Communications in Mathematics and Applications

Vol. 15, No. 2, pp. 2024 RGN

ISSN 0975-8607 (online); 0976-5905 (print)
Published by RGN Publications http://www.rgnpublications.com
DOI:110.26713/cma.v15i2.2592

| Research Article |

On the Bihyperbolic k-Fibonacci Numbers

Sergio Falcon

Departamento de Matematicas, Universidad de Las Palmas de Gran Canari, 35017-Las Palmas de Gran
Canaria, Spain
sergio.falcon@ulpgc.es

Received: February 14, 2024 Accepted: April 9, 2024
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1. Introduction

In this section, we will review the concepts of hyperbolic and bihyperbolic numbers, as well as
the k-Fibonacci numbers and some of their properties.

1.1 Hyperbolic Numbers

Hyperbolic numbers [6,|7 ],EI can be defined as follows: if x and y are two real numbers, a
bihyperbolic number is z =x+jy with j2=1, j #1.

The set of hyperbolic numbers is denoted as C* or H;. The hyperbolic numbers are also called
double numbers, split complex numbers and perplex numbers. For two hyperbolic numbers
z1=x1+Jjy1 and z9 = x9 + j y9 it is possible to define the following operations:

1See URL: https://en.wikipedia.org/wiki/Split-complex_number.
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* Addition: z1 +z9 = (x1+x2) + j(y1 + y2).

* Multiplication: z1z9 = (x1x2 + y1y2) + j(x1y2 + x2y1).

The conjugate of z =x+jy is z = x — jy and satisfies similar properties to usual complex

conjugate. Namely, z1 + 29 =271 + 22, (2122) =27 22, @) =2z.
The modulus of a bihyperbolic number z =x+jy is lzIZ2=2z=x2- y2. Then, |z| = \/x2 - y2 if

x| > |yl, or |zl = \/ 2 —«2 if |y| > |x].

A bihyperbolic number is invertible if and only if its modulus is nonzero, |z| # 0. The

multiplicative inverse of an invertible element is given by z71 = % === ﬁ Then, the
inverse number of z, if exists (||z]| Z0),is 271 = foyQ —J xﬁ 7 So, the division of two hyperbolic
numbers, if exists, is 2L = ZL2270Ly2 ;7127720

Z2 X3~Y3 X33

1.2 Bihyperbolic Numbers
Now, we will extend the concept of hiperbolic numbers to the bihyperbolic numbers.

Definition 1. Let H2 be the set of bihyperbolic numbers defined by
z=x0+j1%1+Jj2x2+ j3x3,
where xo,x1,x2,x3 € R and j1,j9,j3 ¢ R are operators such that j% :jg :jg =1land jijo =Jjoj1 =
J3, J1J3 =JsJ1=J2, J2J3 =JsJ2 =J1-
The addition and multiplication on He are commutative and associative. Also, the

multiplication is distributive over addition. Hence (Hs,+,-) is a commutative ring. In this
paper we will study the bihyperbolic 2-Fibonacci numbers.

1.3 k-Fibonacci Numbers
One of the more studied integer sequences is the Fibonacci sequence [5, 8], and it has been
generalized in many ways, as [4]. Here, we use the following one-parameter generalization of
the Fibonacci sequence [2}3]].

Definition 2. For any integer number & > 1, the k-Fibonacci sequence, say {F}, ,},en is defined
recurrently by:

Fk’():(), Fk,lzl and Fk,n+1:ka,n+Fk,n—la for n = 1.

The first £-Fibonacci numbers are
{Fr0,Fr1,Fn2,Fr3,Fra,Frs,..} ={0,1,k, k% + 1,k + 2k, k* + 3%+ 1,...}.

Note that for £ = 1 the classical Fibonacci sequence is obtained and for 2 = 2 it is the Pell

sequence.

ktvVE2+4
2

and o9 = k-vik“+4 ”2]"’2+4, that verify o1-09 = -1, 01+09 =k, 01—02 = Vk2+4, 02 =Fko+1,
01>0, 09<0.

