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1. Introduction
Matthews [11,12] introduced a partial metric space that allows for non-zero self-distance, which
is an interesting expansion of the distance function. Several authors generalized fixed point
theorems on this space, as seen in e.g. Karapınar et al. [8], Kumam et al. [10], Nazam et al. [14]
and the references cited therein.

In 1997, Alber and Guerre-Delabrieer [1] first established the concept of ϕ-weak contraction.
They demonstrated the existence of fixed points for single-valued mappings that meet the weak
contraction condition in Hilbert spaces. Rhoades [15] shown that Alber and Guerre-Delabrieer’s
result remains valid in complete metric spaces. Samet et al. [16] introduced α-ψ contractive
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type mappings, which expand and generalize the Banach contraction principle. Karapınar et
al. [7] extended the concept of α-(ψ-ϕ) Contractive mappings to quasi-partial metric spaces.
Further, Mebawondu and Mebawondu [13] introduced the notion of (ψ,ϕ)-Suzuki type mapping
and established some results for this class of mappings. Recently, Baiz et al. [2,3] presented the
τ-ψ contraction, generalized τ-ψ contraction mappings and established several results for such
mappings.

Following basic result is due to Rhoades [15].

Theorem 1.1. Let (U,d) be a complete metric space and Γ :U→U be a self-map satisfying the
inequality

d(Γµ,Γν)≤ d(µ,ν)−ϕ(d(µ,ν)), (1.1)

for all µ,ν ∈U, where ϕ : [0,∞)→ [0,∞) is continuous and non-decreasing functions with ϕ(t)= 0
if and only if t = 0. Then Γ has a unique fixed point in U.

Dutta and Choudhury [6] introduced (ψ-ϕ) weak contraction, an extension of weak
contraction in complete metric spaces, as follows:

Theorem 1.2. Let (U,d) be a complete metric space and Γ :U→U be a self-map satisfying the
inequality

ψ(d(Γµ,Γν))≤ψ(d(µ,ν))−ϕ(d(µ,ν)), (1.2)

for all µ,ν ∈U, where ψ,ϕ : [0,∞) → [0,∞) are both continuous and non-decreasing functions
with ψ(t)=ϕ(t)= 0 if and only if t = 0. Then Γ has a unique fixed point in U.

Recently, Karapınar et al. [8] established following fixed point theorem for mappings
satisfying rational type contractive conditions using auxiliary functions in partial metric spaces.

Theorem 1.3. Let (U,ϱ) be a complete partial metric space and Γ :U→U be a self-map satisfying
the inequality

ψ(ϱ(Γµ,Γν))≤ψ(M(µ,ν))−ϕ(M(µ,ν)), (1.3)

for all µ,ν ∈U, where M is given by

M(µ,ν)=max
{
ϱ(ν,Γν)

1+ϱ(µ,Γµ)
1+ϱ(µ,ν)

,ϱ(µ,ν)
}

(1.4)

and ψ : [0,∞)→ [0,∞) is continuous monotone non-decreasing function with ψ(t)= 0 if and only
if t = 0 and ϕ : [0,∞)→ [0,∞) is lower semi-continuous function with ϕ(t)= 0 if and only if t = 0.
Then Γ has a unique fixed point in U.

Samet et al. [16] presented α-admissible mappings and demonstrated the following results:

Definition 1.4. Let Γ :U→U and α :U×U→ [0,∞). Γ is said to α-admissible if

α(µ,ν)≥ 1⇒α(Γµ,Γν)≥ 1,

for all µ,ν ∈U.
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Definition 1.5. Let (U,d) be a metric space and Γ :U→U be a self mapping. Γ is said to be an
α-ψ contractive mappings if there exists two functions α :U×U→ [0,∞) and ψ ∈Ψ such that

α(µ,ν)d(Γµ,Γν)≤ψ(,d(µ,ν)),

for all µ,ν ∈U.

Theorem 1.6. Let (U,d) be a complete metric space and Γ :U→U be an α-ψ contractive mappings
satisfying the conditions:

(i) Γ is α-admissible;

(ii) there exists µ0 ∈U such that α(µ0,Γµ0)≥ 1;

(iii) Γ is continuous or {µp} is a sequence in U such that α(µp,µp+1)≥ 1, for all p and µp →µ ∈U
as p →∞, then α(µp,µ)≥ 1.

