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Abstract. A certified dominating set D of a graph Γ= (VΓ,EΓ) denoted by γcer-set, is the subset of
VΓ such that |N(u)∩ (VΓ−D)| is either 0 or 2, ∀ u ∈ D. A set Dc ⊆VΓ is called a connected certified
dominating set (γc

cer-set) if Dc is γcer-set and Γ[Dc] is connected. Also, if Dc has no proper subset,
then it is a smallest γc

cer-set, and the cardinality of the smallest γc
cer-set is called as connected certified

domination number (CCDN) of the graph Γ represented by γc
cer(Γ). In this article we continue the

study of connected certified domination. Herein, we classify graphs with larger values of CCDN and
then we will study some properties of connected certified domination. Moreover, we will provide upper
bounds and Nordhaus-Gaddum results for the CCDN. Additionally, we will prove that the connected
certified domination problem is NP-complete for star convex bipartite graphs, comb convex bipartite
graphs, and planar graphs.
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1. Introduction
The idea of certified domination was presented by Dettlaff et al. [4] in 2020, and further studies
are going on this domination parameter (see, for example, Dettlaff et al. [4, 5], Goswami et
al. [11], Ilyass and Goswami [17], Jakkepalli et al. [18], Lone and Goswami [21], Raj and
Kumari [24] for recent articles on this topic). A CFDS D of a graph Γ signified by γcer-set, is
the subset of VΓ such that |N(u)∩ (VΓ−D)| is either 0 or 2, ∀ u ∈ D, and the cardinality of
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the smallest γcer-set is so-called the certified domination number (CFDN) of Γ signified by
γcer(Γ). A set Dc ⊆VΓ is a connected certified dominating set (CCDS) denoted by γc

cer-set, if Dc
is γcer-set and the subgraph Γ[Dc] induced by Dc is connected. Also, if Dc has no proper subset,
then it is a smallest γc

cer-set and the cardinality of the minimal γc
cer-set is termed as connected

certified domination number (CCDN) of the graph Γ denoted by γc
cer-(Γ). Over the last two

decades, a significant amount of study has been conducted on domination theory and its various
parameters. By imposing certain constraints on the dominating set, several domination-related
parameters have been appropriately defined in domination theory. We refer to Haynes excellent
book entitled “Domination in Graphs” [14] and a survey by Haynes et al. [15]. In this article,
we continue the study of connected certified domination which is introduced by Ilyass and
Goswami [17] and studied by Lone and Goswami [21]. In Section 2 of this paper, we have
discussed some properties of CCDN and characterized graphs with larger values of CCDN. In
Section 3 we have discussed some upper bounds for CCDN followed by Nordhaus Gaddum
results in Section 4. In the last section of this paper, we discussed the complexity results on
the connected certified domination problem.

1.1 Definitions and Notations
Unless stated otherwise, all the graphs covered in the study are connected and undirected
graphs without multiple edges or loops. In general, we will follow Haynes [14] and West [25] for
notations and other terminologies.
Let Γ = (VΓ,EΓ) be any graph. The complement Γ̄ of the graph Γ = (VΓ,EΓ) is defined on the
vertex set VΓ of Γ, where an edge xy ∈ Γ̄ if and only if xy ∉Γ. Throughout the article, ∆(Γ) and
δ(Γ) will be used to represent the maximal and the minimal degree of the graph Γ, respectively.
Also, δ∗(Γ) and ∆∗(Γ) will represent min{δ(v),δ(Γ̄)} and max{∆(Γ),∆(Γ̄)}. We will use LΓ and
S1(Γ)(S2(Γ), respectively) to represent the set of leaves and weak supports (strong supports,
respectively) of graph Γ.
Let D be a dominating set of a graph Γ. An element of D that has all neighbors in D is said
to be shadowed with respect to D (shadowed for short), an element of D that has exactly one
neighbor in VΓ\ D is said to be half-shadowed (HS) with respect to D (half-shadowed for short),
while an element of D having at least two neighbors in VΓ \ D is said to be illuminated with
respect to D (illuminated for short) (Dettlaff et al. [4]). Notice that if D is γc

cer-set of any graph
Γ, then D has no HS element.

