicomplex numbers:

(1) τ≲i2 σ=⇒∥τ∥ ≤ ∥σ∥.

(2) ∥τ+σ∥ ≤ ∥τ∥+∥σ∥.

(3) ∥aτ∥ = a∥τ∥, where a is nonnegative real number.

(4) ∥τσ∥ ≤p
2∥τ∥∥σ∥, and the equally holds only when at least one of τ and σ is degenerated.

(5) ∥τ−1∥ = ∥τ∥−1, if τ is a degenerated bicomplex number with 0≺ τ.

(6)
∥∥τ

v

∥∥= ∥τ∥
∥v∥ , if v is a degenerated bicomplex number.

Now we recall some notations basic concept that will be utilized in the sequel.

Definition 2.2 ([6]). Let Ω be a nonempty set the function F :Ω×Ω→E2 satisfies the following
conditions: If for all ϱ,υ,η ∈Ω,

(i) 0≲i2 F(ϱ,υ) and F(ϱ,υ)= 0⇐⇒ ϱ= υ.

(ii) F(ϱ,υ)=F(υ,ϱ).

(iii) F(ϱ,υ)≲i2 F(ϱ,η)+F(η,υ).

Then the pair (Ω,F) is called bicomplex valued metric spaces.

Definition 2.3 ([11]). Let Ω be a nonempty set the function F :Ω×Ω→E2 satisfies the following
conditions: If for all ϱ,υ,η ∈Ω,

(i) 0≲i2 F(ϱ,ϱ) and F(ϱ,υ).

(ii) F(ϱ,υ)=F(υ,ϱ).

(iii) F(ϱ,ϱ)=F(ϱ,v)=F(v,υ)⇐⇒ ϱ= v.

(iv) F(ϱ,υ)≲i2 F(ϱ,η)+F(η,υ)−F(η,η).

Then the pair (Ω,F) is called bicomplex partial metric spaces.
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Definition 2.4 ([16]). Let Ω be a nonempty set the function F :Ω×Ω× (0,∞)→E2 satisfies the
following conditions: If for all ϱ,υ,η ∈Ω and t > 0.

(i) 0≲i2 F(ϱ,υ, t) and F(ϱ,υ, t)= 0⇐⇒ ϱ= υ.

(ii) F(ϱ,υ, t)=F(υ,ϱ, t).

(iii) F(ϱ,υ, t)≲i2 F(ϱ,η, t)+F(η,υ, t).

Then the pair (Ω,F) is called bicomplex parametric metric spaces.

Definition 2.5. Let Ω be a nonempty set the function F :Ω×Ω→ E2 satisfies the following
conditions: If for all ϱ,υ,η ∈Ω and t > 0.

(i) 0≲i2 F(ϱ,ϱ, t) and F(ϱ,υ, t).

(ii) F(ϱ,υ, t)=F(υ,ϱ, t).

(iii) F(ϱ,ϱ, t)=F(ϱ,v, t)=F(v,υ, t)⇐⇒ ϱ= v.

(iv) F(ϱ,υ, t)≲i2 F(ϱ,η, t)+F(η,υ, t)−F(η,η, t).

Then the pair (Ω,F) is called Bicomplex Parametric Partial Metric Spaces (BCPPMS).

Example 2.6. Suppose Ω= [0,1] and F :Ω×Ω× (0,∞)→E2 defined by F(ϱ,υ, t)= t|ϱ−υ|e i2π
3 , for

all t > 0. Then (Ω,F) is a BCPPMS.

Example 2.7. Let (Ω,F) be a BCPPMS and D⊆Ω,

(p1) z ∈D is called an interior point of D whenever for each 0 ≺i2 c ∈E2, such that N(z, c, p)⊆D,
where N(z, c, p)= {E ∈Ω :F(z,E, p)≲i2 c}, p > 0.

(p2) y ∈Ω is called limit point of D whenever there is 0 ≺i2 c ∈E2,

N(z, c, p)∪ (D−Ω) ̸= ;, for all p > 0.

