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adjacent vertex. A monophonic path is considered to be a longest chordless path between two vertices
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of pebbles required to cover all the vertices of G with at least one pebble each on them after the
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1. Introduction

Beeler et al. [2] stated that Lagarias and Saks suggested the concept of graph pebbling to
solve a number theoretic conjecture. Then, Chung [3] gave further developmental ideas using
graph pebbling concepts to solve the number theory problems. A pebbling move is defined as
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extracting two pebbles from one vertex and keeping one pebble on the adjacent vertex and
eliminating the other pebble. Crull et al. [4], defined the cover pebbling number y(G), as follows:
It is the minimum number of pebbles needed to cover all the vertices with at least one pebble
however we place pebbles in the initial configuration. Lourdusamy et al. [6,|7] defined detour
pebbling number, and monophonic pebbling number. A monophonic cover pebbling number,
Yu(G), is a minimum number of pebbles require to cover all the vertices of G with at least one
pebble each on them after shifting of pebbles by using monophonic paths which is chordless
and the longest. The application of this concept plays a vital role in the supply of goods and
transportation problems. This is also applied in the network transmission of the information
from one node to the other. The application of monophonic cover pebbling number decides the
equal distribution of goods on every customers by using the monophonic path. In this paper, we
determine the monophonic cover pebbling number of some graphs. To prove the worst condition,
we use the stacking theorem (Crull et al. [4]). It is stated as: Let D be the initial configuration of
pebbles. When the initial configuration D is placed on a single vertex v such that the dist(v) is

a maximum, such a way s(v)= Y 248 and do this for every vertex v € V(G). Then, Y(@)
ueV(@)
is the largest s(v).

Note 1.1. The notation Do(G) stands for shadow graph which is taken from Jayagopal and
Raju [5]. The notation I'(Z) stands for zero-divisor graph of a ring R which is taken from
Anderson and Livingston [1]. The notation U(R) stands for the unit graph which is taken from
Maimani et al. [8]].

Theorem 1.1. For the path Py, y,(P,) is 2" - 1.
Theorem 1.2. For K1, y(K1,)=4n-1.

Result 1.1 ([6]). Let G be a connected graph. The monophonic distance between u and v is 0 if
and only if u =v and 1 if and only if u—v is an edge of G.

Definition 1.1 ([9]). Let v € V(G). Then, v is called a key or source vertex if dis(v) is maximum.

Notation
Throughout this article, we denote

* f as the source vertex,

M; is the monophonic path and M contains the vertices which are not on M;,

We use MCPN for monophonic cover pebbling number,
N(vg) is the neighborhood of vy.

2. Monophonic Cover Pebbling Number of Some Standard Graphs

n—2 n
2 Y 2842245, ifniseven,
Theorem 2.1. For Cp,,yu(C,) is k:?;l
2 Y +5, if nis odd.
k=121
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Proof. Let V(C,,)={u1,us,...,uy} and E(C,)={u;u;i1,unu1}, where 1<i<n-1.
Case 1: When n is even.

n—-2 n
Let p(u1) =2 Y 2% +22 +4. Now to cover the vertices ug,u,, we use 4 pebbles;
k=5+1

to cover the vertex uz, we use 2% pebbles; subsequently, to place one pebble each
ON U3, Ug,  *,UB_1,ULy1,Ulyg,  , Up—2,Un-1, WE have the following pebble distributions:

n n n-2 n
2272 2n3 gn—4 ... 23+2 25%1) and so the total number of pebbles is 2( y 2k|+2% +4.

k=5+1

n-2 n
Now there is no pebble to cover u1. Thus, y,(Cp) =2 X 2k 423 +5.
k=5+1

n—2 n n—2 n
To prove y,(Cp) <2 X} 2k + 22 + 5, let us consider any configuration of 2 Y 2% +22+5
k=%+1 k=%+1
pebbles on V(C,,). Let B =u;. To cover the vertices of N(u1), we require 4 pebbles; to cover the

. . — — — n n
vertices ug, U4, -, Un_1,Un,1,Un 9, Un-2,Un-1, We require 2(2" 2 gn=3 gn—4 ... 93+2 93+l

pebbles; to cover the vertex un, we require 22 pebbles; to cover u1, we require 1 pebbles. Thus,

n-2 n
to cover the vertices in C,, we require 2( )y 2"”) +22 + 5. By symmetry the proof follows for
k=%+1

any source vertex u; where 2<i<n.

Case 2: When n isé odd.

e

Let p(u1) =2 Y +4. Now to cover the vertices ug,u,, we use 4 pebbles; subsequently,
k=131

to place one pebble each on U3, Ugy UL, U141, " Un-2,Un-1, We have the following

pebble distributions: 2(27~2,2773 2n~4 ... ,2[%”1,2[%1) and so the total number of pebbles is

n—-2 n-2
2( Y Qk) +4. Now there is no pebble to cover u1. Thus, y,(Cy) = 2( y 2k|+5.
k=[5 k=151

n—2 2
To prove y,(Cp) < 2( ) Qk) + 5, let us consider any configuration of 2( > Zk) + 5 pebbles on

k=[%1 k=151
V(C,). Let B=u;. To cover the vertices of N(u1), we require 4 pebbles; to cover the vertices
U3, U4, Up_9,Un—1 We need 2(2772, 273 gn—4 ... ,2r%1+1,2r%1) pebbles; to cover u1, we need

n—-2

1 pebble. Thus, to cover the vertices in C,, we need 2( Y Zk) + 5 pebbles. By symmetry
k=21

the proof follows for any source vertex u;, where 2<i<n.

n—2 n
4( y Zk) +22+13, ifniseven,
k=%+1

-2
4( nZ )+13, if n is odd.
k

=741

Theorem 2.2. For Dy(C,),y.(D2(C,)) is

Proof. Let V(D2(Cp)) ={u1,uz, - ,un,v1,v2,"+,v,} and E(D2(Cp)) ={uju 11,unli1,v;041,0n01,
UjVji1,UnV1,VU 41,01}, where j=1,2,--- n—1.