2. Graphs with Larger Values of CCDN
We have observed that γc

cer(Γ)≤ n and γc
cer(Γ) ̸= n−1, for any graph Γ of order n. There are also

some graphs with γc
cer(Γ) = n, for example, cycle graph C4. Thus it’s natural to characterize

all graphs with γc
cer(Γ) = n which is shown in this section. More specifically, in this section,

we will find the precise CCDN of the path graph, cycle graph, and corona product of graphs.
In particular, we prove that, γc

cer(Γ) = n if and only if Γ is some cycle graph Cn, or the path
graph Pn,or the corona of some graph, ∀ n ≥ 4.

Before we get into our main findings, let us go over some important terminology. The corona
product of graphs H1 and H2 is the graph Γ= H1 ◦H2 obtained from the disjoint union of H1
and |VH1 | copies of H2 in which the kth vertex of H1 is joined to all the vertices of the kth copy
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of H2. For every u ∈VΓ, Hu will represent the copy of H whose vertices are connected one by
one to the vertex u. Furthermore, using the join u+Hu, u ∈VΓ, we represent the subgraph of
the corona Γ◦H as u+Hu. Also, we denote Γ+ to be the graph obtained from the corona of Γ
with any trivial graph H, in which vertex u′ ∈ H is connected with every vertex of Γ, that is,
Γ+ =Γ◦H, where H is any trivial graph.

We begin this section with some properties of CCDN.

Proposition 2.1. Let Γ be an islote free graph and |Γ| ≥ 3, then γc
cer(Γ)= 1 if and only if Γ has a

universal vertex.

Proposition 2.2. If Γ is an islote free graph of order n,then γc
cer(Γ) ̸= n−1, ∀ n.

Proposition 2.3. Every vertex in S2(Γ) of graph Γ belongs to every γc
cer-set of Γ.

Proof. Let Dc be a γc
cer-set of Γ, let s1 ∈ S2(Γ) be a strong support vertex of Γ, and let l1 ∈ LΓ

is such that l1 ⊆ NΓ(s1). If s1 ∉ Dc, then l1 ∈ Dc. But then l1 would have only one neighbor in
VΓ\ Dc, and Dc would not be a γc

cer-set.

Observation 2.4. S1(Γ)+L1(Γ) ∈ γc
cer(Γ)-set.

Proposition 2.5. If Dc is γc
cer-set of any graph Γ, then Dc has no HS element.

Proof. Let Γ be any connected graph and Dc be its γc
cer-set. Suppose there exists a vertex u ∈Dc

such that u is HS, then u has exactly one neighbor in VΓ\Dc, a contradiction to the fact that
Dc is γc

cer(Γ)-set and every vertex in Dc must dominate 0 or atleast 2 vertices in VΓ\Dc.

Next, we characterize graphs with larger values of CCDN and we start with the following
result.

Theorem 2.6. Let Γ be any islote free graph of order n and H be any graph of order m ≥ 2. Then
Dc ⊆VΓ◦H is a γc

cer-set in Γ◦H if and only if Vu+Hu ∩Dc is a γc
cer-set of u+Hu for every u ∈VΓ.

Proof. Let Dc be a γc
cer-set of Γ◦H and let u ∈ VΓ. If u ∈Dc then u is a γc

cer-set of u+Hu. It
follows that V(u+Hu)∩Dc is a γc

cer-set of u+Hu . Suppose that u ∉Dc and let v ∈Vu+Hu \Dc with
u ̸= v. Since Dc is a γc

cer-set of Γ◦H, then ∃w ∈Dc such that vw ∈ E(Γ◦H). Then w ∈ VHu ∩Dc
and vw ∈ E(u+Hu). This proves that Vu+Hu ∩Dc is a γc

cer-set of u+Hu.
Conversely, suppose that V(u+Hu)∩Dc is a γc

cer-set of u+Hu for every u ∈VΓ. Then, clearly, Dc
is a γc

cer-set of Γ◦H.

Corollary 2.7. Let Γ and H be any isolate free graphs such that |VΓ| = n and |VH | = m ≥ 2. Then
γc

cer(Γ◦H)= n.

Proof. Let Dc =VΓ. Then Vu+Hu ∩Dc = u is a γc
cer-set of u+Hu for every u ∈VΓ. By Theorem 2.6,

Dc is a γc
cer-set of Γ◦H.