(p3) A ∈Ω is called open whenever every element of A is an interior point of A and D⊆Ω is
called closed whenever each limit point of D belongs to D. The family

F = {N(z, c, p) : z ∈Ω, 0 ≺i2 c ∈E2, p > 0}

is a sub-basis for a topology on Ω.

Definition 2.8 ([11]). Let (Ω,F) be a BCPPMS and {υn} be a sequence in Ω, then

(i) A sequence {υn} in X is said to be convergent, {υn} convergence to υ. If for any 0<i2 c ∈E2

then there exist n0 ∈N such that F(υn, υ) <i2 c, for all n > n0 and we can denote this
lim

n→∞υn = υ or υn → υ as n →∞.

(ii) A sequence {υn} in X is said to be Cauchy sequence if and only if d(υn,υn+ℓ)<i2 c, where
ℓ,n ∈N.

(iii) If every Cauchy sequence is convergent in (Ω,F) then (Ω,F) is said to be a Complete
BCPPMS.
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Lemma 2.9 ([11]). Let (Ω,F) be a BCPPMS and let {υn} be a sequence in Ω then {υn} is convergent
and converges to υ if and only if lim

n→∞∥F(υn,υ, t)∥ = 0.

Lemma 2.10 ([11]). Let (Ω,F) be a BCPPMS and let {υn} be a sequence in Ω then {υn} is a
Cauchy sequence if and only if lim

n→∞∥F(υn,υn+ℓ, t)∥ = 0, ℓ,n ∈N and t > 0.

Definition 2.11. Let (Ω,F) be a BCPPMS. Then an element F(ϱ,υ, t) ∈Ω×Ω is said to be a
common coupled invariant point of F :Ω×Ω→Ω if ϱ=F(ϱ,υ, t), υ=F(ϱ,υ, t).

Example 2.12. Consider Ω = [0,+∞) and F :Ω×Ω→Ω be defined by F(ϱ,υ, t) = ϱ+υ
3 , for all

ϱ,υ ∈Ω. Then F has unique coupled invariant point.

3. Main Results
Before starting the main results, we introduced ‘Dominate function’ used in main theorem.
Let dominate function Ψ denotes the set of all function ϖ : [0,+∞) → [0,+∞) satisfying
the following conditions:

Ψ(a) :ϖ is continuous on[0,+∞),

Ψ(b) :ϖ(α)<α for all α> 0.

In fact ϖ(0)= 0 and ϖ(α)≤α, for all α≥ 0.

In this paper, we draw upon rational type contractive conditions in the framework of Bicomplex
Valued Parametric Metric Space (BCPPMS) using dominate function and prove unique coupled
invariant point theorem.

Theorem 3.1. Suppose a mapping F :G×G→G in bicomplex parametric partial metric space
(G,∂), such that

∂{F(ϱ,υ),F(η,κ), t}≲i2 N℧1(ϱ,υ,η,κ)+K℧2(ϱ,υ,η,κ),

where ℧1(ϱ,υ,η,κ)=ϖ
(
(O+∂(ϱ,F(ϱ,υ), t))∂(η,F(η,κ), t)

O+∂(ϱ,η, t)

)
, and

℧2(ϱ,υ,η,κ)=max
[
ϖ(∂(ϱ,F(ϱ,υ), t)),ϖ(∂(η,F(ϱ,υ), t)),ϖ(∂(η,F(ϱ,υ), t)),

ϖ(∂(F(υ,ϱ),κ, t)),ϖ(∂(ϱ,η, t)),ϖ(∂(υ,κ, t)),

min
{
ϖ(∂(κ,F(υ,ϱ), t)),ϖ(∂(F(η,κ),η, t)),

ϖ(∂(η,F(ϱ,υ), t))ϖ(∂(F(η,κ),ϱ, t))
1+ϖ(∂(ϱ,η, t))+ϖ(∂(υ,κ, t))

}]
,

for all ϱ,υ,η,κ ∈G with (N+K)< 1. Then F allows unique coupled invariant point.