Then Γ has a fixed point.

Further, Samet et al. [16] added the condition that for all µ,ν ∈U, there exists u ∈U such
that α(µ,u)≥ 1 and α(ν,u)≥ 1 to hypotheses of above theorems to assure the uniqueness of the
fixed point.

Recently, Baiz et al. [2] introduced the concept of generalized τ-ψ-contraction mappings and
established the following generalization of Theorem 1.6 in rectangular quasi-b metric spaces.

Definition 1.7. Let (U,d) be a rectangular quasi b metric space and Γ :U→U be a self mapping.
Γ is said to be an τ-ψ contraction mapping if there exists τ> 1 and ψ ∈Ψ such that

τd(Γµ,Γν)≤ψ(M(µ,ν)),

for all µ,ν ∈U, where

M(µ,ν)=max
{

d(µ,ν),
(µ,Γµ)(ν,Γν)

1+ (µ,Γν)+ (ν,Γµ)
,d(µ,Γµ),d(ν,Γν)

}
. (1.5)

Theorem 1.8. Let (U,d) be a complete rectangular quasi b metric space and Γ : U→ U be a
generalized τ-ψ contraction mapping satisfying the conditions:

(i) there exists µp ∈U such that µp+1 =Γµp =Γp(µ0) for all p ≥ 0;

(ii) Γ is continuous or {µp} is a sequence in U such that µp →µ ∈U as p →∞.
Then Γ has a unique fixed point.

Matthews [11,12] presented generalization of the metric space as follows:

Definition 1.9. Let U be a non-empty set. A function ϱ :U×U→ [0,∞) is said to be a partial
metric on U if the following conditions hold:

(i) µ= ν⇐⇒ ϱ(µ,µ)= ϱ(ν,ν)= ϱ(µ,ν);

(ii) ϱ(µ,µ)≤ ϱ(µ,ν);

(iii) ϱ(µ,ν)= ϱ(ν,µ);

(iv) ϱ(µ,ν)≤ ϱ(µ,δ)+ϱ(δ,ν)−ϱ(δ,δ),
for all µ,ν,δ ∈U.
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The set U equipped with the metric ϱ defined above is called a partial metric space and it is
denoted by (U,ϱ) (in short PMS). Each partial metric ϱ on U generates a Γ0 topology τϱ on U,
which has a base of the family of open ϱ-balls

{Bϱ(µ,ϵ) :µ ∈U,ϵ> 0},

where

Bϱ(µ,ϵ)= {ν ∈U : ϱ(µ,ν)< ϱ(µ,µ)+ϵ},
for all µ ∈U and ϵ> 0.

Lemma 1.10 ([12]). Let (U,ϱ) be a partial metric space:
(a) a sequence {µp} in (U,ϱ) converges to a point µ ∈U⇐⇒ ϱ(µ,µ)= lim

p→∞ϱ(µp,µ),

(b) if lim
q,p→∞ϱ(µp,µq) exists and finite. Then the sequence {µp} is a Cauchy sequence in (U,ϱ),

(c) (U,ϱ) is complete if every Cauchy {µp} in U converges to a point µ ∈U, such that

ϱ(µ,µ)= lim
q,p→∞ϱ(µq,µp)= lim

p→∞ϱ(µp,µ)= ϱ(µ,µ).

Lemma 1.11 ([12], [11]). Let ϱ be a partial metric on U, then the function dϱ :U×U→R+ such
that

dϱ(µ,ν)= 2ϱ(µ,ν)−ϱ(µ,µ)−ϱ(ν,ν)

is metric on U and (U,dϱ) is metric space.
Let (U,ϱ) be a partial metric space. Then

(1) a sequence {µn} in (U,ϱ) is a Cauchy sequence ⇔ {µn} is a Cauchy sequence in the metric
space (U,dϱ),

(2) the metric space (U,ϱ) is complete ⇐⇒ (U,dϱ) is complete. Moreover,

lim
p→∞dϱ(µp,µ)= 0⇐⇒ ϱ(µ,µ)= lim

p→∞ϱ(µp,µ)= lim
p,q→∞ϱ(µp,µq).