Corollary 2.8. Let Γ be an islote free graph of order n and H be any trivial graph then
γc

cer(Γ◦H)= 2n.
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Proof. Let Γ be an islote free graph of order n and H be any trivial graph. Then Γ◦H =Γ+ is a
graph of order 2n. By definition, every vertex of Γ+ is either a weak support vertex or pendant
vertex.
Now, let Dc be a minimum γc

cer-set of Γ+. Therefore, by Observation 2.4, S1(Γ)+L1(Γ) =Dc,
which implies V(Γ+) =Dc and hence we conclude that γc

cer(Γ◦H)= γc
cer(Γ

+)= 2n.

Proposition 2.9. If Γ is a path graph Pn of order n, then

γc
cer(Γ)=


1, for n = 1 or n = 3,
2, for n = 2,
n, ∀ n ≥ 4.

Proof. Let Γ= Pn be a path graph of order n. Let VPn = (v1,v2, . . . ,vn) be the vertex set of Pn.
The result is obvious for n = 1,2,3.
For n ≥ 4. Let Dc be a γc

cer-set of Pn. We will show that Dc =VPn . Suppose on the contrary that
|Dc| ≤ n−2 (since |Dc| = n−1 is not possible by Proposition 2.2), which implies that there exists
at least one vertex v ∈Dc such that v is illuminated and degΓ(v)≥ 3, which is not possible since
Γ= Pn is a path graph on n-vertices with n ≥ 4 and has no vertex of degree greater than 2.

Proposition 2.10. If Γ is a cyclic graph Cn of order n, then

γc
cer(Γ)=

{
1, for n = 3,
n, ∀ n ≥ 4.

Observation 2.11. Let Γ be an isolate free graph order n, then γc
cer-set of Γ is always an induced

path and it is an n-vertex induced path in the case when the graph Γ is Cn, or Pn, or corona of
some graph.

Theorem 2.12. If Γ is an isolate free graph of order n ≥ 4, then γc
cer(Γ) = n if and only if Γ is

either Cn, or Pn, or the corona of some graph.

Proof. Let Γ be an isolate free graph of order n ≥ 4 and let Dc be a γc
cer-set of Γ such that

|Dc| = |VΓ| = n, that implies γc
cer-set Dc is an n-vertex induced path, and γc

cer-set Dc of a graph
Γ is an n-vertex induced path whenever Γ is Cn, or Pn, or corona of some graph.
Conversely, if we suppose Γ to be Cn, or Pn, or the corona of some graph, then by Corollary 2.7,
Proposition 2.9 and Proposition 2.10 γc

cer(Γ)= n.

3. Upper Bounds on CCDN
In this context, we shall examine the upper bounds on CCDN. Dettlaff et al. [4] have discussed
the upper bounds on CFDN in their paper. They have presented an upper bound on γcer(Γ) in
relation with the γ(Γ) and |S1(Γ)| of the graph Γ. Similarly, we will prove the upper bound on
γc

cer(Γ) with respect to the connected domination number γc(Γ) and |S1(Γ)|, that is, we will prove
that γc

cer(Γ)≤ γc(Γ)+|S1(Γ)|. We shall denote the set of leaf neighbors of S1(Γ) by L1(Γ) and of
S2(Γ) by L2(Γ).

Theorem 3.1. If Γ is an isolate free graph of order n, then γc
cer(Z)≤ γc(Γ)+|S1(Γ)|.
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Proof. If Γ is an isolate free graph of order n ≤ 3, then the result is obvious.
Assume that Γ is an isolate free graph of order n ≥ 4. Let Dc be a γc-set of Γ that reduce the
number of HS vertices and such that Dc does not contain any leaf of Γ. (Notice that such Dc
always exists as Γ is a connected graph and |VΓ| ≥ 4.) Let Vhs ⊆Dc be the set of all HS vertices
of Dc and LΓ is the set of leaves in Γ.

Now, if Vhs =φ, then γc
cer(Γ)= γc(Γ)≤ γc(Γ)+|S1(Γ)|, and if Vhs ̸=φ then we have the following

claims:

Claim 1. If u ∈Vhs, then degΓ(u)≥ 2 and u ∉ S2(Γ).
From the choice of Dc , that is from the assumption that Dc ∩LΓ =φ, the inequality degΓ(u)≥ 2
will follow immediately.
For the second property, on the contrary, suppose that u ∈ S2(Γ), since u has at least two
neighbors in LΓ and from the assumption LΓ ⊆ VΓ−Dc which means u would not be HS, a
contradiction to our assumption. Hence u ∉ S2(Γ).
We now prove that all vertices in Vhs are weak supports. On the contrary, suppose that there is
a HS vertex u ∈Vhs \ S1(Γ) and let w be the unique neighbor of u in VΓ\Dc . Since u ∉ S1(Γ) or
S2(Γ) (by assumption and Claim 1), that implies u is not a leaf.

