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Abstract. The theory of jets provides a useful tool for various fields in mathematics, enabling
the solution of higher-order differential equations and partial differential equations that model
complex mechanical systems. This theory adopts a geometric approach to generalized mechanics
and field theory. For instance, in Lagrangian particle mechanics, the formalism of higher-order jet
bundles proves useful. Thus, the study of jets is not only beneficial to mathematics but also extends its
applicability to other fields such as physics. In this study, we approach jet bundles from a differential
geometry perspective. Specifically, we use structure of the bundle of all 1-jets of maps from R” to
M with source at 0. By employing normal coordinates on the manifold M, we demonstrate that this
bundle is diffeomorphic to the p-Whitney sum of tangent bundles. Then, we prove that this bundle
carries a vector bundle structure. Using its vector bundle structure, the paper establishes the existence
of the isomorphism for tangent bundles of p! velocities, and extends the previous result by proving
that the vector bundle of 1-jets of p-velocities is isometric to p-sum of tangent bundles, even in cases
where the base manifold does not carry a Banach structure.
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1. Introduction

The concept of jet bundles, and in particular the tangent bundle of p* velocities, is a versatile
mathematical tool with applications in various fields of mathematics. It has been used
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extensively for the solutions of partial differential equations (Baker and Doran [1]], and Barco
[2]), second order differential equations modeling certain types of dynamical systems (Sarelet
et al. [13]), and singularity theory (Golubitsky and Guillemin [7]). Jet bundles also have
applications in higher order mechanics (Deleén and Rodrigues [4], and Krupkova [[10]) and
variational calculus (Musilova and Hronek [12]]), offering a unique perspective on formulating
fundamental physical theories like special relativity, classical electrodynamics, and quantum
mechanics.

There are basically two different approach on the notion of jets in the literature. One
approach is to define an equivalence relation among local sections of a given bundle (E,7,N).
This type of jets is discussed in detail by Saunders [14]. The other approach is to use equivalence
relation = on a function between smooth functions N and M. Each equivalence class is called
a k-jet. Also, k-jet bundle is defined as the set of all k-jets. In this study, we consider this
approach.

A specific instance of k-jets is referred to as the tangent bundle of higher order, particularly
when N = RP. This jet bundle exhibits a distinct geometric structure known as the almost
tangent structure of higher order. In a broader context, if N = RP, the jet bundle is denoted as
the tangent bundle of p* velocities. This notion was aimed at advancing classical field theory in
an autonomous manner (Deleén and Rodrigues [4], and Ehresmann [5]]). The concept was also
used to the construction of the geometry on frame bundles (Cordero et al.[3]).

A particular instance within the tangent bundle of p* velocities arises when p = 1. This
variant of the jet bundle is commonly referred to as the k-th order tangent bundle, owing to
its intimate connection with the standard tangent bundle. According to this definition, a jet
is simply an equivalence class of curves on an arbitrary manifold M such that two curves are
equivalent if and only if their derivatives up to the k-th order at the origin are equal. The set
of these type of jets carries a bundle structure (Morimoto [11]). Their geometry on Banach
manifolds has also been studied by Suri [15,(16].

The third definition of jet bundles is constructed by using an equivalence relation on the
functions from R? to M, such that all of their partial derivatives up to order 1 at the origin are
equal. That is, the 1-jets with the source at the origin of R?, directed towards M offer a sound
approach for the generalization of tangent bundles. This type of approach is used in working
with double tangent bundles (Fischer and Laquer [6], and Kadioglu [9]), frame bundles (Cordero
et al. [3]). In this paper, we focus on this type of jets.

In this paper, we demonstrate that / ;M can be expressed as the Whitney sum of p tangent
bundles. It was proven by Suri [16] that the 2th order tangent bundles (or the tangent bundle of
1% velocities) are isometric to the £-Sum of tangent bundles if the base manifold carries a Banach
structure. Here we prove that the manifold structure of 1-jets of p-velocities is equivalent to
p-sum of tangent bundles even if the base manifold does not carry a Banach structure. We prove
that each fiber of the jet bundle is indeed a vector space and then prove that the jet bundle </ Il,M
is indeed a vector bundle. We also present local coordinates of the tangent vectors in T'J ;M . By
using these local coordinates, we prove that the p-sum representation is actually a Whitney
sum representation by showing that J }l,M is bundle isomorphic to the p-Whitney sum.
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2. Preliminaries

In this section, we provide a concise overview of essential preliminary materials.