Lemma 1.12 ([17]). Assume that µp → δ as p →∞ in a partial metric space (U,ϱ) such that
ϱ(δ,δ)= 0. Then

lim
p→∞ϱ(µp,ν)= ϱ(δ,ν),

for every ν ∈U.

Lemma 1.13 ([5]). If {µp} with lim
p→∞ϱ(µp,µp+1)= 0 is not a Cauchy sequence in (U,ϱ), and two

sequences {i(n)} and { j(n)} of positive integers such that i(n) > j(n) > n, then following four
sequences

ϱ(µ j(n),µi(n)+1), ϱ(µ j(n),µi(n)), ϱ(µ j(n)−1,µi(n)+1), ϱ(µ j(n)−1,µi(n))

tend to ϵ+ > 0 when n →∞.

Lemma 1.14 ([4]). Let (U,ϱ) be a partial metric space,
(1) if ϱ(µ,ν)= 0 then µ= ν,

(2) if µ ̸= ν then ϱ(µ,ν)> 0.
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Definition 1.15 ([9,13]). Let Φ= {ϕ : [0,∞)→ [0,∞)} be the set of all non-decreasing continuous
function such that ϕ(t)> 0 for t > 0 and ϕ(t)= 0⇐⇒ t = 0.

2. Main Results
Definition 2.1. Let (U,ϱ) be a partial metric space and Γ :U→U be a given self map. We say
that Γ is generalized τ-ψ-ϕ-weak contraction mapping if there exists τ > 1 and ψ,ϕ ∈Φ such
that for all µ,ν ∈U, we have

τψ(ϱ(Γµ,Γν))≤ψ(Ω̃(µ,ν)))−kϕ(Ω̃(µ,ν)), (2.1)

where 0< k ≤ 1, and

Ω̃(µ,ν)=max{ϱ(µ,ν),ϱ(µ,Γµ),ϱ(ν,Γν)}. (2.2)

Theorem 2.2. Let (U,ϱ) be a complete partial metric space and Γ : U → U be self mapping.
Suppose the following conditions are satisfied:

(i) Γ is generalized τ-ψ-ϕ-weak contraction mapping;

(ii) Γ is continuous or if {µp} is a sequence in U such that µp →µ as p →∞.
Then Γ has a unique fixed point in U.

Proof. Let µ0 be an arbitrary point. Consider a sequence {µp} in U such that µp+1 =Γµp , for all
p ∈N.
If µp =µp+1 for some p ∈N, then µp is a fixed point of Γ, completing the existence proof. Suppose
µp ̸=µp+1 for every p ∈N.
Now as τ> 1, from (2.1) we have

ψ(ϱ(µp,µp+1))=ψ(ϱ(Γµp−1,Γµp))

≤ τψ(ϱ(Γµp−1,Γµp))

≤ψ(Ω̃(µp−1,µp))−kϕ(Ω̃(µp−1,µp)), (2.3)

where

Ω̃(µp−1,µp)=max{ϱ(µp−1,µp),ϱ(µp−1,Γµp−1),ϱ(µp,Γµp))}

=max{ϱ(µp−1,µp),ϱ(µp−1,µp),ϱ(µp,µp+1))}

=max{ϱ(µp−1,µp),ϱ(µp,µp+1)}. (2.4)

Replacing (2.4) in (2.3), we get

ψ(ϱ(µp,µp+1))≤ψ(max{ϱ(µp,µp+1),ϱ(µp−1,µp)})−kϕ(max{ϱ(µp,µp+1),ϱ(µp−1,µp)})

Now, if ϱ(µp,µp+1)> ϱ(µp−1,µp) then

ψ(ϱ(µp,µp+1))≤ψ(ϱ(µp,µp+1))−kϕ(ϱ(µp,µp+1)),

i.e., ϕ(ϱ(µp,µp+1))= 0 then ϱ(µp,µp+1)= 0 which is a contradiction. Therefore,

ϱ(µp,µp+1)≤ ϱ(µp−1,µp) (2.5)

and
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ψ(ϱ(µp,µp+1))≤ψ(ϱ(µp−1,µp))−kϕ(ϱ(µp−1,µp)), (2.6)

for all p.
Then from (2.5) we get that {ϱ(µp,µp+1) : p ∈N} is a non negative nonincreasing sequence

real numbers. Hence it is convergent to a real number, therefore there exists ϵ0 ≥ 0 such that

lim
p→∞ϱ(µp,µp+1)= ϵ0 .