Claim 2. The set NΓ(v)− {u}⊆VΓ−Dc .
If NΓ(v)−u is not a subset of VΓ−Dc then Dc−u would be a smaller γc-set of Γ, a contradiction
to Dc. Hence NΓ(v)− {u}⊆VΓ−Dc .

Claim 3. No vertex in the set NΓ(u)\{v} is shadowed.
If a vertex t ∈ NΓ(u)− {v} was shadowed, then Dc \{t} would be a smaller γc-set (than Dc) of Γ.
Since no neighbor of u is a leaf (by Claim 1), and therefore from Claim 2 and Claim 3, we
conclude that (Dc − {u})∪ {v} would be a γc-set of Γ with a lesser number of HS vertices, a
contradiction. Hence, the set Vhs of HS vertices contains weak supports of Γ only.
Now see that if we add all the leaves adjacent to HS weak supports to Dc then the resultant set
say D′

c will be a γc-set of Γ with no HS vertices, which implies D′
c is a γc

cer-set of Γ.
Therefore, γc

cer(Γ)≤ |D′
c| = |Dc|+ |Vhs| = γc(Γ)+|S1(Γ)|, that implies γc

cer(Γ)≤ γc(Γ)+|S1(Γ)|.

Theorem 3.2. For any isolate free graph Γ of order n ≥ 3 γc
cer(Γ)≤ n−|L2(Γ)|.

Proof. It is easy to observe that for any tree T of order n ≥ 3 the set of non-leaf vertices and all
the leaves that are adjacent to the weak support vertices of T is the unique minimal γc

cer(T)-set.
Therefore, γc

cer(T) ≤ n−|L2(Γ)|. Let Dc be the minimal γc
cer-set of any isolate free graph Γ of

order n ≥ 3 and S2(Γ) be the set of strong support vertices of the graph Γ. We know that the
CCDN of any graph Γ is γc

cer(Γ) ≤ n and by Proposition 2.3 every vertex in S2(Γ) of graph Γ
belongs to every single γc

cer-set of Γ, i.e., S2(Γ) ⊆Dc and hence γc
cer − (Γ) ≤ n− |L2(Γ)|, where

L2(Γ) is the set of leaf neighbors of S2(Γ).

4. Nordhaus-Gaddum Results for CCDN
The tight bounds (upper or lower) on the sum and product of a graph’s chromatic number
appeared for the first time in 1965 in a paper published by Nordhaus and Gaddum [22].
Since then, similar outcomes have been reported for a variety of parameters (see, for example,
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Chartrand and Mitchem [2] and Füredi et al. [8]). Nordhaus-Gaddum type results concerning
domination related parameters in graphs have been investigated in several papers (see, for
example, Cockayne et al. [3], Erfang et al. [7], Goddard and Henning [9], Goddard et al. [10],
Harary and Haynes [12], Hattingh et al. [13], Henning et al. [16], Khoeilar et al. [20], and Payan
and Xuong [23]). We recommend Chapter 10 of Haynes et al. [14] book for an outline of Nordhaus-
Gaddum type results for domination-related parameters. For several graph invariants, together
with different domination parameters, Nordhaus-Gaddum inequalities have been proved.
Aouchiche and Hansen’s outstanding survey includes a wide pool of Nordhaus-Gaddum type
results up to the year 2013 (Aouchiche and Hansen [1]). In this part of our paper, we present
Nordhaus-Gaddum type inequalities for CCDN of graphs.

We obtain the following observation by computing all the graphs of order at most 5.

Observation 4.1. Let Γ and Γ̄ be any isolate free graphs of order n ≤ 5. Then:

(i) (γc
cer(Γ)+γc

cer(Γ̄),γc
cer(Γ)γc

cer(Γ̄))= (2,1) if n = 1.

(ii) (γc
cer(Γ)+γc

cer(Γ̄),γc
cer(Γ)γc

cer(Γ̄))= {(8,16), (7,10), (10,25)} if n = 4,5.