Commaunications in Mathematics and Applications, Vol. 15, No. 2, pp. , 2024



622 Monophonic Cover Pebbling Number of Standard and Algebraic Graphs: A. Lourdusamy et al.

Case 1: When n is even.

n-2 n
Let p(uq) = 4( Y 2k +2% +12. To cover the vertices vy, v, ug,u,, we need 8 pebbles; to cover

k=5+1 '
v1, we need 4 pebbles; to cover the vertices ug,uy,:-- S UB_1,Un 1,0, Un-1,U3,04, ", V81,0841,
n n
-+, Up—1 we need 4(22*1,22%2 ... n —3,n—2) pebbles; to cover ur» we need 2» pebbles. Now
2 2

n—2 n
there is no pebble to cover u1. Thus, p(D2(C,)) = 4( Y 2k|+2% 4+13.

k=%+1

n-2 n n—2
To prove p(Do(C)) < 4( h 2k) +22 +13, let us consider any configuration of 4( Y Zk) +

k=5+1 k=5+1
25 +13 pebbles on V(D2(C,,)). Let =1u1. To cover the vertices of N(u1), we need 4(2) pebbles;
to cover vy, which is at the monophonic distance 2, we need 4 pebbles; to cover the vertices
U3, Ug, UB_1,UB 1, ", Un—1,U8,V4," " ,UL_1,U8,7,""" ,Up_1 WE need 4(23%1,25%2 ... -3 n-2)
pebbles; to cover un we need 2% pebbles; to cover u1 we need 1 pebble. Thus, the total number

n-2 n
of pebbles used is 4( ) 2k) +22 + 13. By symmetry the proof follows for any source vertex u;

k=2+1
2
where 2<i<n,and vy where 1<k <n.

Case 2: When n is odd.

n-2
Let p(u1) = 4( y Zk) +12. To cover the vertices vo,v,,us,u,, we need 8 pebbles; to cover v1,

k=121
we need 4 pebbles; to cover the vertices us,ugq,---,Up—1,03,04,  +,Up—1 We need 4(2[%1,2r%1+1, ee

n—2
n —3,n —2) pebbles. Now there is no pebble to cover u1. Thus, p(Ds(C))) = 4( Y 2k) +13.
k=T4]

n-2 n-2
To prove p(Do(Cp)) < 4( Y 2k) + 13, let us consider any configuration of 4( > 2k) +13
k=[%] k=151
pebbles on V(D2(C,)). Let f=u;. To cover the vertices of N(u1), we need 4(2) pebbles; to
cover vi, which is at the monophonic distance 2, we need 4 pebbles; to cover the vertices

n n
U3, U4, -, Un_1,03,04, - ,Un_1 We need 4221 2121+ ... 5 3 5 —2) pebbles; to cover u; we

n-2

need 1 pebble. Thus, the total number of pebbles used is 4( ) Zk) +13. By symmetry the proof
k=121

follows for any source vertex u; where 2<i<n, and v, where 1<k <n. O

Theorem 2.3. For the graph F,,y,(Fy,) = on-141.

Proof. Let V(F,) = {vo,v1, **,vs-1} and EF,) = {v;v;41,v0v;} where i = 0,1,---,n -2 and
j=1,2,---,n—1. Let p(v1) = 2" 1. By Theorem to cover n — 1 vertices of the fan graph
from v; to v,_1 we require 2”1 —1 pebbles. We are left with 2 pebbles on v; which can be used
to cover vy or vg. So there will be a vertex which is not covered. Thus, y,(F,) = or-141.

Now we prove y,(F) < A

Case 1: Let the key vertex be vy, where k=1orn—1.

Let £ =1 and p(v;) = 2" 1+1. To cover v,,_; we require 2" 2 pebbles and to cover v,_g we require
2"=3 pebbles. Following this process to cover the remaining vertices by using the monophonic
path we need 272 +2773 +... + 21 + 20 pebbles. Thus, we need 2" ! — 1 pebbles to cover v; to
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vn-1. In order to cover vy, we require 2 pebbles. Thus, using 27! + 1 pebbles we are able to
cover V(F},).

Case 2: Let the key vertex be vg.

The monophonic distance from v, to any vertex is 1 and degree of vg is n — 1. Hence, using
2(n — 1) pebbles we can cover n — 1 vertices and to cover vy, we need an additional pebble. Thus,
to cover all the vertices we need 2(n —1)+1=2n-1<2""1-1.

Case 3: Let the key vertex be v; where 1</ <n—1.

The monophonic distance from v; to v,-1 is n —[ and the monophonic distance from v; to vy
is  — 1. Thus, to cover v; to v,_; we require 2! — 1 pebbles and to cover v; to v; we require
2!=1 _ 92 pebbles. To cover vy we require 2 pebbles. Thus, the total number of pebbles to cover F,,
is2n ! —1+2071—242=2""14+20"1+ 1 <2711 Hence, y,(F,)=2""1+1. O

Theorem 2.4. For the complete graph K,y (K,) is 2n — 1.