Proof. Choose (ϱ0,υ0) ∈ G×G be an arbitrary. Construct sequences {ϱn} and {υn} in G as
follows: F(ϱn,υn)= ϱn+1, F(υn,ϱn)= υn+1, F(ϱn+1,υn+1)= ϱn+2, F(υn+1,ϱn+1)= υn+2,and also let
∂(ϱnϱn+1, t)=Yn and ∂(υnυn+1, t)= Sn, for ≥ 0,

∂(ϱn,ϱn+1, t)= ∂{(F(ϱn−1,υn−1, t),F(ϱnυn, t))}
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≲i2 N℧1(ϱn−1,υn−1,ϱn,υn)+K℧2(ϱn−1,υn−1,ϱn,υn).

Now

℧1(ϱn−1,υn−1,ϱn,υn)=ϖ
(
O+∂(ϱn−1,F(ϱn−1,υn−1), t)∂(ϱn,F(ϱn,υn), t)

O+∂(ϱn−1,ϱn t)

)
=ϖ

(
(O+∂(ϱn−1,ϱn, t))∂(ϱn,ϱn+1, t)

O+∂(ϱn−1,ϱn t)

)
=ϖ∂(ϱn,ϱn+1, t)

=ϖ(Yn)

and

℧2(ϱn−1,υn−1,ϱn,υn)=max
[
ϖ(∂(ϱn−1,F(ϱn−1,υn−1), t)),ϖ(∂(ϱn,F(ϱn−1,υn−1), t)),

ϖ(∂(ϱn,F(ϱn−1,υn−1), t)),ϖ(∂(F(υn−1,ϱn−1),υn, t)),

ϖ(∂(ϱn−1,ϱn, t)),ϖ(∂(υn−1,υn, t)),

min
{
ϖ(∂(υn,F(υn−1,ϱn−1), t)),ϖ(∂(F(ϱn,υn),ϱn, t)),

ϖ(∂(ϱn,F(ϱn−1,υn−1), t))ϖ(∂(F(ϱn,υn),ϱn−1, t))
1+ϖ(∂(ϱn−1,ϱn, t))+ϖ(∂(υn−1,υn, t))

}]
=max

[
ϖ(∂(ϱn−1,ϱn, t)),ϖ(∂(ϱn,ϱn, t)),ϖ(∂(ϱn,ϱn, t)),

ϖ(∂(υn,υn, t)),ϖ(∂(ϱn−1,ϱn, t)),ϖ(∂(υn−1,υn, t)),

min
{
ϖ(∂(υn,υn, t)),ϖ(∂(ϱn+1,ϱn, t)),

ϖ(∂(ϱn,ϱn, t)).ϖ(∂(ϱn+1,ϱn−1, t))
1+ϖ(∂(ϱn−1,ϱn, t))+ϖ(∂(υn−1,υn, t))

}]
=max

[
ϖ(∂(ϱn−1,ϱn, t)),ϖ(0),ϖ(0),

ϖ(0),ϖ(∂(ϱn−1,ϱn, t)),ϖ(∂(υn−1,υn, t)),

min
{
ϖ(∂(υn,υn, t)),ϖ(∂(ϱn+1,ϱn, t)),

ϖ(0)ϖ(∂(ϱn+1,ϱn−1, t))
1+ϖ(∂(ϱn−1,ϱn, t))+ϖ(∂(υn−1,υn, t))

}
=max

[
ϖ(∂(ϱn−1,ϱn, t)),0,0,0,ϖ(∂(ϱn−1,ϱn, t)),ϖ(∂(υn−1,υn, t)),

min
{
ϖ(∂(υn,υn, t)),ϖ(∂(ϱn+1,ϱn, t)),

0.ϖ(∂(ϱn+1,ϱn−1, t))
1+ϖ(∂(ϱn−1,ϱn, t))+ϖ(∂(υn−1,υn, t))

}]
=max[ϖ(∂(ϱn−1,ϱn, t)),0,0,0,ϖ(∂(ϱn−1,ϱn, t)),ϖ(∂(υn−1,υn, t)),0]
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=max[ϖ(∂(ϱn−1,ϱn, t)),ϖ(∂(υn−1,υn, t))]

=max[ϖ(Yn−1),ϖ(Sn−1)].