2.1 First Order Jets: J M

Definition 2.1 ([3]). Suppose that C°(R”) denotes the algebra of smooth functions on
the Euclidean space R? with natural coordinates (u1,ug,...,up), and f,g € C*°(RP). Then, there
is an equivalence relation on C*°(R?): f = g if and only if f(0) = g(0) and %|o(f) = %|O(g) for
everyi=1,2,...,p.

Now, let M be an m dimensional manifold, and ¢, : RP — M, two smooth maps. Then, we say
that p=¢ if fop=f o for every f € C°(M). This relation an equivalence relation, and we
denote by j(¢) the equivalence class of ¢ € C°(RP; M) referred to as a 1-jet in M at ¢(0).

We denote J ;M the set of all equivalence classes in C*°(R?; M), which is a mp + m dimensional
smooth manifold with local charts defined as follows:

If (U,x1,...xy) 1s a local chart in M, then (J},U,xl,...,xm,xé,...,

xy) is the local chart for J ;M ,
with a=1,2,...,p by
2 (GHP)) = 2 (P(0)),
;. A(x' o)
1/:1 _
O R |,
Consider an arbitrary point j1<p, and suppose ¢, : R — M represents the differentiable curve

. (2.1)

defined as ¢q(u) = ¢(0,...,u,...0), where u is at the ath position. Then, associated with jl¢,
there exists a unique (p +1)-tuple [x;X1,...,X,], determined as follows:

x=P0), Xy=(Pa)« (i) ), (2.2)
dulo

where j—u is the canonical vector field tangent to R. Henceforth, we will express [x;X1,...,X,]

more succinctly as [x; X,]. Furthermore, we will denote the equivalence between jl¢ and [x;X,]
if there is no confusion.

Remark 2.1. If j1</> € J;M is represented by [x; X,], then X, = %—i |0.

2.2 The Whitney Sum & ,(TM)

Consider M as an m-dimensional manifold, with ("M, n, M) representing its tangent bundle,
where ¥ : 771U — U x R™ is the local bundle trivialization, and (x’,%’) represents its
corresponding local coordinate chart. Then, the Whitney sum TM &y, TM ={(V1,Vo) e TM xTM
(V1) = n(Vo)} is a vector bundle on M, with bundle projection 719 : TM ey TM — M — M,
71,2(V1,V2) = m(V1) = 1(Vy), local trivializations Wi 9 : (TM &3 TM)y — U x (R™ x R™) defined by

W1,2(V1,V2) = (1,2(V1,V2),(pra o W)(V1),(pra o ¥)(V7)).
If (x!,%') being a local chart on 77 1(U), then the local coordinate chart induced by the local

trivializations on 71 2(U) is given by (&', 5!,5), where

&' =x'omg, yj=x"0Pri, ys=x'oPrs.
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Here, Pri and Pry are first and second projections on 7'M x s T M, respectively. The following
remark is needed when we work on tangent vectors on </ ;M .

Remark 2.2 ([3])). If ¢ is a tangent vector to ¢ :R — J ;M ; then, there exist

Wi:RxRP - M (2.3)
and 6 > 0 such that ¢(t) = j1(y,) for |t| <5, where
y(u) =y @) =y(,u), (2.4)

for teR and u e RP.

Now, let’s delve into some preliminary information concerning the generalized Whitney sum
of tangent bundles.

Definition 2.2. The pth Whitney sum &,(TM)={(V1,Vs,...,V,) e TM xTM x...xTM : n(V1) =

(Vo) =...=m(V,)} is a vector bundle, with bundle projection
T1-p:®p(TM)— M
(V1,Va,..., V) =1 p,(V1,Vo,..., V) =a(V1) =a(Vo) = ... = (V})

with local coordinate chart (&, yi, yé, e y;,) such that
¥ =xom_p, yi=i'opry, yh=iloprs, ..., y,=i'opr,, (2.5)
where pri,prs,...,pr, are usual projections &,(TM) — TM. Here, prqo(V1,Vs,...,Vy) = V.