Proof. Let V(K,) = {v1,ve,--+,v,}, Where every pair of distinct vertices are connected.
Let p(v1) =2n —2. All the vertices are adjacent to each other. Therefore, to cover n — 1 adjacent
vertices of vy, we require 2n — 2 pebbles. But v is not covered. Therefore, y,(K}) = 2n —1. Let us
prove y,(K,)<2n—1. Let p(v,) = 0. Then, there is i such that p(v;) > 2, where 1<i<n-1.
Using the pigeonhole principle we can shift a pebble from v; to v,. Then, using 2n — 3 pebbles
we can cover the remaining n — 1 vertices. O

nm—2
2( Y 2k)+2”+5, if nm is odd,
k="
Theorem 2.5. For Jy, n,Y (I ») is oy
2( Y ) +2% +2"+5, ifnmiseven.
k=22 +1

Proof. Let V(Jp ) = {v0,v1," " ,Umn-1,Vmn} and E(Jp ) = {iVi+1,VnmV1,0001,00Vn+1,0002n+1,
VOUSn+1, " ,U0U(m-1)n+1}, Where 1<i<nm—1.

Case 1: When nm i2s odd.
nm-—
Let p(vg) = 2( > Zk) + 2™ +4. To cover the vertex vy, we need 2" pebbles; to cover vi,vs,

k=[im

we need 4 pebbles; to cover the vertices v4,vs,  *,Unm-1,Unm We need 2221 + 2l 1+1 4
nm—2
oo 4 2nm=3 4 9nm=2) pehbles, i.e., 2( y 2""). Now there is no pebble to cover vy. Thus,
k=[02m
nm-—2
V(Jm,n)zz( )y 2k)+2n+5.
k=122
nm-—2
Now we prove V(Jp, ») < 2( Yy 2k) +2™ +5.
1

k=T
Subcase 1.1: Let f=N(vy).

Without loss of generality, let f = vi. From Table |1, to cover the vertices from vs to v;;,-1
nm nm nm-—2
we need 2212 1 2[5 1+1 ... gnm=3 gnm=2) sehples, i.e., 2( )y Zk). To cover N(vg) we need 6

k=171
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nm—2
pebbles; to cover v; we need 1 pebble. Thus, in this we require 2( Y 2F|+7 pebbles.
k=121
Table 1. Monophonic distance from vy to V(Jy, 1)
Vo | U1 | V2 U3 U4 Uram) Uramyel | 0 | Unm-2 Unm-1 | Unm
vi1 (110 | 1 |nm=2)nm=3|: | vy | Ve |0 | om=3 | nm=2| 1
Subcase 1.2: Let f=v, where vy, is an adjacent vertex of a vertex in N(vy).
Without loss of generality, let f =v,,,,. From Table [2, to cover the vertices ve,vs,  +,Upm-2, We
nm—2
need 2( Y 2k) pebbles; to cover the vertices vi,v,,-1, We need 4 pebbles; to cover vy, we
h=T"1

require 2" pebbles; to cover v,,,,, we need 1 pebble. Thus, the number of pebbles to cover V(J, n,)
nm-—2
is 2( Y 2k) +2" 45,

k=T

Table 2. Monophonic distance from vy, to V(J, )

Vo | V1 U2 U3 U4 | Urmey | Urmmigy | oo Unm-2 | Unm-1 | Unm

Upm | | 1 |nm—-2 | nm-3 | nm—-4] - Uramy | Upmmygg | oce nm-—2 1 0

Subcase 1.3: Let f=vs; where vs € N(vg) and vs ¢ N(N(vy)).

Covering the vertices vg19,05+3,"** ,Unm, V1,02, - ,Us_2, We require 2212 1 42" 1+l ... gnm=3 1

27m=2) pebbles; to cover the vertices vs_1,vs+1, we need 4 pebbles; to cover vg, we require

1 pebble. Now covering vy which is of the monophonic distance < n, it will cost < 2" pebbles.
nm—2

Thus, using fewer 2( Y Zk) + 2" + 5, pebbles we cover all the vertices of the graph.

k=171
Subcase 1.4: Let B =vy.
We have m —1 paths of having the same length n from vg. To cover the vertices of N(vg), we need

n
2m pebbles; to cover vy, we need 1 pebble; to cover the remaining vertices we need Zm( Y Zk)
r21+1

pebbles. Thus, using Qm( i 2"’) +2m + 1 pebbles we cover V(J, ).

[51+1

Case 2: When nm ig even.
nm-— nm
Let p(ve) = 2( y )+2T + 2™ +4. To cover the vertex vy, we need 2" pebbles; to cover
k=" +1
v1,v3, we need 4 pebbles; to cover the vertices v4,vs,:-- ,Unm_1,0mm 41, ,Unm-1,Unm We need
nm nm nm-—2
2272 14 272 24 4 2nm=3  9nm=2) nahbles, i.e., 2( Yy ) pebbles. To cover the vertex vam, we
k=22 +1
nm nm-2 nm
need 22 pebbles. Now there is no pebble to cover vy. Thus, V(Jy, ») = 2( Yy ) +272 +2" +5.

k=141
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nm-—2 m
Now we prove V(Jm,n)SZ( y )+2T +2™" +5.
k=141

Subcase 2.1: Let = N(vy).
Without loss of generality, let f =v;. From Table (3| to cover the vertices from v3 to v,,-1 we

nm nm nm-—2
need 2(272 1 +2% 2 4... 4 27m=3 L 9nm=2y hahhles, i.e., 2( Y 2k). To cover N(vy) we need 6
k=" +1
nm—2
pebbles; to cover v; we need 1 pebble. Thus, in this we require 2( Y 2%|+7 pebbles.
k=" +1

Table 3. Monophonic distance from vy to V(Jy, )

Vo | V1 | V2 U3 U4 | Vmog | Unmog Unmyy | occt | Unm—2 Unm-1 | Unm

vi| 110 1 |nm-2 | nm-3| - Unmop | Ummo | Unmog | oee nm-3 | nm-2 1

Subcase 2.2: Let f=v, where vy, is an adjacent vertex of a vertex in N (vy).