Remark. For n = 2,3. Let Γ be an isolate free graph of order 2 (3, respectively), then, in
this case, its complement Γ̄ would be a null graph and hence γc

cer(Γ̄) is not defined for graphs
of order 2 and 3. Therefore, Nordhaus-Gaddum type inequalities cannot be defined for graphs of
order n = 2 and 3.

Finally, we have the following result.

Theorem 4.2. If Γ and Γ̄ are any isolate-free graphs of order n ≥ 6 and δ∗(Z)=min{δ(Γ),δ(Γ̄)},
then

(i) γc
cer(Γ)+γc

cer(Γ̄)≤ n+2,

(ii) (γc
cer(Γ)γc

cer(Γ̄)≤ 2n.

In addition to it the following statements are equivalent:

(i) γc
cer(Γ)+γc

cer(Γ̄)= n+2,

(ii) γc
cer(Γ)γc

cer(Γ̄)= 2n.

(iii) Γ or Γ̄ is:

(a) corona of some graphs,
(b) cyclic graph Cn, or
(c) path graph Pn.

Proof. Part A. Let Γ and Γ̄ be connected graphs of order n ≥ 6. Let Dc and D̄c be the smallest
γc

cer-set of Γ and Γ̄ respectively and let δ∗(Γ)=min{δ(Γ),δ(Γ̄)}.

Case 1. If δ∗(Γ)≥ 2, then ∆∗(Γ)≤ n−3. This also implies γc
cer(Γ)> 1 and γc

cer(Γ̄)> 1. Thus, since
by γc

cer(Γ)≤ n and γc
cer(Γ̄)≤ n, it is enough to show that γc

cer(Γ̄)≤ 2.
Let x, y ∈VΓ such that x, y are non-adjacent in Γ. Suppose that degΓ(x)= n−3 and degΓ(y)= 2,
that is, x and y are the vertices in Γ having maximum and minimum degrees, respectively.
Then in complement of Γ which is the graph Γ̄, degΓ̄(x) = 2 and degΓ̄(y) = n−3, that implies
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x is dominating 2 vertices and y is dominating n−3 vertices in Γ̄. As assumed x and y are
non-adjacent in Γ therefore, in Γ̄x will dominate all those vertices which are in the NΓ[y] and y
will dominate vertices that are in NΓ[x]. Also, the subgraph induced by x and y in Γ̄ is connected
and both x, y are dominating at least 2 vertices in Γ̄. That implies {x, y} ∈ D̄c.
Also, NΓ̄[x]∪NΓ̄[y]=VΓ̄, and since γc

cer(Γ̄)> 1 therefore, γc
cer(Γ̄)≤ 2.

Case 2. Assume that δ∗(Γ) = min{δ(Γ),δ(Γ̄)} = 1. Then ∆∗(Γ) = n−2, implies that γc
cer(Γ) > 1

and γc
cer(Γ̄) > 1. Thus, since γc

cer(Γ) ≤ n and γc
cer(Γ̄) ≤ n, it suffices to show that γc

cer(Γ) = 2 or
γc

cer(Γ̄)= 2. Suppose that δ(Γ)= 1. Let s be a support vertex in Γ and l1, l2 be the leaves adjacent
to s. Let degΓ(s)= 3 and suppose t is the only neighbor of s other than l1 and l2. we consider
two cases; degΓ(t)= n−3, and degΓ(t)≤ n−4.

(i) degΓ(t)= n−3. Since, degΓ(s)= 3 therefore NΓ[{s, t}]= NΓ[s]∪NΓ[t]=VΓ\NΓ[t]∪NΓ[t]=VΓ,
that implies {s, t}⊆ [VΓ]∩NΓ[t], {s, t}⊆ [VΓ]∩NΓ[s], and γc

cer(Γ)> 1, we conclude that {s, t}
is the smallest γc

cer-set of Γ and γc
cer(Γ)= 2.

Similarly, {l1, t} will be the smallest γc
cer-set of Γ̄. As NΓ̄[l1] = VΓ \ {s} and NΓ̄[t] =

VΓ\ NΓ[t]=VΓ\{l1, l2} and since γc
cer(Γ̄)> 1 therefore, γc

cer(Γ̄)= 2.