This definition offers a straightforward extension of the concept of TM &3 TM to the pth
Whitney sum @,(T'M), extending the understanding of tangent bundles in a systematic manner.

3. J.M as a Whitney Sum

Definition 3.1. Let ®,(T'M) represent the generalized Whitney sum TMeTMeTMe...e TM
on the manifold M. Now, we define Q) : J},M — ®,(TM) as

0 0 0
Q i1 = * -~ |> % DU EEEEE) 3 - ) 3.1
A ((P 0(6u1) ¢ O(auz) ¢ O(Oup))‘wm G-

where jl(/) € J;M is a 1-jet in M at ¢(0) and (u1,u2,...up) is the standard coordinate system

in RP.

The mapping Q defined in equation (3.1) establishes a connection between the 1-jets in M at
¢(0) and the generalized Whitney sum & ,(T'M), providing a valuable tool for further analysis.

Lemma 3.1. Q is well defined.
Proof. Consider j'¢ and jl¢ in J ;M with jl¢ = jl¢'. By the definition of 1-jets,

HO=¢©) and TP TED)

>

uqg lo oug, o
for all @ € {1,2,...,p}. Then, for all a €{1,2,..., p}, (p*o(&) = cplo(%) and gb*o(aiul) in the same
tangent space at ¢(0) = ¢'(0). Therefore Q(j1¢p) = Q(j1¢'), thus Q is well defined. O
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Lemma 3.2. Q) is an injection.

Proof. Consider Q(jl¢) = Q(j'¢") for jlo, jl¢' € J;M. Then, we have

[ (a0 a)#li = 0 ) o) 9%

Then, ¢(0) = ¢'(0) and gb*o(%) = ([);0( ) Thus 2&i® lo = 6(x’°¢)|0, for all ¢ €{1,2,...,p} and

Ougy

¢(0) = ¢'(0), implying that j1</) =J </) . Therefore, ( is an injection. O

Theorem 3.1. J ;M is diffeomorphic to the sum &,(TM).

Proof. Since M is paracompact, there exists a normal neighborhood U at x € M, and U c T, M
a neighborhood of 0 so that the exponential map Exp : U — U is a diffeomorphism. We
now consider U as a normal neighborhood of x such that it is diffeomorphic to U, and let
V1,Va,...,V, € TyM be such that ZﬁzluaVa € [7, V(u1,ug,...,up) in a small neighborhood of
€ R?. Then, we define a function

¢y :RP - M
p
(u1,ug,...,up) — Pv(ui,ug,...,up) = Exp Z uUqaVy
a=1
The function ¢y is actually a combination of Exp and a linear function
ny:RP - T, M

defined by nv(u1,...,up) = Zf[:l uqVy. Thus ¢y is clearly a smooth function.
On the other hand, from the definition of  and Exp, we have ¢y (0) = (Expon)(0) = Exp(0,) = x

Also we have
0 on
-E . = Exp,
0) a0, (17 O(Oua 0)) P O’“(Oua 0

0
((,bV)*O (a
0 0 0
Qv = ((QbV)*O (a—ul\o) (@v)e0 (@)0),...,(@)*0 (510)) = (V1,V,..., V).
p

Therefore,
Then, Q is a bijection.

) =Exp,o. (Vo) =V,

a

Now, we continue with the local form of the function Q. For any jl¢p e J ;M the local form is
ji¢ € JIM =[x,X,], where X, = ¢ (<L o). Therefore,

QGlp) = Qx, X 1) = (X1,X2,...,Xp)lk.
Thus, the local representation of Q is the identity map of R™”*™  concluding the proof. O

Remark 3.1. The function Q defined in Definition is a natural generalization of
the diffeomorphism in [8, Proposition 4].

So far, we have showed that the total space of the two bundles are equivalent. In the next
section we focus on the bundle structure of the jet bundle ;M , and define a vector bundle
structure on it.
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4. The Vector Bundle 7, M and Its Tangent Bundle

In this section, we prove that the bundle carries a vector bundle structure, and also, this chapter
provides local expressions of each tangent vector on J ;M . First, we introduce the vector bundle
structure of J ;M .

