Communications in Mathematics and Applications

Vol. 15, No. 2, pp. 2024 RGN

ISSN 0975-8607 (online); 0976-5905 (print)
Published by RGN Publications http://www.rgnpublications.com
DOI:110.26713/cma.v15i2.2735

| Research Article |

Applications of Linear Differential Operator on
Varying Arguments

S. Annapoorna™ and L. Dileep*

Department of Mathematics, Vidyavardhaka College of Engineering (affiliated to Visvesvaraya Technological
University), Mysuru 570002, Karnataka, India
*Corresponding author: dileepl84@vvce.ac.in

Received: May 19, 2024 Accepted: July 9, 2024
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1. Introduction

Linear differential operators play a crucial role in geometric function theory, which is a branch
of mathematics that studies the properties of functions and their mappings in geometric
settings. In particular, linear differential operators are used to study the properties of conformal
mappings, quasi-conformal mappings, and other types of mappings between Riemann surfaces
and other geometric objects.

Linear operators are used to study various properties of functions and mappings, such as
their regularity, smoothness, and geometric properties like curvature and conformality.
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Let U={z € C:|z| < 1} be the open unit disk and A denote the class of analytic functions of
the form
f()=z+ Zajzj (1.1)
=2
which are analytic in the open unit disk U and normalized by £(0) = f/(0)—1=0.
The class A is closed under convolution or Hadamard product

2] .
(f*g)z)=z+) ajbjz/, zell, (1.2)
J=2
where f is given by (1.1) and g(z) =z + OZO bjzj.
j=2

Using the idea of convolution, now we introduce a linear operator AS‘/SL a : A — A defined by
A8 f(@) =11 = D1+ - DST" + Ad(a, ) * f(2).
For functions f € A of the form (1.1), we have
ASi,qf(z):z+ ZzBi(a,c,j,n;q)ajzj, (1.3)
J:
where

[1+( - 1)81"(1-A)+ Aia)j‘l

M

Bi(a,c,j,n;q) = y
¢j-11l,

neNg,A1=0,6=0and a,ce R\ Z.
Here (a); is the Pochhammer symbol defined in terms of the Gamma function by,

( )._F(a+j)_ 1, for j =0,
YT @ {a(a+1)(a+2)---(a+j— 1), for jeN.

For a different parametric values of ¢ — 17, 1 = 0, we get the Al-Oboudi differential
operator [2].

For a different parametric values of ¢ — 17, A =1, we get the Carlson-Shaffer operator [3].

For a different parametric values of 1 =0, we get the differential operator studied by Dileep
and Rajeev [6]].

For ¢ — 1™ and 6 =1 we get operator studied by Dileep and Latha [4].

Now using the linear operator AS‘; g We define the class S;f, s(@,c,n;q) consisting functions
of the form satisfying the condition:

5 5
" { 2(AS7 @) a} _|#ASL F@)
A8 (@) A8 f@)
Silverman [15] defined the class V(0;) as the class of all functions in A such that arga; =6;,
for all j. If further there exists a real number ¢ such that 0; +(j — 1)t = 7(mod 27), then f is
said to be in the class V(6;,%). The union of V(6;,¢) taken over all possible sequences {6} and all

possible real numbers ¢ is denoted by V.
Further, we define V89 ;(a,c,n;q) = 8% sla,c,n;q)n V.

1f, O=a<l. (1.4)
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Definition 1.1. A function f €V of the form (1.1) is in \78;’5 (a,c,n;q) if f satisfies the analytic

condition

{ 2(ASS  f@) }
R—=4 "~ >
A8 (@)

where a,=0 and z € U.

(ASS f(z))
V4 ]L,qf V4 _1' a, (15)

A8 f@)

Theses classes stem essentially from the classes studied earlier by Vijaya and
Murugusundaramoorthy [[17].
In the next section, we shall make a systematic study of the class VS?{ sta,c,n;q).