The characteristic equation of the definition is 72 = kr + 1 whose solutions are o =

Generating function of the k-Fibonacci numbers is f(k,x) = 15 —.
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For the properties of the £-Fibonacci numbers, see [2,3].

o’ —ol
Binet Identity : F, = ——2 (1.1)
01—02
d 1
Sum: ) Fp;= E(Fk,n+1 +Fpn—1), (1.2)
i=0
Convolution: Fp g1y =Fp oFpp-1+Fpqi1Frp. (1.3)

2. On the Bihyperbolic z-Fibonacci Numbers

In [1]], the bihyperbolic Fibonacci, Jacobsthal and Pell numbers are studied. We will extend this
concept to the k-Fibonacci numbers.
According to Definition |1, the nth byperbolic £-Fibonacci number BAF}, , is defined as

BhFy , =Fpp+j1Frpns1+J2Fp neo+j3Fr na3. (2.1
Theorem 1 (Recurrence Relation). Let n = 2 be an integer. Then BhF}, ,, = kBhF}, ,_1+BhFy ,_o,
with initial conditions

BhFy0=Fro+j1Fp1+joFro+jaFrs = j1+jak +ja(k% +1),

BhFy1=Fp1+j1Fpa+joFr3+jsFra=1+j1k+ jo(k? + 1)+ j3(k® +2k).

Proof. Taking into account formula and Definition of £-Fibonacci numbers:
k-BhFyn-1+BhFyp-9=k(Fppn-1+]1Fpn+j2Fpn+1+73Fkn+2)
+Ern-2+J1Frn-1+J2Frn +J3Fkn+1)
=(kFrn-1+Frn-2)+j1(kFpn+Fpn-1)
+J2(BFp i1+ Frn)+j3(k Frnio+ Frpt1)
=Fpn+J1Frni1+J2Frnr2+ 73k n+3
=BhF},p.

So, the sequence of bihyperbolic k-Fibonacci numbers {BAF} ,},en is also a k-Fibonacci
sequence, with initial conditions BAF}, o, BhF}, 1.

In the next subsection, we give a recurrrence relation between the bihyperbolic £-Fibonacci
numbers.

2.1 Recurrence Relation
Let n = 0 be an integer. The bihyperbolic 2-Fibonacci numbers verify the recurrence relation

BhF},, — j1BhFy i1~ j2BhF) nyo+ jsBhFy pi3 = k2(Fppra+ Frnio).

Proof.
BhFypn—j1BhFypi1— joBhFy nio+ jsBhF} py3
=Fpn+j1iFrni1+jeFeni2o+tJjsFrne3—J1Fp i1+ j1Frnr2 + JoFp ni3 + j3Fr ni4)

—JoFpnio+t J1F b ni3+JoFp nea+ J3Fr nes) + j3(Frne3 + j1Fp nra + J2Frnes + j3FE nt6)
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=Fpn+J1Frnt1+J2Frnr2+J3Frn+s = J1F b n+1 = Frnv2 = J3Frn+s3 — J2Frn+a
—J2Frn+2=J3Fkn+3 = Frnia—J1Fbn+5 +J3sFrne3+J2Fknia + J1Fkn+5+ Fronve

=Fpn—Frni2—Frnrat+Frae

=kFrni5—kFppi1

=k(Frn+5—Frn+1)

=k(RFpnia+Frni3—Frni3+RFppi2)

= k2 (Fppsa+ Fppio). O

In the next theorem, we study the Binet formula for these numbers.

Theorem 2 (Binet Identity). For n € N,
Ao’ - Boj
BhF} ,, = ——=, (2.2)
01—02

where A =1+ ji01 +j20% +j30?1’ and B=1+ji09 +j20§ +j3ag.