Therefore,

∥∂(ϱn,ϱn+1, t)∥≲i2 N∥ϖ(Yn)∥+K∥max[ϖ(Yn−1),ϖ(Sn−1)]∥,

∥Yn∥≲i2 N∥ϖ(Yn)∥+Kψ1 . (3.1)

In the same manner we obtain,

∂(υn,υn+1, t)= ∂{(F(υn−1,ϱn−1, t),F(υn,ϱn, t)}

≲i2 N℧1(υn−1,ϱn−1,υn,ϱn)+K℧2(υn−1,ϱn−1,υn,ϱn) ,

where

℧1(υn−1,ϱn−1,υn,ϱn)=ϖ(Sn)

and

℧2(υn−1,ϱn−1,υn,ϱn)=max[ϖ(Sn−1),ϖ(Yn−1)].

Therefore,

∥∂(υn,υn+1, t)∥≲i2 N∥ϖ(Sn)∥+K∥max[ϖ(Sn−1),ϖ(Yn−1)]∥,

∥Sn∥≲i2 N∥ϖ(Sn)∥+Kψ2 .. (3.2)

Put

Φn = ∥∂(ϱn,ϱn+1, t)∥+∥∂(υn,υn+1, t)∥ = ∥Yn∥+∥Sn∥,

ψ1 = ∥max[ϖ(Yn−1),ϖ(Sn−1)]∥,

ψ2 = ∥max[ϖ(Sn−1),ϖ(Yn−1)]∥.

Only following cases may possible:

Case (i): If ψ1 = ∥ϖ(Yn−1)∥ and ψ2 = ∥ϖ(Yn−1)∥.
Then from equation (3.1) and (3.2),

Φn = ∥Yn∥+∥Sn∥≲i2 N(∥ϖ(Yn)∥+∥ϖ(Sn)∥)+K(∥ϖ(Yn−1)∥+∥ϖ(Yn−1)∥),

Φn ≲i2 N(∥ϖ(Yn)∥+∥ϖ(Sn)∥)+K(∥ϖ(Yn−1)∥+∥ϖ(Yn−1)∥).

By using definition of dominate function ϖ(z)< z,for all z> 0, we get

Φn ≲i2 N(∥Yn∥+∥Sn∥)+K(∥Yn−1∥+∥Yn−1∥);

Φn ≲i2 NΦn +2KYn−1;

(1−N)Φn ≲i2 2KYn−1;

Φn ≲i2

2K
(1−N)

Yn−1. (3.3)

Case (ii): If ψ1 = ∥ϖ(Sn−1)∥and ψ2 = ∥ϖ(Sn−1)∥.
Then from equation (3.1) and (3.2),

Φn = ∥Yn∥+∥Sn∥≲i2 N(∥ϖ(Yn)∥+∥ϖ(Sn)∥)+K(∥ϖ(Sn−1)∥+∥ϖ(Sn−1)∥);
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Φn ≲i2 N(∥ϖ(Yn)∥+∥ϖ(Sn)∥)+K(∥ϖ(Sn−1)∥+∥ϖ(Sn−1)∥).

By using definition of dominate function ϖ(z)< z, for all z> 0, we get

Φn ≲i2 N(∥Yn∥+∥Sn∥)+K(∥Sn−1∥+∥Sn−1∥);

Φn ≲i2 NΦn +2KSn−1;

(1−N)Φn ≲i2 2KSn−1;

Φn ≲i2

2K
(1−N)

Sn−1 . (3.4)

Now adding (3.3) and (3.4),

2Φn ≲i2

2K
(1−N)

(Yn−1 +Sn−1);

Φn ≲i2

K

(1−N)
Φn−1;

Φn ≲i2 ϑΦn−1, say ϑ= K

(1−N)
< 1.