2. Main Results
Theorem 2.1. A function f of the form (1.1) is in \75%’ s(a,c,n;q) if and only if

(e.0)
Z(2j—1—a)Bi(a,c,j,n;q)|aj|51—a. 2.1)
j=2

Proof. From (1.4), it suffices to show that
z(AS‘iqf(Z)), ~1l<R { Z(A—Si’qf(z)),. - a}
A8 ,f(2) | A8 @ ’

ie.,

AS(? / .A86 /
2(AS; ,f(2) 4 _%{Z( FIAC)) _1}52

2(AS  f@) 1‘
A8 f@) A8 f@)

A8 (@)

_ 2(J -1B%(a,c,j,n;q)la;llzl/~
J:

[e.0] . . )
1-Y Bi(a,c,],n;q)lajl |z)/~1
Jj=2

<2

Now the last expression is bounded by (1 — «) if

Y (2j-1-a)B(a,c,j,n;qlajl<1-a.

J=2
Conversely, if f € V8 s(a,c,n;q) then by definition,

@ . . ; © . . 7
z+ Y jBS(a,c,j,n;q)a;z’ z+ Y jBS(a,c,j,n;q)a;z’
9 i=9
Joo ‘ . —1| <= RA JOO . -—ap,
z+ ) Bi(a,c,J,n;q)asz z+ ) Bi(a,c,],n;q)asz
j=2 j=2
ie.,
x . 5 . 7 1 x . 6 . 7 1
2. (J-DBj(a,c,j,n;q)a;z’" (1-a)+ X (j-a)Bi(a,c,j,n;q)az’"
J=2 <R J=2
[ele] . - &) .
1+ XQBi(a,c,j,n;q)asz‘l 1+ Z2Bi(a,c,j,n;q)ajzf‘1
]: J:
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Since f € V and f lies in V(0,,¢) for some sequence 6; and a real number ¢ such that
0;+(— 1t =n(mod2m) set z = re'! in the above inequality:

o0 . o0 .
'Zz(j - 1)B‘/51(a, c,j,n;q)a;r/ ! 1-a)- 'Zz(j - (x)Bi(a,c,j,n;q)aer_l
Jj= Jj=
=R
o0 _ o0 .
1- ZzBi(a,c,j,n;q)aer‘l 1- ZZB‘Z(a,c,j,n;q)aer_l
Jj= Jj=
Letting r — 1, leads the desired inequality
o0
Y (2j-1-wB(@a,c,j,n;lajl<1-a. O
j=2

Corollary 2.2. If f € \78%’5(a,c,n;q) then

l1-«

la ;| < for j = 2.

(2j -1-@BS(a,c,j,n;q)’
The sharpness follows for the function
= 1-a)

(2)=z+ ’
f j;(gj_l—a)Bi(a,C,Ln;q)

for j=2, zel.

Similar to the proof of Theorem [2.1] we get the following result:

Theorem 2.3. A function f of the form (1.1), belongs to VSZ’? (a,c,n;q) if and only if

o0

Y E;Bj(a,c,j,n;q)la;l <1-a, (2.2)

j=2
where E;=p(j—1+j-a.

The result obtained in our next theorem unifies the radii results concerning close-to-
convexity, starlikeness etc.

fr0 . . e N yin)
T~ <1—17,m|z|<rwzth(13(z)—2+z7’]z

Jj=2

Theorem 2.4. Let f € VSZ’g(a,c,n;q). Then

o0 .

and Y(z) =z + Y u;z’, are analytic in U with the conditions y;,u; =0, y; = u;, for j =2 and
j=2

f(2)*W¥(z) #0, where

L
I

E:B%(a,c,j,n;q)1-5)
r=inf| AL ONd . j=2. (2.3)
J | A=a)l(yj— )+ pj(1-n)]
Proof. Consider,
z- Y yja;2 2= Y yja;e’—z+ ¥ pjagel | ¥ ajlyj—pllzl
fxd j=2 Jj=2 Jj=2 Jj=2
‘{’_1 = — —1l< — < = <l-n, (2.4)
f z— Y pja;zl z— Y pja;z’ 1- Y pjajlzli~t
j=2 j=2 j=2
Y ajllyj—p)+@A-mulsl-n, (zl<r;0<n<1), (2.5)
=2
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where r is given by (2.3). From Theorem [2.3] (2.5) will be true if,
[(y; — )+ @ =] E;BS(a,c,j,n;@)(1-1)