4.1 J;M as a Vector Bundle

It is well known that the fiber space of the bundle ;M is the vector space L(R?,R™). In order
for a bundle to carry a vector bundle structure, one needs to show that each fiber carries a
vector space structure and is isomorphic to its fiber space. In the following theorem, we define
this structure:

Theorem 4.1. Let j'f,jlg € n7Yx} be two jets in the same fiber. Therefore, we conclude that
f,g :RP — M smooth functions where f(0) = g(0) = x. Suppose that [x,X,], [x,Y,] are the local
coordinates (as in equation 2.2)) of j1f, and j'g respectively, and c € R a scalar. We define

p
+(f,g)(u):eXp(Z(ua(Xa+Ya)) s (41)
a=1
p
-(c,f):exp( (ua(ch))). (4.2)
a=1

Then, +(f,g) and (c,f) are differentiable functions.

Proof. Suppose that jlf,j'g € n71{x} with the local forms [x,X,.], [x,Y,], respectively. From
equation (2:2), we know that x = £(0) = g(0) and X, = (fo)(%],) and Y, = (g):(L],)- By
Remark we have X, = f*O(%h)) and Y, = g*o(%b). Thus X,,Y, € T.M are tangent
vectors at the point x, then X, +Y, € T\ M and cX, € T, M as well.

Since M is paracompact, a linear connection V on M, and a normal neighbourhood N
of x € M, exists such that there is U ¢ T,M a neighborhood such that exp: U — N is a
diffeomorphism. Now, consider such neighborhood in 7 M such that Zi:l ugXy+Y)eU,
for all (u1,us,...,up) €U, where U be a small neighborhood of 0 € R?. We now define functions
Nx+y):RP =T M, and n.x : R’ — T, M defined by

P
77(X+Y)(u1,---,up) = Z ua(Xoq+Yy),

a=1
b
T](CX)(u]." .. 7up) = Z ua(CX(x),

a=1
where X,Y € T, M tangent vectors, and c € R a scalar. From the definition of the functions above,

both n(x+y) and n.x are linear functions. Since the exponential function exp is differentiable,
then the functions +(f, g) and (c, f) are differentiable. O

Now, we consider the jets of j1(+(f,g)) and jl(e(c, f)).

Lemma 4.1. If j1f, jlg e 1Y}, then jLH(+(f,g)) € 1 x}, and ji(e(c,[)) € m~ M)
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Proof. Let jif,j'g € n7Yx}, then n(j'f) = n(j'g) = x. On the other hand, since X, +Y, € T, M,
then +(f,8)(0) = exp (X2 _, (ualcX,))) = exp(0,) = x. Here 0, represents the zero vector of T, M.
Therefore n(j1 +(f,g)) = +(f,g)0) = x, i.e. jL(+(f,g)) € n~1{x}. Using the same method, it can be
proven that jl(e(c, f)) € 77 1{x}. O

In the following definition, we define the addition and multiplication of two jets explicitly:

Definition 4.1. Let j1f, jlg € 771{x} and ¢ € R. We define
B N x 7 Ha) — 17 Ha)
G'f.ite) =it fBjle = +(f,8)), (4.3)
and
R x 7 Ha) x m7 M) — 7 )

(c,7 )= cEff = jl(e(c, F)) (4.4)

Remark 4.1.The local expressions of the addition jlf + jlg = jlcp}“g and the scalar
multiplication cjlf = j1<p}°; are as follows:

J'of =% Xo+ Y],
Jlo5 =lx,cX,]. (4.5)

The proof directly stems from the definitions of the operations HH and [] outlined in
Definition 4.1l Therefore we skip the proof.

Theorem 4.2. H and [ are well defined.

Proof. Let j'f,jlg,jf,j'g € n~Yx} and their local forms are given by [x, X1, [x, Y41, [x, X1,
[x,Y,], respectively. . _ ' '

Suppose that(/'/, €)= (i f1,/'g1). Then, ZZ0 = 20| and 2522 = K260,
Then, X, = X, and Y, = Y,. From equation (4.5), the local form of j1f B jlg = j1(+(f,g)) =
[x,X, +Y,] and the local form of j1fBjlg = j{(+(f,&)) = [x,X 4 + Y,]. Then, the local forms of
j1fBjlg and j'f B jlg are equal. Therefore, B is well defined. Using the same way, one can

prove that [] is well defined too. O

By Theorem we defined addition and scalar multiplication on J ;M .

