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Abstract. If f be an analytic function on the unit disc D with Taylor series expansion f(z)= Y a,z",
n=0

we consider the generalized Hilbert-type operator defined by

L[ Tr+a+DI(n+k+1)

A=Y Y

n
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5

where I' denotes the Gamma function and a,b € C. We find an upper bound for the norm of the
generalized Hilbert-type operator on Hardy space.
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1. Introduction

We denote D as unit disc in the complex plane C and H(D) the space of all analytic functions
on D. If 1 < p <00, then for every sequences a ={a,} in the sequence spaces [?, the classical
Hilbert inequality

ol a PV a (=
__r P
LS ) = (S e 0

is valid. The constant ﬁ(l) is best possible [10].
p
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Thus the Hilbert matrix

1
i+j+1

., i,j=0,1,2...

can be viewed as an operator on spaces of analytic functions, called Hilbert operators, by its
action on the Taylor coefficients:

[e.°]

ar
a,— Y —2k _ n-0,1,2,...
" kgon+k+1

that is, if f € H(D) with f(z) = % anz™, then so-called Hilbert operator (see [7]) 7 on H(D)
=0
defined by "

A= | G| @)
z)= — 2"
n=0\£=0 n+k+1
Hardy’s inequality (see [9]) guarantees that the transformed power series (2) converges on D
and defines there an analytic function #(f) whenever f € H'. In other words, JZ(f) is a well
defined analytic function for every f € H'.
A calculation shows that

1 1
H(f)z) = fo f(t)l_—tzdt,

where the convergence of the integral is guaranteed by the Fejer-Riesz inequality ([9, p. 46])
and the fact that (1——1tz) is bounded in ¢ for each z € D.
For 0<r<1,0<p<ooand f € H(D), the integral mean M,(f,r) is defined by

P

1 21 0
M,(f,r)= (—f |f (ret )Ide)
21 Jo
The Hardy space H? is defined as follows:

HP = {f:fEH(D), If e = sup Mp(f,r)<oo}

0<r<1

and

I/ | oo = suplf (2)I.
zeD
Additional properties of Hardy space can be found in [9].

The resulting Hilbert operator .7Z is bounded from H? to H?, whenever 1< p <oo but ¢
is not bounded on H' ([7, Theorem 1.1]). In [8] the norm of .7 acting on Hardy spaces was
computed. This is known and quick way to see this is to view .7 as a Hankel operator. In fact
J is a prototype for Hankel operators see [13] for details.
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In this article we shall be dealing with certain generalized Hilbert operators. If f € H(D)
and given a,b € C, we consider the generalized Hilbert type operator .77 ; defined by

XX Tn+a+DI(n+k+1)

A=Y | Y n

n=0 k:or(n+1)l“(n+k+b+2)ak z

It is easy to see that the above mentioned series defines an analytic function on D. In the
notation of Li [11]], we have

Hpp=p (p=0)
and, in particular, for =0
Hoo =,

where 73 is called generalized Hilbert operator (see [11]). If = 0 is the classical Hilbert
operator.
We find the integral representation of J7, 5(f)(z) by simple steps of calculations as following

T@+1) [LF@)a-pP

a%’?z,b(f)(z)zr(b+1) ot

3)

which is an integral type operator. Recently there has been a huge interest in studying integral
type operators on analytic function spaces. For some results in this area, mostly in the settings
of the unit ball and the unit polydisk see ([2, 3, 4, 5] 6], [7, [12]). In particular if a = b = 8, we find
that the representation for generalized Hilbert operator is given by

LA -of
T 2)=Hpp=| ———dt
5(f)(2) 5.6 L, A1
as in see ([111]).
Now for the representation of J7; ; in terms of composition operators, for z € D, we choose

the path

t
H=0t=—— 0<t<l1
(D=0:0= g
i.e a circular arc in D joining O to 1. Change of variable in (3) gives the following:
T(a+1) lf( t ) (1-1)°(1-2)>¢
T+ Jo " \(t-Dz+1) @A +(t—1)z)b-a+l ™

Hap(f)(2) =

If0<t<1,set

1 _T@+1) A-t)°1-2)
T (CFS V(TR TS e

It is easy to see that ¢, is a self map of D and if b = a, w:(2) € H(D). Thus the transformation
b 1 an average

1
S (F)2) = fo TAf)2)dt
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of the weighted composition operators

Ti(f)(2) = wi(2)f (Py(2)).