(ii) degΓ(t) ≤ n − 4. Let v1,v2 be any two elements in VΓ \ {NΓ[t]}. In this case, as s
and t are adjacent in Γ, {l1, t} will be the smallest γc

cer-set of Γ̄, since NΓ̄[l1, t] = VΓ,
{v1,v2}⊆ NΓ̄[l1]∩VZ \{l1, t} and {v1,v2}⊆ NΓ̄[t]∩VΓ\{l1, t}. From this, it again follows that
γc

cer(Γ̄)= 2.

Case 3. If δ∗(Γ)= 0. Then Γ or Γ̄ will have isolated vertices which will be a contradiction to our
assumption. Hence the case δ∗(Γ)= 0 is not possible.

Part B. We now verify that (i), (ii), and (iii) are equivalent.
Let Γ be a graph of order n ≥ 6 such that γc

cer(Γ)+ γc
cer(Γ̄) = n + 2 and γc

cer(Γ)γc
cer(Γ̄) = 2n,

respectively. From this assumption and part A above it follows that δ∗(Γ) = 1. Therefore,
γc

cer(Γ)= n or γc
cer(Γ̄)= n, as we have already proved that γc

cer(Γ)= 2 or γc
cer(Γ̄)= 2. It will follow

from this and Theorem 2.12 that Γ or Γ̄ is either Cn, or Pn, or the corona of some graph. We
proved the implication (i)⇒(ii) and (ii)⇒(iii).
Similarly, if Γ is Cn, or Pn, or the corona of some graph, then by Corollary 2.7, Proposition 2.9
and Proposition 2.10, γc

cer(Γ)= n. From the fact that Cn, or Pn, or the corona of some graph has
no isolate vertices and Γ is the graph of order n ≥ 6, it implies that γc

cer(Γ̄)≥ 2. Since δ(Γ)= 1, as
in Part A, we proved that γc

cer(Γ̄)= 2. Therefore, γc
cer(Γ)+γc

cer(Γ̄)= n+2 and γc
cer(Γ)γc

cer(Γ̄)= 2n.
This proves (iii)⇒(i) and (iii)⇒(ii).

5. Connected Certified Domination Problem (CCDP)
Instance: A graph Γ= (VΓ,EΓ) and a positive integer g.

Question: Does there exist a CCDS Dc of G with |Dc| ≤ g?

In this section, we will prove that the CCDP for star convex bipartite graphs, comb convex
bipartite graphs, and planar graphs is NP-complete by reduction from the exact cover by 3-sets
(X3C) (Karp [19]), which is given below.
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5.1 Complexity Results
Exact Cover by 3-Sets (X3C)

Instance: A set M with |M| = 3r and a collection S of 3-element subsets of M.

Question: Does S contain an exact cover for M, i.e., a sub-collection S′ ⊂ S such that every
element in M occurs in exactly one member of S′?

Take into account an instance of X3C problem with M = {m1,m2, . . . ,m3r} and S =
{S1,S2, . . . ,Sq}. The graph K with vertex set M∪S, where mi is adjacent to S j if and only
if mi ∈ S j , is called the incidence graph of the given instance of X3C.

Theorem 5.1. For star convex bipartite graphs the CCDP is NP-complete.

Proof. Clearly CCDP is in NP. Assume that I is an instance of the X3C and let K denote the
incidence graph associated with I. Let Γ be the graph derived from K by introducing an edge
between vertices x and y and connecting vertex x to all the vertices in set S. Clearly, Γ forms a
bipartite graph with the bipartition M∪ {x} and S∪ {y}. Let T represent the star with vertex
set V (T)=M∪ {x}, where x serves as its central vertex. Let y1 ∈ S∪ {y}. Clearly, x ∈ N(y1) and
the induced subgraph T[N(y1)] is a subtree of T. Hence Γ is a star convex bipartite graph. Note
that the formation of Γ can be accomplished within polynomial time. We assert that there exists
a solution for the instance I of X3C if and only if G possesses a CCDS Dc with |Dc| ≤ r+1. If
S′ is a solution of I, then Dc = S′∪ {x} is connected dominating set of Γ and every vertex of Dc
dominates exactly 3 vertices of M. Hence Dc is a CCDS of Γ with |Dc| = r+1.
Conversely, let D′

c be the CCDS of Γ with |Dc| = r+1. As x is a support vertex of the graph Γ,
then by Proposition 2.3 x ∈ D′

c . If D′
c ∩M ̸=φ, then for dominating the vertices of M− (D′

c ∩M),
at least (3r−|D′

c∩M|)
3 vertices are required. Therefore |D′

c| ≥ (3r−|D′
c∩M|)

3 +|D′
c ∩M| > r, which is a

contradiction. Hence D′
c ∩M=φ and {S j|S j ∈ D′

c} is a solution of the instance I of X3C.