Without loss of generality, let B = v,,. From Table to cover the vertices
U2,U3,",Unm_g,Unm, Unm i1, " ,Unm—2, We need Z(k’jzéizle
U1,Unm-1, We need 4 pebbles; to cover vg, we requirze 2" pebbles; to cover v,;,,, we need 1
pebble; to cover Vam_q, We need 2%pebbles. Thus, the number of pebbles to cover V(J, ,,) is

) pebbles; to cover the vertices

nm-—2 nm
2( y 2k)+27+2"+5.
1

k=271

Table 4. Monophonic distance from vy, to V(J, )

Vo | U1 U2 | Vnp_g | Unm_g Vom | Unm-3 Unm-2 | Unm-1 | Unm

Upm | 0 | 1 | nm—-21] - Urmyqy | Unm Vamyq | oo nm—-3 | nm—2 1 0

Subcase 2.3: Let f=vs where vs € N(vg) and vs ¢ N(N(vy)).

Covering the vertices vs.9,Vs+3, s Unm, V1,02, - ,Us_2, We require 2(2°2 *1+2"2 +24...49nm=3 4
2nm=2) and 2% pebbles; to cover the vertices vs_1,v5+1, We need 4 pebbles; to cover vy, we
require 1 pebble. Now covering vg which is of the monophonic distance < n, it will cost < 2"

nm-—2 nm
pebbles. Thus, using fewer 2( > 2k) +22 +2" +5, pebbles we cover all the vertices of the

k=" +1
graph.
Subcase 2.4: Let = vy.
We have m — 1 paths of having the same length n from vg. If n is even then to cover the vertices
of N(vg), we need 2m pebbles; to cover vg, we need 1 pebble; to cover the remaining vertices

n n n n
we need Qm( > 2k) and 227! pebbles. Thus, using 2m( > Qk) +22*1 4+ 2m + 1 pebbles we

k=5 +2 k=5+2
cover V(J, ). If n is odd then to cover the vertices of N(vg), we need 2m pebbles; to cover vy,

Commaunications in Mathematics and Applications, Vol. 15, No. 2, pp.[619 , 2024



626 Monophonic Cover Pebbling Number of Standard and Algebraic Graphs: A. Lourdusamy et al.

n
we need 1 pebble; to cover the remaining vertices we need 2m( Y 2k) pebbles. Thus, using
k=[21+1

M=

Zm( 2k) +2m + 1 pebbles we cover V(J, ). O
+1

k=131

NS

3. The Monophonic Cover Pebbling Number of Some Zero Divisor
Graphs

Theorem 3.1. For I'(Zg), y,(I'(Z¢)) = 17.

Proof. Let V(I'(Zg)) be {va,vs3,v4}. Then, E(I'(Zg)) be {(v2,v3),(vs,v4)}. Since I'(Zg) = P3, the proof
follows by Theorem O

Theorem 3.2. For I'(Zg), y,(I'(Zg)) = 1.

Proof. Let V(I'(Zg)) = {va,v4,v6}. Then, E(I'(Zg)) = {(v2,v4),(v4,v6)}. Since I'(Zg) = P3, we are
done by Theorem O

Theorem 3.3. For I'(Zy), y,(I'(Zg)) = 3.

Proof. Let V(I'(Zg)) be {vs,vg}. Then, E(I'(Zg)) be {(vs,vg)}. We note that I'(Zg) = Py. Hence,
we are done by Theorem O

Theorem 3.4. For I'(Z1), yu(I'(Z10)) = 15.

Proof. Let V(I'(Z19)) be {ve2,v4,v5,v6,v8} and E(I'(Z19)) be {(va,v5),(v4,v5),(ve, U5), (vs,Us5)}. Since
['(Z10) £ K14, by Theorem[1.2), u(I'(Z10)) = 15. H

Theorem 3.5. For F(le), Y'u(r(Zlg)) =31

Table 5. Monophonic distances of all the pairs of vertices in I'(Z19)

vg | v3 | v4 | U | U | V9 | vio | duv,v;)
U2 0 3 2 1 2 3 2 3
U3 3 0 1 2 1 2 3 3
Uy 2 1 0 1 2 1 2 2
Vg 1 2 1 0 1 2 1 2
vg 2 1 2 1 0 1 2 2
U9 3 2 1 2 1 0 3 3
U10 2 3 2 1 2 3 0 3

Proof. Let V(I'(Z12))={v2,v3,v4,V6,08,V9,v10}. Then, E(I'(Z12))={(ve,ve),(ve,vs),(ve,v4), (v6,V10),
(vg,v9),(v4,v9),(vg,v3),(vg,v3)}. Here n = 12. Let the monophonic path M be {vg,vg,vs,vs}.
From Table [5, consider the monophonic distances of all the pairs of vertices in I'(Z,). If we
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place 26(27) -2 pebbles on the vertex vy we cannot cover all the vertices in I'(Z,). Thus,
YuT(Z,)) = 25(2%) — 1. Now let us prove the sufficient condition.