Let ϵ0 > 0. Then taking the limit p →∞ in (2.6) we get

ψ(ϵ0)≤ψ(ϵ0)−kϕ(ϵ0),

i.e., ϕ(ϵ0)= 0 then ϵ0. This is contradiction. Hence

lim
p→∞ϱ(µp,µp+1)= 0 . (2.7)

Now, we show that {µp} is a Cauchy sequence in U, i.e., we prove that

lim
p,q→∞ϱ(µp,µq)= 0.

We prove it by contradiction.
Let

lim
p,q→∞ϱ(µp,µq) ̸= 0.

Then sequences in Lemma 1.13 tends to ϵ+ > 0, when n →∞.
Thus, we can see that

lim
n→∞ϱ(µ j(n),µi(n))= ϵ+ . (2.8)

Further corresponding to j(n), we can choose i(n) in such a way that it is smallest integer with
i(n)> j(n)> n. Then

lim
n→∞ϱ(µi(n)−1,µ j(n))= ϵ+ . (2.9)

Again,

ϱ(µ j(n)−1,µi(n)−1)≤ ϱ(µ j(n)−1,µi(n))+ϱ(µi(n),µi(n)−1)−ϱ(µi(n),µi(n)).

Letting n →∞ and using Lemma 1.13, we get

lim
n→∞ϱ(µ j(n)−1,µi(n)−1)= ϵ+ . (2.10)

Now in (2.1) replacing µ by µi(n) and ν by µ j(n) respectively, we get

ψ(ϱ(µi(n),µ j(n)))=ψ(ϱ(Γµi(n)−1,Γµ j(n)−1))

≤ τψ(ϱ(Γµi(n)−1,Γµ j(n)−1))

≤ψ(Ω̃(µi(n)−1,µ j(n)−1))−ϕ(Ω̃(µi(n)−1,µ j(n)−1)), (2.11)

where

Ω̃(µi(n)−1,µ j(n)−1)=max{ϱ(µi(n)−1,µ j(n)−1),ϱ(µi(n)−1,Γµi(n)−1),ϱ(µ j(n)−1,Γµ j(n)−1)}

=max{ϱ(µi(n)−1,µ j(n)−1),ϱ(µi(n)−1,µi(n)),ϱ(µ j(n)−1,µ j(n))}. (2.12)

Letting n →∞ in (2.12) and using (2.8), (2.9), (2.10) and Lemma 1.13, we get

lim
n→∞Ω̃(µi(n)−1,µ j(n)−1)= ϵ+ . (2.13)

Communications in Mathematics and Applications, Vol. 15, No. 2, pp. 605–618, 2024



Some Fixed Point Results on Generalized Weak Contractions in Partial. . . : H. Tiwari and Padmavati 611

Now letting n →∞ in (2.11) and using (2.13), we get

ψ(ϵ+)≤ψ(ϵ+)−kϕ(ϵ+),

i.e., ϕ(ϵ+)= 0 then ϵ+ = 0. This is a contradiction, therefore

lim
p,q→∞ϱ(µp,νq)= 0 . (2.14)

This implies that {µp} is a Cauchy sequence in U. Thus, by Lemma 1.11 this sequence will also
Cauchy in the metric space (U,dϱ). In addition, since (U,ϱ) is complete, (U,dϱ) is also complete.
Therefore, the sequence {µp} is convergent in the space (U,dϱ), So there exists ω in U such that
µp →ω as p →∞. Again from Lemma 1.10, we get

ϱ(ω,ω)= lim
p→∞ϱ(µp,ω)= lim

q,p→∞ϱ(µp,µq)= 0 . (2.15)

Now from (2.15) it follows that µp+1 →ω and µp+2 →ω as p →∞.
If Γ is continuous. Then we have

ω= lim
p→∞µp+1 = lim

p→∞Γµp =Γω .