Theorem 5.2. For split graphs the CCDP is NP-complete.

Proof. Clearly, CCDP is in NP. Assume that I is an instance of the X3C and let K denote
the incidence graph associated with I. Let Γ be the split graph derived from K by making
the induced graph Γ[S] complete. Clearly, the construction of Γ can be accomplished within
polynomial time. We assert that there exists a solution for the instance I of X3C if and only if Γ
possesses a CCDS Dc with |Dc| ≤ r. Let S′ be a solution of I, then Dc = S j|S j ∈ S′ is a connected
dominating set of Γ and every vertex of Dc dominates exactly 3 vertices of M. Therefore Dc is a
CCDS of Γ and |Dc| = r.
Conversely, let D′

c be the CCDS of Γ with |Dc| ≤ r. As in Theorem 5.1, it can be proved that
D′

c ∩M=φ and {S j | S j ∈ D′
c} is a solution of the instance I of X3C.

Theorem 5.3. For comb convex bipartite graphs the CCDP is NP-complete.

Proof. Clearly, CCDP is in NP. Assume that I is an instance of the X3C and let K denote the
incidence graph associated with I. Consider Γ, a graph derived from the incidence graph K

shown below:
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(i) Add a set M′ = {m′
1,m′

2, . . . ,m′
3r} of 3r vertices such that M′∪S is a complete bipartite

graph with bipartition M′ and S.

(ii) Include three vertices x, x′ and y and the edges xy, xSi and x′Si for all Si ∈ S.

It is evident that Γ forms a bipartite graph with the bipartition M∪M′∪ {x, x′} and S∪ {y}. Now,
let T represents tree with V (T)=M∪M′∪ {x, x′} such that (m′

1,m′
2, . . . ,m′

3r) is a path in T and
mim′

i, xx′ ∈ E(T), for all i, 1≤ i ≤ 3r. Certainly T is a comb. Suppose that u ∈ S∪ {y}. Then

N(u)=
{
M′∪ {x′}, if u ∈ S,
a, otherwise.

Since T[N(u)] is clearly a subtree of T, it follows that Γ is a comb convex bipartite graph. Similar
to the proof of Theorem 5.1, we can show that instance I of X3C has a solution if and only if Γ
has CCDS Dc with |Dc| ≤ r+1.

The problem X3C, subject to the additional constraint that the incidence graph K is planar,
is referred to as the Planar-X3C problem. It has been demonstrated in [6] that the Planar-X3C
problem is NP-complete. Utilizing the Planar-X3C problem and a proof analogous to that of
Theorem 5.1, we derive the following theorem.

Theorem 5.4. For planar graphs the CCDP is NP-complete.

5.2 Construction of a Connected Certified Dominating Set
The subsequent algorithm presents a procedure for constructing a CCDS from any connected
dominating set within a specified graph.

Algorithm: Construction of CCDS
Input: A simple and undirected graph Γ
Output: A CCDS D′

c of Γ.
a: D′

c ← Any connected dominating set Dc of Γ
b: Let Y ← {u : u ∈ Dc, |N(u)∩ (V\Dc)| = 1}
c: While Y ̸=Φ do
d: Let u ∈Y and v = N(u)∩ (V\Dc)
e: If d(v)= 1 then
f: D′

c ← D′
c ∪ {v}

g: else
h: D′

c ← D′
c\{u}∪ {w}

i: end if
Y ← {u : u ∈ Dc, |N(u)∪ (V\Dc)| = 1}

j: end while
k: return Dc

6. Conclusion
The research has introduced and explored the idea of a connected certified dominating set,
abbreviated CCDS, in the context of connected undirected graph Γ. The main focus of the authors
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has been on various crucial areas: studying properties of CCDN of graphs, characterizing graphs
with larger values of CCDN, and exploring bounds for CCDN of graphs. In addition to it,
the authors has established Nordhaus-Gaddum type inequalities for CCDN of graphs and
they proved that the connected certified domination problem is NP complete for Star Convex
Bipartite graphs, Comb Convex Bipartite graphs, and planar graphs.
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