Corollary 4.1. With the addition and the scalar multiplication defined by equations (4.1) and
@.2), each fiber nl{x} is a vector space. +(f,g)(0) = exp(nx+y)(0)) = exp(0,) = x, where 0,
represents the zero vector of T, M.

We skip the proof as it can be proven with using the definitions of j1¢;g and j1¢]€. In
the next theorem, we show that J ;M carries a vector bundle structure.

Theorem 4.3. With the bundle structures given by equation (2.1), and the vector space structure
on each fiber given by equation (4.5), J ;M is a vector bundle on M with fiber space L(RP,R™)
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and bundle trivializations
¢:J U —U xL(RP,R™),

where uy is the usual coordinate functions of RP, 1<i<m, 1<a <p, and U is an open subset

of M.

Proof. The coordinate charts of J ;M is given by equation (2.1). Using these given structures,
J ;M is a smooth bundle. Now we present the vector bundle structure. Each fiber is defined as
n Hx} = (j1f : ¢(0) = x}. Here recall that f : R? — M smooth functions. The addition and scalar
multiplication on each fiber as follows:
Jf it = e, Xo+ X0,
M =1x,AX ),
where j'f =[x,X,], and j'g =[x, X/ ]. Using the operations defined in Definition 4.1 fibers of
J ;M carry vector space structure. The fiber map
@y Hx} — L(RP,R™)
. ' o f)
1
7t ou? )0
for all x € M. Therefore, we have
@G + 4" 8) = @l X o]+ [x,AX )
= o[, Xy + AX))]

(4.6)

_ 6<xiof>) A_f“x"Og)H
B ou® o ou® o
=G )+ My (lo).

Now we prove that it is a bijection:
Let ¢.(j'f) = [0] € L®?,R™). Then [2£2P| ] =[0] for all 1<i <m, and for all a, 1< a < p.

ou®
Then jlf = [x,0], which proves that ¢, is one to one. From the rank-nullity theorem, ¢, is a

bijection. Thus ¢, is a linear isomorphism for all x € M. O

4.2 The Tangent Bundle 7J, M
In this section, we compute the tangent vectors of J ;M . For this purpose, we define the local
coordinates of a curve on J ;M .

Remark points out that for each curve ¢ corresponding to a tangent vector ¢, there
exists functions v, v,y as in equation and (2.4). Using the correspondence we define
local coordinates of ¢(?) if ¢ is a smooth curve on the bundle J ;M as following:

Definition 4.2. If ¢ is a curve on the bundle J ;M , then the local coordinates of ¢(¢) is
dxt o Vy)
ou,
where 1 : R x RP? — M is a smooth function such that ¢(t) = j1(y;) for w.(u) = w(t,u) = w*(t), for

all (¢,u)eRxR?,

P(t) = | (x" oy )(0);

>

u=0
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Lemma 4.2. Let ¢ € T(J II,M ) and y,y;, " are the smooth functions defined by equations (2.3)
and (2.4). Then the local form of ¢ is given by:

a(x" o) ]
u=0 ’

Ouq
Proof Let p:R—d, I M be a smooth curve such that, for all ¢ € R, local form of ¢(t), as defined
,is ¢(2) = [(x! o )(0); a(x owt) |- 0] The derivative of ¢ is given by:

a(xi 01’/“)

(=’ O¢O); ou ‘0
a

(' o)(0,0);

peT(J M) = (

) . 4.7)

d .1 _
%LZO(J (wt»—a\t (x'o wt(o»@

X, U/t) (4.8)

Jyo dt’t 0 Xt iy,
0(x 01//0)
u=0"

As peT,; tyo (I I M), the first two components of local form are (x* o ()(0), and
The computation of the terms in equation (4.8) is as follows:

d : d . .
_\ oy 0N = = L:O(xl oyO)(t) = (x 0y (0).

dtli=0

Additionally,
L )5 ) )
dtli=o\ 0Oug lu=o) dtli=0 Oy u=0

Pl oy)t,u) ‘
dtou, 0,0
Since v is a smooth function, we have
0%(x’ ow)(t,u)‘ s ow)(t,w’
dtou, (0,0) Ouqdt (0,0)