In [7], the authors proved an analogue of the inequality (1) on Hardy space. More precisely
the authors proved the following result:

Theorem 1. The following inequality are valid

(a) If 2< p < oo, then

v/

172N e < —5 I f e
Slnz

for each f € HP.

(b) If 1< p <2, then

v/

17 ()l r < (halFzz

c T
sin =
p

for each f € HP with f(0)=0.

In this article we prove an analogue of Theorem |1} The following theorem is our main result
of this article. More precisely we show that

Theorem 2. The following inequality are true

(a) If 2 < p <oo and Re(b) = Re(a), then

Ta+1)_ (1 1
b-a —_ -
I-7a,6 (e <2 F(b+1)B(p b+a,a+1 p)llflal
for each f € HP(D).
(b) If 1< p <2 and Re(b) = Re(a), then
p_gl(@+1) (1_ _1)
170 6 (I Er < 2 —r(b+1)B . b+a,a+1 - Al

for each f € HP(D) with f(0)=0.

2. Proof of the Main Result

In this section, we will give the proof of our main result in this paper.
Recall that by HP (), where g denote the right half plane {z € C|Re(z) > 0} is the Hardy
space on 7g. i.e the set of all analytic functions f : 7r — C such that

o0
||f||§1p(nR)= supf I[f(x+iy)Pdy <oo
<

0<x<ood—00

In order to prove Theorem (1, we need the following lemma.
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Lemma 1. Let Re(b) = Re(a) and 0 <t < 1. Suppose p =2, then for each f € H?(D),

T(q+1) ¢pFab"1

T < p.
ITAP = F gy o s

The above inequality is also true for each f € HP with f(0)=0, when 1< p <2.

Proof. We give the proof when a,b are real. For the proof of the complex case, we simply
required to note the following for ¢ € (0,1)

|(1 _ t)b—al — (1 _ t)Re(b—a).

Let p = 2. Suppose u(z) = % be the one-one analytic from D onto 7 with inverse ,u_l(z) = 2;1

+1
and let

1

47)r
GD" e, feHP(p).

1-2)r

V(f)z) =

It is easy to check that the map is a linear isometry from H? () to H? with inverse given by,

1
Vg e)=————5g(u (), geHP”.
ar(l+z)r

Let Tvt :HP(ng) — HP () be the operators defined by Tvt =V~IT,V and suppose h € HP(ng). A
calculation shows that T are weighted composition operators given by

~ T@+DA-p ) 1 b-a+l-3
TTOG+D  q_pib \E-Dpl)+1

h(®4(2)), O0<t<l1,

where

t 1
DPu(z)=porou 1(2)——t2+§

is an analytic function mapping g into itself. By an elementary argument we see that if z € np
then |(¢ — 1);1_1(2) +1|=¢tand since b—a+1-— % >0 we have

— T(a+1) ¢ 1 ybea
|Tt(h)(z)|—1_,(b D) 1 it Ih(CI)t(Z))Ill (@I

Since |1- ,u_l(z)l <1+ I,u_l(z)l <2 as |,u_1(z)| <1 and b = a, putting the change of variables
X=15x+15 1 cand Y = 1 1Y, and integrating for the norm we have

1
IT(R)g»(TR) = sup ( f |ir7<h)(z>|de)p

0<x<oo \J—-00

p P
dy)

<M(a,b,p) sup (foo ‘h(i(xﬂy)w“%)

0<x<oo \J—00 1- 1
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1
oo 1-¢ 3
=M(a,b,p) sup (f |h(X+iY)|pTdY)p