2V < ,
1-n A=)y — )+ pj(1=m)]
that is, if
1
E.B6 ) ., > 1- 71
2 = | EiBaa-c A ~ ) (2.6)
A -a)l(y; — pj)+pi(1—mnl
O

As corollaries to the above theorem we get the following results:

By choosing ®(z) = ﬁ and ¥(z) = z, we have

Corollary 2.5. Let the function [ defined by (1.1) is in VSZ’? (a,c,n;q). Then f is close-to-convex

of order n (0 <n < 1), hence univalent in the disc |z| <riy, where

E;BS(a,c,j,n;q)(1-1)
1-a)j

A
71

, j=2. 2.7

ri= inf
J

The result is sharp.

For ®(z) = ﬁ and W(z2) = 1%;, we have

Corollary 2.6. Let the function [ defined by (1.1) belongs to VSZ’(? (a,c,n;q). Then f is starlike

of order 1 (0 <n < 1), hence univalent in the disc |z| <rg, where

E;BS(a,c,j,n;q)(1—1)
A-a)G-m

1
71

, J=2. (2.8)

ro =inf
J

The result is sharp.

If &(z) =

2
ézﬁ and ¥Y(2) = (1—%)2’ then we have

Corollary 2.7. Let the function f be defined by (1.1) belongs to VSZ’? (a,c,n;q). Then f is convex

of order n (0 <n < 1), hence univalent in the disc |z| <rs, where

EJBi(aa C’ja n)(]- - T])
JA—a)j—-n)

The result is sharp.

A
71

, j=2. (2.9)

rg < inf
J

Using the coefficient inequality proved above we can easily prove the following growth and
distortion theorems.

Theorem 2.8. Let f of the form (1.1) to be in VSZ’? (a,c,n;q). Then

1- 1-
r— 5 ¢ rzslf(z)|§r+ 5 ¢ rz, and
E3Bi(a,c,2,n;q) E9Bj(a,c,2,n;q)
21-a) 2(1-a)

r< If’(z)l <1+

— r.
E;B’(a,¢,2,n;q) E3B(a,c,2,n;q)

The result is sharp.
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Proof. Let f of the form (1.1)) belongs to VSZ’(’? (a,c,n;q),

00 . 9 00
If@)=|z+) ajz/|<lzl+z[*)_ lajl,
=2 =2
since f € VS;:{? (a,c,n;q) and by Theorem we have
o0 o0
EzBi(a,c,2,n;q) Y lajl< ZEjBi(a,c,j,n;q)Iajl <l-a.
j=2 j=2
Thus
l1-a
If@I < lzl+ —— 217,
E9Bi(a,c,2,n;q)
i.e.,
]__
F@I<r+ =

re.
EzBi(a,c,2,n;q)
Similarly, we get
l1-a
If)=r- 5 r2.
EyB(a,c,2,n;q)
On the other hand

w .

=1+ jaj2/ ™t
J=2

and
IF'@I=1+) jlajllz ™ <1+1z])_ jlajl.
j=2 j=2
Since f € VSZ’?(a,c,n;q).
Then, by Theorem [2.3| we have

ijla-|< 20~ a)
=7 T EsBS(a,ce,2,n;9)
Thus
2(1-
If'@)l <1+ d-a

r.
E3Bi(a,c,2,n;q)

Similarly, we get

2(1 -
FEz1-— D,
E9B}(2,n;q)
This completes the result. O

Theorem 2.9. A function f of the form (1.1) belongs to \787{’5 (a,c,n;q), with arga =0, where
[0, +(j — Dt] = n(mod 27). Define f1(z) =z and

l1-a 9. i .
elizi =2 zel.