Case 1: Let vg be the source vertex.

Consider the monophonic path M3 :vg,vg,vs,v9. To cover the vertices of M3, by Theorem
we need 2% — 1 pebbles; covering vy which is at distance 3 it will cost 8 pebbles, and covering
v4,V10 Which is at distance 2 it will cost 8 pebbles. So with 31 pebbles we can put a pebble on all
vertices simultaneously. By symmetry the proof follows for v1g.

Case 2: Let vg be the source vertex.

N(vg) consists of v4 and vg. Let My :vg,vg,vg,v9 be the monophonic path. We note that vg is on
the monophonic path Ms. To cover the vertices of My we require 23 — 1 pebbles and to cover v4
we require 2 pebbles. Now we are left with vg and vy which are at the monophonic distance of 2
and 3 respectively. Thus, we require 25 +27 pebbles. The number of pebbles needed to cover all
the vertices is 23 + 1+ 25 +2% which are fever than 25(2%) - 1. By symmetry the proof follows
for the source vertex vs.

Case 3: Let v4 be the source vertex.

The vertices in N(vy4) is {vs,vg,ve}. To place a pebble on the vertices of N(v4) we require 6
pebbles. The remaining 3 vertices are at distance 2. To cover these vertices we require 12
pebbles and 1 pebble for source vertex. Thus, we are done using a fewer than 31. By symmetry
the proof follows for the source vertex vg.

Case 4: Let vg be the source vertex.
The vertices in N(vg) are v1g,vs,v4,02. To cover the vertices in N(vg) and vg we need 9 pebbles;
to cover vs,vg which are at distance 2, we need 8 pebbles. Thus, with fewer than 31 pebbles we

put a pebble on all the vertices simultaneously.
Thus, y,(I'(Z12)) = 31. O

Theorem 3.6. For ['(Z14), y,(I'(Z14)) = 23.

Proof. Let V(I'(Z14))={v2,v4,v6,07,V8,V10,V12}. Then E(I'(Z14)) is {(v2,v7),(v4,v7),(vs,v7),(v8,U7),
(010,07),(012,07)}. Since F(ZM) = K1,6, Ymu(F(Z14)) =8 by Theorem

Theorem 3.7. For I'(Z15), y,(I'(Z15)) = 17.

Proof. Let V(I'(Z15)) be {vs,vs,v6,09,010,012}. Then E(I'(Z14)) be {(vs,vs),(v9,vs),(v12,V5),(V10,V3),
(v10,v9),(v10,v12), (v, U5),(vg,V10)}. The graph we obtain for I'(Z5) is a complete bipartite graph
with bipartite sets of sizes 2 and 4. Let p(v3) = 16. To cover vg,vg9,v12 Which are at distance 2,
we need 12 pebbles and to cover vs,v19 which are in N(v3) we need 4 pebbles and there are zero
pebble to cover v3. Thus, y,(I'(Z15)) = 17. Now we prove y,(I'(Z15)) < 17.

Case 1: Let vs be the source vertex.

N(vs) is {vg,ve,v9,v12}. To cover the vertices in N(v5), it will cost 8 pebbles; to cover vy it will
cost one pebble and to cover vy which is at the monophonic distance 2 it will cost 4 pebbles.
Thus, with fewer than 17 pebbles we could cover all the vertices. By symmetry the proof follows
for the source vertex vyg.
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Case 2: Let the source vertex be vg.

Then N (V) is {vs,v10}. To cover the vertices in N(vg), it will cost 4 pebbles; to cover vg it will
cost one pebble and to cover vsg,vg,v12 which are at the monophonic distance 2 it will cost 12
pebbles. By symmetry the proof follows for the source vertices vg and vqs.

Thus, y,(I'(Z15)) = 17. O

Theorem 3.8. For I'(Z16), y,(I'(Z1¢)) = 23.

PrOOﬁ Let V(F(le)) = {vg,v4,06,v8,v10,012,v14}. Then, E(F(Zle)) = {(vg,012),(08,04),(08,06),
(vs,v10),(vs,v12),(vs,V14),(v4,V12)}. Here n = 16. Consider the monophonic path M : ve,vg,v14.
Place 6(28)—2 pebbles on vgy. To cover v4,vg,010,012,V14 Which are at the monophonic distance
2, it will cost 20 pebbles and to cover the vertices in N(vq) it will cost 2 pebbles and so there are
zero pebbles to cover vs. Thus, y,(I'(Z,)) = 6(28)— 1. Now we show yYu(l'(Zy)) < 6(25)—1.

Case 1: Let the source vertex be vi4.

To cover the vertices vo,v4,vg,V10,012 Which is at the distance 2 it will cost 20 pebbles; to cover
v14 it will cost 1 pebble and to cover vg it will cost 2 pebbles. Thus, with a configuration of
6(28)— 1 pebbles we can cover all the vertices. By symmetry the proof follows for the source
vertices vy, Vg, U10-

Case 2: Let v19 be the source vertex.

The vertices in N(v1g) are vy4,vs. There are four vertices that are at the distance 2 and so to
cover these vertices it will cost 16 pebbles; to cover vy4,vg it will cost 4 pebbles and to cover vig
will cost 1 pebble. Thus, with a configuration of 21 pebbles we are able to cover all the vertices.
By symmetry the proof follows for the source vertex vy4.