Case (iii): If ψ1 = ∥ϖ(Yn−1)∥ and ψ2 = ∥ϖ(Sn−1)∥.
Then from equations (3.1) and (3.2),

Φn = ∥Yn∥+∥Sn∥≲i2 N(∥ϖ(Yn)∥+∥ϖ(Sn)∥)+K(∥ϖ(Yn−1)∥+∥ϖ(Sn−1)∥),

Φn ≲i2 N(∥ϖ(Yn)∥+∥ϖ(Sn)∥)+K(∥ϖ(Yn−1)∥+∥ϖ(Sn−1)∥).

By using definition of dominate function ϖ(z)< z, for all z> 0, we get

Φn ≲i2 N(∥Yn∥+∥Sn∥)+K(∥Yn−1∥+∥Sn−1∥);

Φn ≲i2 NΦn +KΦn−1;

(1−N)Φn ≲i2 KΦn−1;

Φn ≲i2

K

(1−N)
Φn−1,

Φn ≲i2 ϑΦn−1 . (3.5)

Case (iv): If ψ1 = ∥ϖ(Sn−1)∥ andψ2 = ∥ϖ(Yn−1)∥.
Then, we get same result of Case (iii).
From the observation of all cases, for each n ∈N, we have

Φn ≲i2 ϑΦn−1 ≲i2 ϑ
2Φn−2 ≲i2 · · ·≲i2 ϑ

nΦ0,

where Φ0 = 0, then ∥∂(ϱ0,ϱ1, t)∥ + ∥∂(υ0,υ1, t)∥ = 0. Hence, we get ϱ0 = ϱ1 = F(ϱ0,υ0) and
υ0 = υ1 = F(υ0,ϱ0), which shows that (ϱ0,υ0) is coupled invariant point of F. Now we assume
that Φ0 > 0, for each n ≥ p, where n, p ∈N,

∥∂(ϱn,ϱp, t)∥≲i2 ∥∂(ϱn,ϱn−1, t)∥+∥∂(ϱn−1,ϱn−2, t)∥+·· ·+∥∂(ϱp+1,ϱp, t)∥−∥∂(ϱn−1,ϱn−1, t)∥
−∥∂(ϱn−2,ϱn−2, t)∥−·· ·−∥∂(ϱp+1,ϱp+1, t)∥

≲i2 ∥∂(ϱn,ϱn−1, t)∥+∥∂(ϱn−1,ϱn−2, t)∥+·· ·+∥∂(ϱp+1,ϱp, t)∥.
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Similarly,

∥∂(υn,υp, t)∥≲i2 ∥∂(υn,υn−1, t)∥+∥∂(υn−1,υn−2, t)∥+·· ·+∥∂(υp+1,υp, t)∥.

Thus,

Φn = ∥∂(ϱn,ϱp, t)∥+∥∂(υn,υp, t)∥
≲i2 Φn−1 +Φn−2 +Φn−3 +·· ·+Φp

≲i2 (ϑn−1 +ϑn−2 +ϑn−3 +·· ·+ϑp)Φ0

≲i2

(
ϑp

1−ϑ
)
Φ0

≲i2

(
ϑn

1−ϑ
)
Φ0 → 0 as n →+∞.

Since 0 ≤ ϑ < 1 so that {ϱn} and {υn} are Cauchy sequences in. Since the BCPPMS (G,∂) is
complete, so there exist ϱ,υ ∈G such that {ϱn}→ ϱ and {υn}→ υ as n →∞ and

∂(ϱ,ϱ, t)= lim
n→∞∂(ϱ,ϱn, t)= lim

m,n→∞∂(ϱn,ϱm, t)= 0

and

∂(υ,υ, t)= lim
n→∞∂(υ,υn, t)= lim

m,n→∞∂(υn,υm, t)= 0.