If Γ is not continuous. We know that {µp} is a Cauchy sequence in U such that µp →ω as n →∞.
Assume that ϱ(Γω,ω)> 0,

ψ(ϱ(µp+1,Γω))=ψ(ϱ(Γµp,Γω))

≤ τψ(ϱ(Γµp,Γω))

≤ψ(Ω̃(µp,ω))−kϕ(Ω̃(µp,ω)), (2.16)

where

Ω̃(µp,ω)=max{ϱ(µp,ω),ϱ(µp,Γµp),ϱ(ω,Γω)}

=max{ϱ(µp,ω),ϱ(µp,µp+1),ϱ(ω,Γω)}. (2.17)

Now, taking p →∞ in (2.17), we get

lim
p→∞Ω̃(µp,ω)= ϱ(ω,Γω) . (2.18)

Taking p →∞ in (2.16) and using (2.18), we get

ψ(ϱ(ω,Γω))≤ψ(ϱ(ω,Γω))−kϕ(ϱ(ω,Γω)),

i.e., ϕ(ϱ(ω,Γω)) = 0 this implies that ϱ(ω,Γω) = 0 which is a contradiction. Therefore, Γω=ω,
i.e., ω is a fixed point.
Further, suppose ω and ς be two fixed point of Γ. By replacing µ by ω and ν by ς in (2.1), we get

ψ(ϱ(ω,ς))=ψ(ϱ(Γω,Γς))≤ τϱ(Γω,Γς)

≤ψ(Ω̃(ω,ς))−kϕ(Ω̃(ω,ς)), (2.19)

where

Ω̃(ω,ς)=max{ϱ(ω,ς),ϱ(ω,Γω),ϱ(ς,Γς)}

=max{ϱ(ω,ς),ϱ(ω,ω),ϱ(ς,ς)}

= ϱ(ω,ς). (2.20)
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Putting (2.20) in (2.19), we get

ψ(ϱ(ω,ς))≤ψ(ϱ(ω,ς))−kϕ(ϱ(ω,ς)),

i.e., ϕ(ϱ(ω,ς))= 0 implies that ϱ(ω,ς)= 0 which is a contradiction. Hence Γ has a unique fixed
point. This completes the proof.

Definition 2.3. Let (U,ρ) be a partial metric space and Γ :U→U be a given self map. We say
that Γ is generalized τ-ϕ-weak contraction mapping if there exists τ> 1 and ϕ ∈Φ such that for
all µ,ν ∈U, we have

τ(ρ(Γµ,Γν))≤ Σ̃(µ,ν))−ϕ(Σ̃(µ,ν)), (2.21)

where

Σ̃(µ,ν)=max
{
ρ(µ,ν),

1+ρ(µ,Γµ)
1+ρ(µ,ν)

ρ(µ,Γµ),
1+ρ(µ,Γµ)
1+ρ(µ,ν)

ρ(ν,Γν)
}

. (2.22)

Theorem 2.4. Let (U,ρ) be a complete partial metric space and Γ : U → U be self mapping.
Suppose the following conditions are satisfied:

(i) Γ is generalized τ-ϕ-weak contraction mapping;

(ii) Γ is continuous or if {µp} is a sequence in U such that µp →µ as p →∞.
Then Γ has a unique fixed point in U.

Proof. Let µ0 be an arbitrary point. Suppose we have a sequence {µp} in U such that µp+1 =Γµp

for all p ∈N.
If µp =µp+1 for some p ∈N, then µp is a fixed point of Γ and the existence part of the proof is
finished. Suppose µp ̸=µp+1 for every p ∈N.
Now as τ> 1, from (2.21), we have

ϱ(µp,µp+1)= ϱ(Γµp−1,Γµp)≤ τ(ϱ(Γµp−1,Γµp))

≤ Σ̃(µp−1,µp)−ϕ(Σ̃(µp−1,µp)), (2.23)

where

Σ̃(µp−1,µp)=max
{
ϱ(µp−1,µp),

1+ϱ(µp−1,Γµp−1)
1+ϱ(µp−1,µp)

ϱ(µp−1,Γµp−1),
1+ϱ(µp−1,Γµp−1)

1+ϱ(µp−1,µp)
ϱ(µp,Γµp)

}
=max

{
ϱ(µp−1,µp),

1+ϱ(µp−1,µp)
1+ϱ(µp−1,µp)

ϱ(µp−1,µp),
1+ϱ(µp−1,µp)
1+ϱ(µp−1,µp)

ϱ(µp,µp+1)
}

=max{ϱ(µp−1,µp),ϱ(µp,µp+1)}. (2.24)

Replacing (2.24) in (2.23), we get that

ϱ(µp,µp+1)≤max{ϱ(µp,µp+1),ϱ(µp−1,µp)}−ϕ(max{ϱ(µp,µp+1),ϱ(µp−1,µp)}).