Case 3: Let vg be the source vertex.

We note that six vertices are adjacent to the source vertex. So to cover these six vertices we
need 12 pebbles and to cover vg we need 1 pebble. Hence, with a configuration of 13 pebbles we
can cover all the vertices.

Thus, yu(I'(Z16)) = 23. O

Theorem 3.9. For F(Zlg), Y'u(r(Zlg)) =61.

Proof. Let V(I'(Z1g)) = {ve,v13,v4,V6,08,V9,010,V12,V14,V15,V16}.

Then, E(F(Zlg)) = {vgvi,v(;l}j,012v15,l}12013} where i = 6,12,2,4,8,10,14,16 and J = 12,13,15.
Here n = 18. Let us place 7(26)+4 pebbles on v13. There are six vertices at the monophonic
distance of %, which will cost 6(26) pebbles to cover; there are 2 vertices at the monophonic
distance of § which will cost 2(29) pebble to cover; there are 2 vertices at the monophonic
distance 1 which will cost 4 pebbles to cover. So obviously the source vertex is not covered.
Hence, y,(I'(Z,)) = 7(26)+5.

Now we prove y,([(Z,)) < 7(25) +5.

Case 1: Let v13 be the source vertex.
Now consider the monophonic distance from v13 to any other vertex in I'(Z,,). There will be 6
vertices at the monophonic distance % which needs 6(256) pebbles to cover; 2 vertices at the
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Table 6. Monophonic distance between all pairs of vertices in I'(Z1g)

vg | V13 | V4 | Vg | U | Vg | V1o | V12 | V14 | V15 | V16 | du(vi,v;)
vg | O 3 2121 2 1 2 2 2 3 2 3
vz | 3 0 3 13| 2 3 1 3 2 3 3
vy | 2 3 0| 2| 2 1 2 2 2 3 2 3
ve | 2 1 2 10| 2 1 2 1 2 1 2 2
vg | 2 3 2121011 2 2 2 3 2 3
Vg 1 2 1 1 110 1 1 1 2 1 2
vig | 2 3 21212 1 0 2 2 3 2 3
vi2 | 2 1 2 1] 2 1 2 0 2 1 1 2
V14 | 2 3 2|21 2 1 2 2 0 3 2 3
vis | 3] 2 (3|1 |3|2] 3 1 3 0 3 3
vig | 2 3 2 12| 2 1 2 2 2 3 0 3

monophonic distance of § which will cost 2(29) pebbles to cover and 2 vertices which are at
monophonic distance 1 which will cost 4 pebbles to cover and the remaining pebble will cover
the source vertex. Thus, with a configuration 6(26)+2(25)+4+1="7(26)+5 pebbles we cover
all the vertices. By symmetry the proof follows for the source vertex v;s.

Case 2: Let v1g be the source vertex.

Table [2| gives the monophonic distances between all pairs of vertices in I'(Z,,). There are 7
vertices v13 at the monophonic distance 2 which will cost 7(29) pebbles to cover; 2 vertices at
the monophonic distance 3 which will cost 2(2%) pebbles to cover and with the remaining pebble
we cover vig. So with a configuration of less than 7(26)+5 pebbles we cover all the vertices. By
symmetry the proof follows for the source vertices v14,v10,vs,04,02.

Case 3: Let vg be the source vertex.

By considering the monophonic distances from Table 6, we have 8 vertices at distance 1 which
will cost 8(215) pebbles to cover them and 2 vertices at distance 2 which will cost 2(25) pebbles
to cover them. With one pebble we can cover vg. Thus, to cover all the vertices using monophonic
path it will cost 8(2T5) +2(25) + 1 < 7(28) + 5 pebbles. O

Theorem 3.10. For I'(Zgy), y.(I'(Z2p)) = 4p — 1, where p is any prime number.

Proof. Let V(I'(Z2p)) = {ve,v4, - ,v2p—2,0p}. Then E(I'(Zgp)) = {v;vp, 2 <i < 2p —2}. Since
['(Z2p) = K1,p-1, by Theorem [1.2]the result follows. O
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4. Monophonic Cover Pebbling Number for Unit Graphs of 7,

In this section, we compute the monophonic cover pebbling number of unit graphs of Z, where
2<n<10.

Theorem 4.1. For Z3,y,(U(Zy)) is 3.

Proof. Let V(U(Z53)) be {vg,v1}. Then, E(U(Z2)) = vovi. The resulting graph is of a path of
length 1. By Theorem .1} y,(U(Z32)) = 3. O

Theorem 4.2. For Z3,y,(U(Z3)) is 7.

Proof. Let V(U(Z3)) be {vg,v1,vs}. Then, E(U(Z3)) = {v,v1,v9v2}. The resulting graph is a path
of length 2. By Theorem 1.1} y,(U(Z3) is 7. O

Theorem 4.3. For U(Z4),y,(U(Z4)) is 9.

Proof. Let V(U(Z4)) = {vo,v1,v2,v3}. Then, E(U(Z4)) = {vov1,v0v3,01V2,02v3}. Now U(Zy) = Cy.
By Theorem [2.1} y,(U(Z4)) is 9. O

Theorem 4.4. For U(Z5),y,(U(Z5)) is 11.