1 —00
1 <X <oo

1
< M(a,b,p) sup U |h(X+iY)|de)p

0<X <oo \J—00
=M(a,b, Pkl e (2p),

2
_ ob—al(a+l) ¢p a1
where M(a,b,p) =2""" 17555 =

O

For 1 < p <2, the proof is similar to the case p = 2, hence we emphasize only essential
differences. Let f € H? with f(0)=0. Then f(2) = zfo(2) with | fllg» = llfoll z»r and 7, ; can be
written in the following form, that is,

1
S, 0(F)2) = fo Tu(fo)2)dt,

where

T(a+1)t(1-1)b(1-2)°@ t
T(o+1) ((t-Dz+1)2 g((t— Dz + 1)'

Now by following the proof of previous case (with the same notation) to estimate the norms of
T,. Letting T, : HP(ng) — HP(ng) we find

Ty(g)(z) =

b-a+2-2

h(®4(2)), O0<t<l1,

7 _Da+D t(l—/,t_l(z))b_“( 1
TTO+D (it \t-Dpl@)+1

for each h € HP(ng). Since p >1, we have b—a +2— % > 0, hence by proceeding similar to the
previous case we conclude the result.
Using this we can proof the Theorem [2| as follows:

Proof. Suppose f € HP, p = 2. Using Lemma [I] and Minkowski’s inequality, we have

2w " do %
I-7a,6(Fllgr < sup (f | Hap(f)re )Ip—)
0 2

O<r<1

2n
0<r<1\JO

1
1 27 . D
sf sup (f ITt(f)(rele)Ip—dQ)p dt
0 0 2n

O=<r<1

1
1 T(a+1) tp %!
< gb-a dt
||f||pr0 ( T+ Do

1
1 _ p P
f Ti(f)re'ldt) de)
0

T+ (1 1
=20 — T Bl_—bta,b+1-= .

The case 1< p <2 is also similar. O
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For a = b = 8, we have the following result.

Corollary 3. (a) Let $=0.If2<p <oo and 1—%+% =1, then

)i

12BN Er < T+ p)

(pallFzz

for each f € HP(D).
(b) Let =0.If 1< p <2, then

r(3)r(+#)

12 (F) N p < T+ p)

(halrzz

for each f € HP(D) with f(0)=0.

3. Remark
For H*, since (1-t)<|1—-tz| and a >0, if z € D, then from (3)), we have

I'a+1)

Hapf @I = 57

1
f FOQ -0~ 14¢,
0

The above inequality gives, if f € H* then J7, ;f € H* provided b >a. A simple calculation
show that for the constant function 1

I'a+1)
I'e+1)

Hap(1)(2) = F(1,a+1;b+2;tz2), 4)

where 9F'1(a,b;c;z) denotes the classical/Gaussian hypergeometric function is defined by the
power series expansion

X (a,n)(b,n)z"

Fi(a,b;c;z) = —, <1).
oF1(a,b;c;2) nZ:O )l (lzl<1)
Here a,b,c are complex numbers such that ¢ # -m, m =0,1,2,3,--- and (a,n) is the

Pochhammer’s symbol/shifted factorial defined by Appel’s symbol

I'la+n)
I'a) ’

(a,n):=ala+1)---(a+n-1)= neN
and (a,0) =1 for a # 0 and T is the gamma function given by I'(z) = [;° e /#*"1d¢. Obviously,
F(a,b;c;z) is analytic on the unit disc D. Many properties of the hypergeometric series including
the Gauss and Euler transformations are found in standard textbooks such as ([1l, [14]).
Since oF'1(a,b;c;z) is bounded on D if ¢ > a + b, if b <a then equation gives g (1) is
not a bounded function. Thus J7, ; is bounded on H* for b > a and unbounded for b <a. Also
in the proof of the Theorem 1 if we assume b > a, then .77 3 is bounded on H 1 Therefore, it is
interesting to know whether .77 ;, is bounded on Hardy space H? for 1 < p < oo whenever b <a.
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4. Conclusion

It would be interesting to know whether J7 ; is bounded on Dirichlet-type spaces S? (0 < p <2)
and on Bergman spaces A” (2 < p <oo) and other function spaces so that it generalize few
results of S. Li and E. Diamantopolous ([6], [111).
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