Now, if ϱ(µp,µp+1)> ϱ(µp−1,µp) then

ϱ(µp,µp+1)≤ ϱ(µp,µp+1)−ϕ(ϱ(µp,µp+1))< ϱ(µp,µp+1)

which is a contradiction. Therefore,

ϱ(µp,µp+1)≤ ϱ(µp−1,µp) (2.25)
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and

ϱ(µp,µp+1)≤ ϱ(µp−1,µp)−ϕ(ϱ(µp−1,µp)), (2.26)

for all p.
Then from (2.25) we get that {ϱ(µp,µp+1) : p ∈N} is a non negative nonincreasing sequence

real numbers. Hence it is convergent to a real number, therefore there exists ϵ0 ≥ 0 such that

lim
p→∞ϱ(µp,µp+1)= ϵ0 .

Let ϵ0. Then taking the limit n →∞ in (2.26), we get

ϵ0 ≤ ϵ0 −ϕ(ϵ0)< ϵ0.

This is contradiction. Hence

lim
n→∞ϱ(µp,µp+1)= 0 . (2.27)

Now, we show that {µp} is a Cauchy sequence in U, i.e., we prove that

lim
p,q→∞ρ(µp,µq)= 0.

We prove it by contradiction.

Let

lim
p,q→∞ρ(µp,µq) ̸= 0.

Further corresponding to j(n), we can choose i(n) in such a way that it is smallest integer with
i(n)> j(n)> n. Then, sequences in Lemma 1.13 tends to ϵ+ > 0, when p →∞.
Now in (2.21) replacing µ by µi(n) and ν by µ j(n) respectively, we get

ρ(µi(n),µ j(n))= ρ(Γµi(n)−1,Γµ j(n)−1)

≤ τ(ρ(Γµi(n)−1,Γµ j(n)−1))

≤ Σ̃(µi(n)−1,µ j(n)−1))−ϕ(Σ̃(µi(n)−1,µ j(n)−1)), (2.28)

where

Σ̃(µi(n)−1,µ j(n)−1)=max
{
ρ(µi(n)−1,µ j(n)−1),

1+ρ(µi(n)−1,Γµi(n)−1)
1+ρ(µi(n)−1,µ j(n)−1)

ρ(µi(n)−1,Γµi(n)−1),

1+ρ(µi(n)−1,Γµi(n)−1)
1+ρ(µi(n)−1,µ j(n)−1)

ρ(µ j(n)−1,Γµ j(n)−1)
}

=max
{
ρ(µi(n)−1,µ j(n)−1),

1+ρ(µi(n)−1,µi(n))
1+ρ(µi(n)−1,µ j(n)−1)

ρ(µi(n)−1,µi(n)),

1+ρ(µi(n)−1,µi(n))
1+ρ(µi(n)−1,µ j(n)−1)

ρ(µ j(n)−1,µ j(n))
}

. (2.29)

Letting n →∞ in (2.29) and using (2.8), (2.9), (2.10) and Lemma 1.13 we get

lim
n→∞ Σ̃(µi(n)−1,µ j(n)−1)= ϵ+ . (2.30)

Now Letting n →∞ in (2.28) and using (2.30), we get

ϵ+ ≤ ϵ+−ϕ(ϵ+)< ϵ+ .
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This is a contradiction, therefore

lim
p,q→∞ρ(µp,µq)= 0 . (2.31)

This implies that {µp} is a Cauchy sequence in U. Thus, by Lemma 1.11 this sequence will also
Cauchy in the metric space (U,dϱ). In addition, since (U,ϱ) is complete, (U,dϱ) is also complete.
Therefore, the sequence {µp} is convergent in the space (U,dϱ), So there exists ω in U such that
µp →ω as p →∞. Again from Lemma 1.10, we get

ϱ(ω,ω)= lim
p→∞ϱ(µp,ω)= lim

q,p→∞ϱ(µp,µq)= 0 . (2.32)

If Γ is continuous. Then, we have

ω= lim
p→∞µp+1 = lim

p→∞Γµp =Γµp .