Proof. Let V(U(Z5)) be {vg,v1,v2,v3,v4}. Then E(U(Z5)) = {vgv1,vov2,V0V3,V00U4, V102,013, V204,
v3V4}. In the resulting graph deg(vg) =4 and deg(v;) =3 where 1 <i < 4. Let the source vertex
be vg. If we place 10 pebbles on v; then to cover the vertices in N(vq) it will cost 6 pebbles; to
cover vq which is at the monophonic distance 2 it will cost 4 pebbles and there are no pebbles
to cover vy. Thus, y,(U(Z5)) = 11. Now let us prove y,(U(Z5)) < 11.

Case 1: Let vy be the source vertex.
The vertex vg is adjacent to every vertex. To cover N(vg) it will cost 8 pebbles and to cover
the source vertex one pebble is used. So with 8 pebbles we cover all the vertices of the graph.

Case 2: Let vg be the source vertex.

The vertices in N(vg) are vg,v1,v4. To cover the vertices in N(vg) it will cost 6 pebbles; to cover
the vertex vg which is at the monophonic distance 2 it will cost 4 pebbles and one pebble is used
to cover the source vertex. Thus, to cover all the vertices it will cost 6 +4+ 1 = 11 pebbles. By
symmetry the proof follows for the source vertices vi,vs,v4.

Hence, y,(U(Z5)) = 11. O

Theorem 4.5. For U(Zs),y(U(Zs)) is 33.

Proof. Let V(U(Zg)) = {vo,v1,v2,03,v4,U5}. Then, E(U(Z5)) = {vov1,voV5,V203,U2V5,03V4,0401}.
Since U(Zg) = Cs, by Theorem [3.1, y,(U(Zs)) is 33. O

Theorem 4.6. For U(Z7),y,(U(Z7)) is 15.

Proof. Let V(U(Z7)) ={vg,v1,02,V03,V4,05,06}. Then, E(U(Z7)) ={vov1,vov2,v0U3,V0V4,V0Us,V0Vg,
U1V2,01V3,V104,V1V5,V2U3, V204,206, U3V5, U306, U4V5,V406,U5Ve}. In resulting graph deg(vg) = 6
and deg(v;) =5 where 1 <i <6. If we place 14 pebbles on v; then to cover the vertices in N(vq)
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it will cost 10 pebbles; to cover vg which is at the monophonic distance 2 it will cost 4 pebbles
and there are zero pebbles to cover v;. Thus, y,(U(Z7)) = 15.
Now let us prove y,(U(Z7)) < 15.

Case 1: Let vy be the source vertex.
The vertex vg is adjacent to every vertex. To cover N(vg) it will cost 12 pebbles and one pebble
is used for the source vertex. Thus, we need 9 pebbles to cover all the vertices of the graph.

Case 2: Let vg be the source vertex.

N(v9) ={vg,v1,v3,v4,0g}. To cover the vertices in N(v9) it will cost 10 pebbles; to cover the vertex
vs which is at the monophonic distance 2 it will cost 4 pebbles and one pebble is used to cover
the source vertex. Thus, to cover all the vertices it will cost 10+ 4 + 1 = 15 pebbles. By symmetry
the proof follows for the source vertices v1,vs3,v4,V5,06.

Hence, y,(U(Z5)) = 11. O

Theorem 4.7. For U(Zg),y(U(Zy)) is 21.

Pr‘OOf Let V(U(Zs)) = {Uo,vl,02,03,U4,U5,U6,U7}. Then, E(U(Zg)) = {vovl,v0v3,vov5,vov7,v1v2,
U2U3,VU2U5,V2U7,V1V4,VU3V4,04V5,V407,U1V6,U3V6, U506, VeV7}. In the resulting graph deg(v;) = 4
where 0 < j <7 and U(Zg) is a complete bipartite graph with partite sets of sizes 4 and 4.
Let p(vg) = 20. To cover vg,v4,vg Which are at distance 2, we need 12 pebbles and to cover
v1,U3,Us,07 which are in N(vg) we need 8 pebbles and there are zero pebbles to cover vy. Thus,
Yu(U(Zg)) = 21.

Now we prove y,(U(Zg)) < 21.

Case 1: Let v1 be the source vertex.

N(vq) is {vg,v2,v4,vg}. To cover the vertices in N(v1) it will cost 8 pebbles; to cover vy it will cost
one pebble and to cover vs,vs,v7 which are at the monophonic distance 2 it will cost 12 pebbles.
Thus, with 21 pebbles we could cover all the vertices. By symmetry the proof follows for the
source vertices vg,v9,U3,04,Vs5,Ug,U7. O

Theorem 4.8. For U(Zy),y,(U(Zy)) is 23.

Proof. Let V(U(Zg)) = {Uo, v1,U9,U3,V04,U5,Ug,U7, Ug}. Then, E(U(Zg)) = {U()Ul, UoU9,V0U4,00U5,0007,
UoUg,VU1VU3,VU1V4,V1V6,V1V7,V2V3,U2V5,U2V6, U2V8, U3V4,U3V5,VU3VU7,VU3U8,V4V6,V4U7,VU5V6,VU5U8,V6U7,
vevg}. In the resulting graph deg(v;) = 6, where j = 0,3,6 and deg(v;) =5, where £ =1,2,4,5,7,8.
Let p(v1) = 22. Then, there will be 5 vertices at the monophonic distance 1 and 3 vertices at the
monophonic distance 2. Thus, to cover these vertices it will cost 5 x 2+ 3 x 4 = 22 pebbles and
there are zero pebbles to cover v1. Thus, y,(U(Zy)) = 23.