0 (d(xiow)(t,u)‘ )
Oug lu=0 dt t=0
0 d(xtoyt)
- Ouglu 0( dt t=0)
_ a(xi 01,',u)
- ou, u=0
Therefore,
i’ (a(xiowt) ): O(ximi/")l
dtli=o\ 0Oug lu=0 o,
Using this equation in equation (4.8), we have
poioph L] O@ed 0
Oxtlj 1//0 Ouqy u=0 0X} jlvo

Therefore, the local form of ¢ is ([(x ow)(0,0); o6 °Wo)| e 0] [(x o?); a(x 01,/“)

O]) 0

In the following lemma, we demonstrate that the local coordinates of the tangent vector
remain independent of the choice of .

Lemma 4.3. The local coordinates of the tangent vector ¢ do not depend the choice of .
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Proof. Suppose that 1 and ¥ are the smooth functions corresponding to the tangent vector ¢.
According to Definition the local coordinates of ¢(t) for all ¢ € R are given by
u=0

A(x! oyry) o(x o) ]
aua aua u=0 ’
The following equalities hold for all ¢ € R:
(x oy)(t,0) = (x' o P)(2,0), (4.9)
ox'oyy)) _ Ox'otpy)

aua u=0 B aua U/:O'
Now, by setting ¢ = 0 in both equations, we obtain

dua =0 Oua lu=o

Rewriting equations (4.9) and (4.10), we obtain
(' oy )(t) = (x" 0 GO)(2) (4.11)

O(t) = | (x oy )(0); (x' o )(0);

(4.10)

and
A(x ow)(t,u) _ A(x’ o )(t,u))
aua u=0 B aua u=0 '
Therefore, third component of the local coordinates remains the same. Now, let’s compute last

(4.12)

components. Taking the derivative of both sides of equation (4.11) at the point ¢ =0, we get
(x" o9)(0) = (' 0 °)(0).
Similarly, taking the derivative of both sides of equation (4.12), we have
51’ (6u¥owxuu) )_55‘ (au¥o¢XLu) )
dtlt=0 Oug u=0) dtli=0 Oug u=0)’
ﬁu%wwa _#u%wmww
dtdu,y ©0,0) Ou,dt 0,0)
Since both ¥ and ¥ are smooth functions, this implies

0 dloy™)) \_ 0 d(x o*)
d alu:O( dt t:O) " Oug u=0( dt t:O)
d(x’ o*)'(0) 3 d(x o) (0)
Oug u=0 Ou, u=0

Therefore, the last components of the local coordinates are the same, concluding the proof. [

Thus far, we have demonstrated the equivalence of the total spaces of the two bundles.
To establish that the bundles are isomorphic, we now aim to show that the differential Q. is
injective. To achieve this, we need to express the local form of Q..

Lemma 4.4. For a tangent vector ¢ € T(J ;M ), the local coordinates of Q.(¢) are given by

o)

(x" op) ;(xi01i/0),a(x oy")

Py — iO 0
Q@)= |y D0, =] Ouq
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Proof. Let ¢p e T(J ;M ) be a tangent vector, and let ¥ be the function corresponding to ¢ as in
equations (2.3) and (2.4). Then

o . d@oQog)) d(ioQod)| d(yioQo¢) d(y’0Qo¢)

Lyl L yEQ 0); e ———
&350+ yp) Qo p)O0); dt ‘t:O’ dt L:O’ dt ‘t:O’ ’ dt ‘t:O ’
where

. A(xt owy) 0 A(xt owy) 0 A(xt owy) 0
O L B e I £
Oui lu=00x'ly,0) Oug lu=00x"y,0) Oup  lu=00x" ly,(0)

We denote ath component of (o ¢p)(¢) as V,(¢). Then
(Qo®)(?) = (y(0); V1(2), Va(?),...,Vp(2)),

where V,(t) = 0(’52’;’/‘) u:O% v
Q.(p)=(Qop)(0) € Tojryg)(@p(TxM)),

where x = 1((0).