If Γ is not continuous, We know that {µp} is a Cauchy sequence in U such that µp →ω as p →∞.
Assume that ρ(Γω,ω)> 0.

ϱ(µp+1,Γω)= ϱ(Γµp,Γω)

≤ τψ(ϱ(Γµp,Γω))

≤ Σ̃(µp,ω)−ϕ(Σ̃(µp,ω)), (2.33)

where

Σ̃(µp,ω)=max
{
ϱ(µp,ω),

1+ϱ(µp,Γµp)
1+ϱ(µp,ω)

ϱ(µp,Γµp),
1+ϱ(µp,Γµp)
1+ϱ(µp,ω)

ϱ(ω,Γω)
}

=max
{
ϱ(µp,ω),

1+ϱ(µp,µp+1)
1+ϱ(µp,ω)

ϱ(µp,µp+1),
1+ϱ(µp,µp+1)

1+ϱ(µp,ω)
ϱ(ω,Γω)

}
. (2.34)

Now, taking p →∞ in (2.34), we get

lim
p→∞ Σ̃(µp,ω)= ρ(ω,Γω) . (2.35)

Taking p →∞ in (2.33) and using (2.35) we get

ϱ(ω,Γω)≤ ϱ(ω,Γω))−ϕ(ϱ(ω,Γω))< ϱ(ω,Γω)

which is a contradiction. Therefore Γω=ω, i.e., ω is a fixed point.
Further, suppose ω and ς be two fixed point of Γ. By replacing µ by ω and ν by ς in (2.21), we
get

ϱ(ω,ς)= ϱ(Γω,Γς)≤ τϱ(Γω,Γς)≤ψ(Σ̃(ω,ς))−kϕ(Σ̃(ω,ς)), (2.36)

where

Σ̃(ω,ς)=max
{
ϱ(ω,ς),

1+ϱ(ω,Γω)
1+ϱ(ω,ς)

ϱ(ω,Γω),
1+ϱ(ω,Γω)
1+ϱ(ω,ς)

ϱ(ς,Γς)
}

=max
{
ϱ(ω,ς),

1+ϱ(ω,ω)
1+ϱ(ω,ς)

ϱ(ω,ω),
1+ϱ(ω,ω)
1+ϱ(ω,ς)

ϱ(ς,ς)
}

= ϱ(ω,ς). (2.37)

Putting (2.37) in (2.36), we get

ϱ(ω,ς)≤ ϱ(ω,ς)−ϕ(ϱ(ω,ς))< ϱ(ω,ς)

which is a contradiction. Hence Γ has a unique fixed point. This completes the proof.
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Following are consequences of the theorems.

Corollary 2.5. Let (U,ϱ) be a complete partial metric space. Γ :U→U be self-mapping and τ> 1
such that

τψ(ϱ(Γµ,Γν))≤ψ(ϱ(µ,ν))−ϕ(ϱ(µ,ν)), (2.38)

for all µ,ν ∈U and ψ,ϕ ∈Φ. Then Γ has a unique fixed point in U.

Corollary 2.6. Let (U,ϱ) be a complete partial metric space. Γ :U→U be self-mapping and τ> 1
such that

τϱ(Γµ,Γν))≤ ϱ(µ,ν))−ϕ(ϱ(µ,ν)), (2.39)

for all µ,ν ∈U and ϕ ∈Φ. Then Γ has a unique fixed point in U.

Example 2.7. Let U = [0,1] and ϱ(µ,ν) = max{µ,ν}. Then (U,ϱ) is a complete partial metric
space. Consider the mapping Γ : U→U defined by Γ(µ) = µ

5 and ψ,ϕ : [0,∞) → [0,∞) be such
that ψ(t)= t, ϕ(t)= t

2 . Without loss of generality we assume that µ≥ ν. Then for µ,ν ∈ [0,1] and
τ= 5

2 , we get

τψ(ϱ(Γµ,Γν))= 5
2
ψ

(
ϱ

(
µ

5
,
ν

5

))
= 5

2

(
µ

5

)
= µ

2

≤µ− µ

4

=ψ(ϱ(µ,ν))− 1
2
ϕ(ϱ(µ,ν))

≤ψ(Ω̃(µ,ν))−kϕ(Ω̃(µ,ν)),

where k = 1
2 and

Ω̃(µ,ν)=max{ϱ(µ,ν),ϱ(µ,Γµ),ϱ(ν,Γν)}.