Now to show that ϱ=F(ϱ,υ) and υ=F(υ,ϱ).
Suppose ϱ ̸=F(ϱ,υ) and υ ̸=F(υ,ϱ) so that

0< (∂(ϱ,F(ϱ,υ), t))= j1 and 0< (∂(υ,F(υ,ϱ), t))= j2

then

j1 = (∂(ϱ,F(ϱ,υ), t))

≲i2 (∂(ϱ,ϱn+1, t))+ (∂(ϱn+1,F(ϱ,υ), t))− (∂(ϱn+1,ϱn+1, t))

= (∂(ϱ,ϱn+1, t))+ (∂(ϱn+1,F(ϱ,υ), t))

= (∂(ϱn+1,F(ϱ,υ), t))+ (∂(ϱ,ϱn+1, t))

= (∂(F(ϱnυn),F(ϱ,υ), t))+ (∂(ϱ,ϱn+1, t))

≲i2 N℧1(ϱn,υn,ϱ,υ)+K℧2(ϱn,υn,ϱ,υ)+ (∂(ϱ,ϱn+1, t)), (3.6)

where ℧1(ϱn,υn,ϱ,υ)=ϖ
(
O+∂(ϱnF(ϱn,υn), t)∂(ϱ,F(ϱ,υ), t)

O+∂(ϱn,ϱ, t)

)
.

Letting limit as n →∞ and use dominate property, then, we get

℧1(ϱn,υn,ϱ,υ)→ϖ(∂(ϱ,F(ϱ,υ), t))

and

℧2(ϱn,υn,ϱ,υ)=max
[
ϖ(∂(ϱn,F(ϱn,υn), t)),ϖ(∂(ϱ,F(ϱn,υn), t)),ϖ(∂(ϱ,F(ϱ,υ), t)),

ϖ(∂(F(υn,ϱn),υ, t)),ϖ(∂(ϱn,ϱ, t)),ϖ(∂(υn,υ, t)),

min
{
ϖ(∂(υ,F(υn,ϱn), t)),ϖ(∂(F(ϱ,υ),ϱ, t)),
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ϖ(∂(ϱ,F(ϱn,υn), t))ϖ(∂(F(ϱ,υ),ϱn, t))
1+ϖ(∂(ϱn,ϱ, t))+ϖ(∂(υn,υ, t))

}]
=max

[
ϖ(∂(ϱn,ϱn+1, t)),ϖ(∂(ϱ,ϱn+1, t)),ϖ(∂(ϱ,F(ϱ,υ), t)),

ϖ(∂(υn+1,υ, t)),ϖ(∂(ϱn,ϱ, t)),ϖ(∂(υn,υ, t)),

min
{
ϖ(∂(υ,υn+1, t)),ϖ(∂(F(ϱ,υ),ϱ, t)),

ϖ(∂(ϱ,ϱn+1, t))ϖ(∂(F(ϱ,υ),ϱn, t))
1+ϖ(∂(ϱn,ϱ, t))+ϖ(∂(υn,υ, t))

}]
.

Letting limit as n →∞. Then, we get

℧2(ϱn,υn,ϱ,υ)→ϖ(∂(ϱ,F(ϱ,υ), t)).

From equation (3.6),

j1 ≲i2 Nϖ(∂(ϱ,F(ϱ,υ), t))+Kϖ(∂(ϱ,F(ϱ,υ), t))+ (∂(ϱ,ϱn+1, t)).