fo(z)=z+ :
E;B}(a,c,j,n;q)
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Then f € VSZ’? (a,c,n;q) if and only if f expressed in the form

(@) =) pifi),

Jj=2

o0
where (1j=0and Y pj=1.
j=2

Proof. If f(2)= ¥ p;f;(z) with ¥ ;=1 and p; =0, then
=2 j=2

x 5 . (1-a) X
> EnBj(a,c,j,n;q)——5 - pi=Y pl-a)=1-pNl-a)=1-a.
=2 E;B)(a,c,j,n;q) ©  j=

Hence f € VSZ’g(a,c,n;q).
Conversely, let the function f defined by (1.1) be in the class VSZ’? (a,c,n;q), since

l-«a

lajl < j=23,--.

E;B%(a,c,j,n;q)

E.B6 - . . 0]
We may set uj = — A(a’lc_’{;n’q)lab ,Jjz2and py=1- Y% pyj.
Jj=2
(e,0)
Then f(z) = ¥ A;f;(2), this completes the proof. O
=1

Lemma 2.10 ([8]). If for the functions [ and g are analytic in U with g < f, then for k>0 and
O<r<l,

21 ) 27 .
f lg(re’®)*do < f If (re’®)|*de,
0 0
In [14] Silverman found that the function fo(z) =z — % is often extremal over the family 7.
He applied this function to resolve the integral means inequality, conjectured in [[12]] and settled
in [13]], such that

21 ) 2n .
f Fre®)tdo < f falre®)do,
0 0

forall feV,k>0and 0<r<1.
In [13], Silverman also proved his conjecture for the subclasses T7*(f) and C(f) of T'.

Theorem 2.11. Let f of the form belongs to VSZ’f(a,c,n;q) and fy is defined by fao(z) =

(1-a) 22 then for z = re, 0 <r<1, we have

Z- EgBi(a,c,Z,n;q)
2 B 2w B
f If(2)|*d0 < f Ife(2)|*d6 (2.10)
0 0
oo .
Proof. For f(z)=2z- Y l|a;l|z/, eq. (2.10) is equivalent to proving that
j=2
k k
2 00 ) 2m 1-—
f 1—§:mﬂzﬁl d@s]i 1- ; @) z| do.
0 j=2 0 EyB(a,c,2,n;q)
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By Lemma it suffices to show that

= i1 l-a
1-) lajlz/ ™ <1- —— z.
j=2 EyB(a,c,2,n;q)
Setting
S ; 1-a
1-) lajlz/ ' =1-—— w(2)
j=2 E3Bi(a,c,2,n;q)
and using (2.2) we obtain

x E3Bi(a,c,j,n;q)

w(z) = Z |aj|Z‘j_1
> E;BS(a,c,j,n;q)
<2y —A laj|
<|z|.
This completes the proof. O

In Theorems and if we substitute = 1, then we get the results for the class
V84 s(a,c,n;q).

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

[1]

[2]

[3]

[4]

[5]

[6]

References

H. S. Al-Amiri, On Ruscheweyh derivatives, Annales Polonici Mathematici 38 (1980), 87 — 94,
DOI: 10.4064/ap-38-1-88-94.

F. M. Al-Oboudi, On univalent functions defined by a generalized Saldgean operator,
International Journal of Mathematics and Mathematical Sciences 2004(27) (2004), 1429 — 1436,
DOI:/10.1155/S0161171204108090.

B. C. Carlson and D. B. Shaffer, Starlike and prestarlike hypergeometric functions, SIAM Journal
on Mathematical Analysis 15(4) (1984), 737 — 745, DOI1:|10.1137/0515057.

L. Dileep and S. Latha, A note on Saldgean-Carlson-Shaffer operator, International Journal of
Mathematical Archive 2(2) (2011), 272 — 279, URL: www.ijma.info/index.php/ijma/article/view/138/
57.