Therefore, all the conditions of Theorem 2.2 are satisfied. Hence Γ has a fixed point, which in
this case is 0.

3. Application
In this section, we give an application of Theorem 2.4 to the solution of second order differential
equation of the form

µ′′(t)=− f (t,µ(t)), t ∈ I,

µ(0)=µ(1)= 0,

}
(3.1)

where I = [0,1], f : I ×R→R is a continuous function.
Consider the space U= C(I) of continuous function defined on I . Define

ϱ(µ,ν)= d(µ,ν)+ cp = sup
t∈[0,1]

|µ(t)−ν(t)|+ cp,

for all µ,ν ∈U, where {cp} is a sequence of positive real numbers satisfying, cp → 0 as p →∞. It
is easy to verify that (U,ϱ) is a complete partial metric space.
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It is well-known that the problem (3.1) is equivalent to the integral equation

µ(t)=
∫ 1

0
g(t, r) f (r,µ(r))dr, (3.2)

for all t ∈ [0,1] where g is the Green function defined by

g(t, r)=
{

(1− t)r, 0≤ r ≤ t ≤ 1,
(1− r)t, 0≤ t ≤ r ≤ 1.

(3.3)

If µ ∈ C2(I) then µ ∈ C(I) is a solution of (3.1) if and only if it is a solution (3.2).

Theorem 3.1. Let U= C(I) and Γ :U→U be an operator given by

Γµ(t)=
∫ 1

0
g(t, r) f (r, x(r))dr, (3.4)

for all µ ∈U and t ∈ I = [0,1]. Suppose for all u,v ∈U there exists A ∈ (0,1) such that

| f (r,u)− f (r,v)| ≤ 8Aσ(|u(t)−v(t)|)|, (3.5)

where σ : [0,∞)→ [0,∞) is a non-decreasing function such that σ(t)= t−ϕ(t), ϕ(t)< t and ϕ ∈Φ.

Then, the second order differential equation (3.1) has a solution.

Proof. Following the assumptions of Theorem 3.1, we have

ϱ(Γµ,Γν)= d(Γµ,Γν)+ cp

= sup
t∈[0,1]

|Γµ(t)−Γν(t)|+ cp

= sup
t∈[0,1]

∫ 1

0
g(t, r)|[ f (r,µ(r))− f (r,ν(r)]|dr+ cp

= sup
t∈[0,1]

∫ 1

0
g(t, r)8Aσ(|µ(r)−ν(r)|)dr+ cp . (3.6)

Since the function σ is non-decreasing, we have

σ(|µ(r)−ν(r)|)≤σ
(

sup
t∈[0,1]

|µ(r)−ν(r)|
)
=σ(d(µ,ν)) . (3.7)

Moreover,

sup
t∈[0,1]

∫ 1

0
g(t, r)dr = 1

8
. (3.8)

Taking p →∞ in (3.6) and using (3.7), (3.8) and fact that cp → 0 as p →∞, we get

ρ(Γµ,Γν)≤ Aσ(d(µ,ν)),
1
A
ρ(Γµ,Γν)≤σ(d(µ,ν)) .

Taking 1
A = τ> 1, we get

τρ(Γµ,Γν)≤σ(d(µ,ν))≤σ(ϱ(µ,ν))≤σ(Σ̃(µ,ν))= Σ̃(µ,ν)−ϕ(Σ̃(µ,ν)) .

Clearly, all the conditions of Theorem 2.4 are satisfied and so Γ has a unique fixed point. Thus,
the system of integral equations (3.2) has a unique solution.
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4. Conclusion
This article introduces a few mappings such that generalized τ-ψ-ϕ weak contraction and
generalized τ-ϕ weak contraction mappings to determine fixed point results in complete partial
metric spaces. In the line of work carried out in this paper, one may consider the deduction of
fixed point theorems under various conditions in partial metric spaces, which could be an active
subject of research for future scholars in this branch.
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