Now we prove y,(U(Zg)) < 23.

Case 1: Let vg be the source vertex.

N(vg) is {v1,ve,v4,v5,07,Vv8}. To cover the vertices in N(vg) it will cost 12 pebbles; to cover vy it
will cost 1 pebble and to cover the vertices vg,vg which are at the monophonic distance 2 it will
cost 8 pebbles. Thus, to cover all the vertices in the graph it will cost 21 pebbles. By symmetry
the proof follows for the source vertices vs,vg.

Communications in Mathematics and Applications, Vol. 15, No. 2, pp. , 2024



632 Monophonic Cover Pebbling Number of Standard and Algebraic Graphs: A. Lourdusamy et al.

Case 2: Let vy be the source vertex.

N(vg) is {vg,vs,vs5,vg,vs}. To cover the vertices in N(vg) it will cost 10 pebbles; to cover v it will
cost 1 pebble and to cover the vertices v1,v4,v7 which are at the monophonic distance 2 it will
cost 12 pebbles. Thus, to cover all the vertices in the graph it will cost 23 pebbles. By symmetry
the proof follows for the source vertices v1,v4,v5,07,0s.

Hence, y,(U(Zg)) = 23. O

Theorem 4.9. For U(Z10),y(U(Z19)) is 81.

Table 7. Monophonic distance of all the vertices Z1¢

vo | U1 | U2 | U3 | V4 | U5 | Vg | U7 | U8 | Vg | dpu(vi,v;)
vo| O | 1| 4|1 |4 |3 |4|1|4]1 4
vi| 1|0 | 1|4|3 |4 |1|4]|1]4 4
ve | 4| 1[0 |3|4|1|4|1]4]1 4
vg | 1|4 (3|01 4|1 4]|1]|4 4
vg | 4| 3[4 |1]0|1|4|1]4]1 4
vs | 3|4 | 1|41 |0 |1|4]|1]4 4
ve | 4 | 1| 4|1 |4 |1|0|1]|4]3 4
vp | 1|4 1|4|1|4|1[0]|3]4 4
vg | 4| 1|4 |1 |4 |1|4|3|0]1 4
vg | 1| 4|1 4|1 4|3 |4|1]0 4

Pr‘OOf Let V(U(Zlo)) = {U(), v1,U9,U3,04,U5,Ug,07,US8, Ug}. Then E(U(Zlo)) = {U()Ul, UoUg,UoU7,00Vyg,
U1V9,U1Vg,U108,U9VU5,U9V7,U909,U304,U30¢g,U308,04U5,0407,0409,U5V¢,U508,0gU7, Ugvg}. In the re-
sulting graph deg(v;) = 4 where 0 <i <9. Let p(vg) = 80 and N(vg) is {v1,v3,v7,v9}. To cover
the vertices in N(vg) it will cost 8 pebbles; to cover vs which is at the monophonic distance 3 it
will cost 8 pebbles; to cover ve,v4,v6,v8 Which are at the monophonic distance 4 it will cost 64
pebbles and there are zero pebbles to cover vg. Hence, y,(U(Z1¢)) = 81.

Now we prove y,(U(Z10)) < 81.

Case 1: Let v1 be the source vertex.

N(vq) is {vg,ve,vg,vs}. To cover the vertices in N(vq) it will cost 8 pebbles; to cover the vertex vy
which is at the monophonic distance 3 it will cost 8 pebbles; from Table 7] to cover the vertices
vs,Us5,U7,09 which are at the monophonic distance 4 it will cost 64 pebbles and one pebble is
used to cover v1. Thus, to cover all the vertices in the graph it will cost 81 pebbles. By symmetry
the proof follows for the source vertices vg,ve,v3,v4,05,06,07,Us, Ug. O

Theorem 4.10. If p is a prime number where p =3, then y,(U(Zp)) is 2p + 1.
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Proof. Let V(U(Z,)) ={x0,%1,%2,...,%p—1}. The unit graph of Z, forms a connected graph with
EWUZy) = {E(Kp)— {xjxp_}li=1,2,-- ,pT_l}. Moreover, deg(xg) = p—1 and deg(x;) = p -2
where j = 1,2,---,p — 1. In the resulting graph deg(vg) = p — 1 and deg(v;) = p — 2, where
1<i<p-1.Let p(vy)=2p. Now to cover the vertices in N(v1) it will cost 2p — 4 pebbles and to
cover the vertex v,_1 which is at the monophonic distance 2 it will cost 4 pebbles and there are
zero pebbles to cover vy. Hence, y,(Z,) =2p + 1.

Now we prove y,(Z,)<2p +1.

Case 1: Let vy be the source vertex.
We see that vg is adjacent to all vertices. Thus, the number of pebbles needed to cover all
vertices is 2p — 1.

Case 2: Let vq be the source vertex.

There will be p —2 vertices at monophonic distance 1 and one vertex at the distance 2. Thus, to
cover all the vertices it will cost 2(p —2) +4+ 1 =2p + 1 pebbles. By symmetry the proof follows
for the source vertices vg,v3, -+ ,vp-1. O

5. Conclusion
We determined the monophonic cover pebbling number of cycles, square of cycles, shadow graph
of cycles, complete graphs, Jahangir graphs, fan graphs, zero divisor graphs and unit graphs.
For the future research we can find the monophonic cover pebbling number of network-related
graphs, product graphs and prove the NP-completeness of monophonic cover pebbling number.
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