Letting limit as n →∞ and use dominate property,

∥ j1∥≲i2 (N+K)∥ϖ(∂(ϱ,F(ϱ,υ), t))∥
≲i2 (N+K)∥ϖ( j1)∥
≲i2 (N+K)∥ j1∥. (3.7)

Similarly, one can find

∥ j2∥≲i2 (N+K)∥ϖ( j2)∥
≲i2 (N+K)∥ j2∥. (3.8)

By adding equation (3.7) and (3.8), then we obtain

∥ j1∥+∥ j2∥≲i2 (N+K)(∥ j1∥+∥ j2∥),

which is contradiction since (N+K)< 1. Thus

∥ j1∥+∥ j2∥ = 0=⇒∥(∂(ϱ,F(ϱ,υ), t))∥+∥(∂(υ,F(υ,ϱ), t))∥ = 0

=⇒∥(∂(ϱ,F(ϱ,υ), t))∥ = 0 and ∥(∂(υ,F(υ,ϱ), t))∥ = 0.

Therefore, ϱ=F(ϱ,υ) and υ=F(υ,ϱ).
Hence F has coupled invariant point.

Uniqueness: Suppose (ϱ1,υ2) be another coupled invariant fixed point of F such
that(ϱ,υ)̸=(ϱ1,υ2).
Then

∂(ϱ,ϱ1, t)= (∂(F(ϱ,υ),F(ϱ1,υ2), t))

≲i2 N℧1(ϱ,υ,ϱ1,υ1)+K℧2(ϱ,υ,ϱ1,υ1),

where ℧1(ϱ,υ,ϱ1,υ1)=ϖ
(
O+∂(ϱ,ϱ1, t)∂(ϱ1,ϱ1, t)

O+∂(ϱ,ϱ1 t)

)
.
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Letting limit as n →∞ and use dominate property, then ℧1(ϱ,υ,ϱ1,υ1)→ 0, and

℧2(ϱ,υ,ϱ1,υ1)=max
[
ϖ(∂(ϱ,F(ϱ,υ), t)),ϖ(∂(ϱ1,F(ϱ,υ), t)),ϖ(∂(ϱ1,F(ϱ,υ), t)),

ϖ(∂(F(υ,ϱ),υ1, t)),ϖ(∂(ϱ,ϱ1, t)),ϖ(∂(υ,υ1, t)),

min
{
ϖ(∂(υ1,F(υ,ϱ), t)),ϖ(∂(F(ϱ1,υ1),ϱ1, t)),

ϖ(∂(ϱ1,F(ϱ,υ), t))ϖ(∂(F(ϱ1,υ1),ϱ, t))
1+ϖ(∂(ϱ,ϱ1, t))+ϖ(∂(υ,υ1, t))

}]
=max

[
ϖ(∂(ϱ,ϱ, t)),ϖ(∂(ϱ1,ϱ, t)),ϖ(∂(ϱ1,ϱ, t)),

ϖ(∂(υ,υ1, t)),ϖ(∂(ϱ,ϱ1, t)),ϖ(∂(υ,υ1, t)),

min
{
ϖ(∂(υ1,υ, t)),ϖ(∂(ϱ1,ϱ1, t)),

ϖ(∂(ϱ1,ϱ, t)).ϖ(∂(ϱ,ϱ, t))
1+ϖ(∂(ϱ,ϱ1, t))+ϖ(∂(υ,υ1, t))

}]
.

Letting limit as n →∞ and use dominate property, then

℧2(ϱ,υ,ϱ1,υ1)→max{∂(ϱ,ϱ1, t),∂(υ,υ1, t),0}.

Therefore,

∥∂(ϱ,ϱ1, t)∥≲i2 K∥max{∂(ϱ,ϱ1, t),∂(υ,υ1, t),0}∥ =⇒∥A∥≲i2 Kθ1.

Similarly,

∥∂(υ,υ1, t)∥≲i2 K∥max{∂(υ,υ1, t),∂(ϱ,ϱ1, t),0}∥ =⇒∥B∥≲i2 Kθ2.

Put

C = ∥∂(ϱ,ϱ1, t)∥+∥∂(υ,υ1, t)∥ = ∥A∥+∥B∥,

θ1 = ∥max{A,B,0}∥, θ2 = ∥max{B, A,0}∥.