) € TWt(O)M' Finally,

From Equation the local coordinate chart for &,(TM) be (& yi, yé, ey y;) is given by
(X597, 9, - ,y;,), where
it :xionl_p, yi :xiOprl, yé :xiOprz, ...y;, :xiOprp.
Now we compute each of the local coordinates of (Q o ¢)(¢):
F(Qop)() = (' 071 2)(Qo P)(2))
= (x' 0 11,2)(QG )
a(xi oY)
= (" oy O)(t) (4.13)

= (xi om1,2) (Y )(0);

and
yL(Q o)1) = ¥ (o P)(2))
=y L (QG )
. d(xt o
=yl ((wt)m); o oyr)
Oug
_ A’ o)
 Oug  lu=o0
for all @ €{1,2,..., p}. Therefore,

d(a‘ciorop)‘ d +d(y§oQo¢)‘ 0

dt

+d(yéoQo¢)), 6. |
dt t=00y;, t=00yp

Conversely, using the local coordinates of (Q2 o ¢)(¢), we have

d(g‘cioQO([))’ d(yioQo(P)‘ d(yéoQo¢)’ d(y;,OQO(P)

dt t=0’ dt t=0’ dt t=0" "’ dt

o

(4.14)

Q.() =

120 0% l0(1y0) dt QGyo)
d(ypoQ ocp)‘ d
+

QGlyo) dt

t=0 ayi

QGilyo)

=0/ (Qog)(0)
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From equation (4.13), the derivative is d(fl;?od’) ;o = "0 y0).

On the other hand, referring to equation (4.14)), we observe

d(yfx°90</>)‘ _1‘ (6<x"owt> )
dt t=0 dtli=0\ Oug lu=0
‘(0,0)

_ PP oy(t,u)
B dtou,
O*(x o yp(t,u))
=——— (0,0
Ouydt ‘( ,0)
0 d
= - lt=0
0u g lu=0\0(x? ow¥)(t)
_ a(xi Olilu)
- aua u=0’
for all @ €{1,2,...,p}. Then, the local coordinates of Q. (¢) are
(x"oyo) ;(xioV‘,O),—a(xioli’u) ) O
aua u=0 aua u=0

0.(¢) = ((xi o u°)0),

Theorem 4.4. Q is both an immersion and submersion.

Proof. Let the local function of Q, be Q,, and $peT(J ;M ) be a tangent vector. From Lemma
the local form of ¢ is
A« o) )

; 0

i : 0.
( Ougy u=0] ’ [(x V) Ougy
On the other hand, from Lemma the local coordinate chart of Q.(¢) is

(x' o)(0,0);

(x" o ™)
0

. : (x* o) . .o, OxPop™)
Q.(¢) = ((xl oy®)0), YO (qioyt) TEY) ) .
aua u=0 aua u:()
Therefore, the local function Q, : R™P*P x RMP+P — RMP+P x RMP*P ig an identity map. Hence, Q
is both an immersion and submersion. O

Corollary 4.2. With the vector bundle structure given in Theorem J ;M is bundle isomorphic
to the Whitney sum & ,(TM).

Proof. Theorem indicates that the total spaces of the bundles J;M and &,(TM) are
diffeomorphic. It can easily be seen that Figure 1| commutes.

Q
JiM ®,(TM)
| Jm
M M
Figure 1

Therefore, 2 is a fiber-preserving map. The local form of 2 is the identity map. Therefore, Q2
maps the fiber Jll,Mx to the fiber & ,(T'M),.
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Now lets consider the restriction of Q2 to the fiber J;Mx. Q JIM, J II,M x— ®p(TyM). Let
jlo,jlre J;Mx. Then, 0(0) = 7(0) = x. Thus, Q is a vector bundle isomorphism. O

5. Conclusion

We demonstrate that the jet bundle J ;M can be expressed as the Whitney sum of p tangent
bundles. For future research, the vector bundle isomorphism between the p-jet bundle and the
p-Whitney sum can be used to lift a Riemannian metric on the manifold M to J },M . This can
be achieved by extending the product metric ®,g on &,(T'M) to J ;M and using the pull back
metric along the isomorphism Q. This approach opens the door to studying the behavior and
properties of Riemannian metrics in the context of jet bundles, which could lead to new insights
in Riemannian geometry and its applications in related fields.
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