L. Dileep and S. Latha, Certain subclasses of analytic functions involving Salagean-Ruscheweyh
operator, Vietnam Journal of Mathematics 38(4) (2010), 403 — 412, URL: http:/www.math.ac.vn/
publications/vim/VJM_38/403.htm.

L. Dileep and M. Rajeev, Convolution operators in geometric function theory, GIS Science Journal
7(7) (2020), 473 — 483.

Commaunications in Mathematics and Applications, Vol. 15, No. 2, pp.[791 , 2024


http://doi.org/10.4064/ap-38-1-88-94
http://doi.org/10.1155/S0161171204108090
http://doi.org/10.1137/0515057
www.ijma.info/index.php/ijma/article/view/138/57
www.ijma.info/index.php/ijma/article/view/138/57
http://www.math.ac.vn/publications/vjm/VJM_38/403.htm
http://www.math.ac.vn/publications/vjm/VJM_38/403.htm

Applications of Linear Differential Operator on Varying Arguments: S. Annapoorna and L. Dileep 799

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

S. M. Khairnar and M. More, On a certain subclasses of analytic functions involving the Al-Oboudi
differential operator, Journal of Inequalities in Pure & Applied Mathematics 10(2) (2009), Article
number 57, 11 pages, URL: https://eudml.org/doc/130331.

dJ. E. Littlewood, On inequalities in theory of functions, Proceedings of the London Mathematical
Society $2-23(1) (1925), 481 — 519, DOI:|10.1112/plms/s2-23.1.481.

H. Orhan and E. Giines, Neighborhoods and partial sums of analytic functions based on Gaussian
hypergeometric functions, Indian Journal of Mathematics 51(3) (2009), 489 — 510.

K. S. Padmanabhan and M. Jayamala, A class of univalent functions with varying arguments,
International Journal of Mathematics and Mathematical Sciences 15(3) (1992), 517 — 522,
DOI:10.1155/s016117129200067x.

S. Ruscheweyh, New criteria for univalent functions, Proceedings of the American Mathematical
Society 49 (1975), 109 — 115, DOI: 10.1090/s0002-9939-1975-0367176-1.

H. Silverman, A survey with open problems on univalent functions whose coefficients are negative,
Rocky Mountain Journal of Mathematics 21(3) (1991), 1099 — 1125, DOI:10.1216/rmjm/1181072932.

H. Silverman, Integral means for univalent functions with negative coefficients, Houston Journal
of Mathematics 23(1) (1997), 169 — 174.

H. Silverman, Univalent functions with negative coefficients, Proceedings of the American
Mathematical Society 51 (1975), 109 — 116, DOI: 10.1090/S0002-9939-1975-0369678-0.

H. Silverman, Univalent functions with varying arguments, Houston Journal of Mathematics 7(2)
(1981), 283 — 287.

G. S. Saldgean, Subclasses of univalent functions, in: Complex Analysis: Fifth Romanian-Finnish
Seminar, Part I Bucharest, Lecture Notes in Mathematics, Vol. 1013, Springer-Verlag, (1981).

K. Vijaya and G. Murugusundaramoorthy, Some uniformly stralike functions with varying argu-
ments, Tamkang Journal of Mathematics 35(1) (2004), 23 — 28, DOI: 10.5556/j.tkjm.35.2004.222.

P. Yadav and S. S. Kumar, Partial sums for a generalised class of analytic functions, The Journal of
Analysis 32 (2024), 2245 — 2264, DOI1:/10.1007/s41478-023-00699-9.

Commaunications in Mathematics and Applications, Vol. 15, No. 2, pp.[791 , 2024


https://eudml.org/doc/130331
http://doi.org/10.1112/plms/s2-23.1.481
http://doi.org/10.1155/s016117129200067x
http://doi.org/10.1090/s0002-9939-1975-0367176-1
http://doi.org/10.1216/rmjm/1181072932
http://doi.org/10.1090/S0002-9939-1975-0369678-0
http://doi.org/10.5556/j.tkjm.35.2004.222
http://doi.org/10.1007/s41478-023-00699-9

	Introduction
	Main Results
	References