Following cases may possible:

Case (a): If θ1 = ∥max{A,B,0}∥ = A and θ2 = ∥max{B, A,0}∥ = A.
Then C = ∥A∥+∥B∥≲i2 K(θ1 +θ2),

C ≲i2 2AK.

Case (b): If θ1 = ∥max{A,B,0}∥ = B and θ2 = ∥max{B, A,0}∥ = B.
Then C = ∥A∥+∥B∥≲i2 K(θ1 +θ2),

C ≲i2 2BK.

Adding Case (a) and Case (b), then

2C ≲i2 2K(A+B)=⇒ C ≲i2 K(A+B)=⇒ C ≲i2 CK,

which is contradiction since (A+B)< 1.
Hence, C = 0, i.e.,

∥∂(ϱ,ϱ1, t)∥+∥∂(υ,υ1, t)∥ = 0
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=⇒ ∥∂(ϱ,ϱ1, t)∥ = 0 and ∥∂(υ,υ1, t)∥ = 0

=⇒ ϱ= ϱ1 and υ= υ1.

Case (c): If θ1 = ∥max{A,B,0}∥ = A and θ2 = ∥max{B, A,0}∥ = B.
Then C = ∥A∥+∥B∥≲i2 K(θ1 +θ2), C ≲i2 K(A+B)=⇒ C ≲i2 CK.

Then, we get same result of Case (b).

Case (d): If θ1 = ∥max{A,B,0}∥ = B and θ2 = ∥max{B, A,0}∥ = A.
Then we get same result of Case (b).

Thus, from all the above cases, we obtain ϱ= ϱ1 and υ= υ1. Therefore, (ϱ,υ) is unique common
coupled invariant point.

Example 3.2. Define F :G×G→G by ∂(ϱ,υ, t) = (1+ i2)max{ϱ,υ, t}, for ϱ,υ ∈G and G= [0,1]
with partial order ≲i2 . Clearly, (G,ϱ) is a complete bicomplex parametric partial metric space.

Consider a mapping F :G×G→G define by ∂(ϱ,η, t)=
{
ϱ+υ

4 , ϱ≥ υ,
0, ϱ< υ,

ϱ,υ,η,κ ∈G such that ϱ≤ η,

υ≥ κ.

Following cases may arise for verify our theorem.

Case (i): Let ϱ≥ υ but ϱ≤ η, υ≥ κ then combine η≥ ϱ≥ υ≥ κ. Now

∂{F(ϱ,υ),F(η,κ), t}= (1+ i2)max
{
ϱ+υ

4
,
η+κ

4

}
= (1+ i2)

ϱ+η
4

= 1
4

[(1+ i2)max(ϱ,υ)+ (1+ i2)max(η,κ)]

= 1
4

[∂(ϱ,υ, t)+∂(η,κ, t)]

≲i2

1
4
℧1(ϱ,υ,η,κ)

≲i2 N℧1(ϱ,υ,η,κ)+K℧2(ϱ,υ,η,κ).

Case (ii): When ϱ< υ but υ≥ κ then ϱ> κ,

∂{F(ϱ,υ),F(η,κ), t}= (1+ i2)max
{

0,
η+κ

4

}
= (1+ i2)

η+κ
4

= 1
4

[(1+ i2)max(ϱ,υ)+ (1+ i2)max(η,κ)]

= 1
4

[∂(ϱ,υ, t)+∂(η,κ, t)]

≲i2

1
4
℧1(ϱ,υ,η,κ)

≲i2 N℧1(ϱ,υ,η,κ)+K℧2(ϱ,υ,η,κ).
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Case (iii): When ϱ≥ υ and η< κ the n does not arise, because ϱ≤ η, υ≥ κ.

Case (iv): When ϱ< υ and η< κ then

∂{F(ϱ,υ),F(η,κ), t}= 0=⇒F(ϱ,υ)= 0, F(η,κ)= 0.

From above cases validated out theorem with N= 1
4 , for any values of K≥ 0.

Therefore (ϱ,υ) is unique common coupled invariant point.
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