Proof. In [3]], it is proven that 0" = F} ,0 + F}, ,,_1, for 0 = 012. Using this formula and the

n_.n
_ 0179,

Binet Identity (Formula (1.1)) for the k-Fibonacci numbers, F}, , =

01-02°

BhFypn=Fpp+j1Frpi1+j2Frni2+J3FE nes

1
: 1 1y, - 2 2y, 3 3
=01_02(a’f—a§+11(o’f+ —0y )+ jolo T =03 ) + js(a] TP — 05 ™)

1 . . . . . .
= ———(0](1+ 101+ 207 +J307) = 05 (1+ j102 + j205 + j305))
1—02
_ Ao’ —Boj
0O1—02 ’
where A =1+ j101 +j20% +j30? and B=1+j109 +j20§ +j30§.
Other form of expressing A and B is the following:
1+ j10 + joo? + j303 =1+ j10 + jolko + 1)+ js(B2 + Do + k)
=(1+ja+kj3)+(1+kja+(k*+1)j3)0.
If Fr,_, = (—1)”+1Fk,n, last formula is BhF, _1+BhF,o0, and A and B take the form
AZBth,_l +Bth’001 andB:Bth,_l +Bth,()0'2. O

2.2 Some Properties of A and B
Taking into account the preceding concepts, A = (1+ jg + j3k) + (j1 + jok +j3(k2 + 1))01 and
B=(1+j92+j3k)+ (jl +jok + js(k% + 1)) 09, and 0109 = -1 1t is

A-B=(j1+jok+js(k2+1))01-09)
=BhF,oVE2+4,

A+B =21+ jo+jsk)+(j1+jok +js(k2 + 1))k
=2+ j1k + jo(k2 +2) + ja(k® + 3k)

Commaunications in Mathematics and Applications, Vol. 15, No. 2, pp. , 2024



On the Bihyperbolic k-Fibonacci Numbers: S. Falcon 529

=1+Fra+j1Fr2+joFrs+JjsFra)+j2+kjs
=(1+j2+kj3)+BhFy 1,
A-B=(1+j2+j3k) + 1+ o+ jsk) (j1+ ek +j3(k® + D)k~ (j1+ jok + ja(k? + 1))
=1+1+k%+2jo+2jsk +2j1k + j1k +jok? + js(B2 + k) + jsk + k2 + j1(k® + k)
+jok?+ 1R+ (R +ED) - (L + 2+ (B +2R2+ 1)+ 2j3k + 2jo(R2 + 1)+ 2j1(k3 + k)

=2j1k + j3(k3 + 2k)

=2j1Fr2+J3Fra.
Catalan Identity for the k-Fibonacci numbers is [2] F, ,,—»F, 4+, —F,f,n =(=1)**" _1F,§’r. We will
apply this formula to find the Catalan Identity for the bihyperbolic £-Fibonacci numbers.
Theorem 3 (Catalan Identity). Let n =r = 0 be integers. Then

BhFy  BhF s —BhF,f’n = (—1)"+r‘1(AB)F,f,r,

where (AB) =2k j1 + (B3 + 2k)j3.

Proof. Because the Binet Identity for the bihyperbolic £-Fibonacci numbers and o109 = -1,
Ao} -Boy " Aol —Bo}'"

BhFyp—r = ; BhFppir= )
01—09 01—02
BhF _ 1 2 2n 2 2n w((01) | (o2)
k,n—r 'Bth,n+r P PERY) A 0q +B Oy -(AB)(-1) — | = ’
(o1—02) o9 o1
BhF? = (A%26%" + B262" —2(AB)(-1)"),
k,n (0.1 _0.2)2 1 2
1 - r r r
BhF}p—r-BhFypir—BhF; | = ———=(AB)(-1)" (-1 (07 +05)-2)

(01—02)?

r_ ~1r\2
— (ABY-1 1y )
(01—02)?

172
=(AB)-D)"TIF .
Corollary 1. If r =1,
BhF}p1-BhFypi1—BRF} , = (AB)X-1)" = 2k j1 +(k® +2k)js)(-1)".

2.3 A New Relation
Between the bihyperbolic £-Fibonacci numbers and the k-Fibonacci numbers the following

relation exists.

For n =0,

BhFy, =1+ jo+kj3)Fy,+BhFyoFp pi1. (2.3)

Proof. Taking into account BAF}, o = j1 + jok + js(k%+1) and 0" = F}, .0 + F}, ,_1, from the Binet
Identity for the £-Fibonacci numbers (Formula (1.1)),

1+j10+ joo? + j3o =1+ j1o + jo(ko + 1)+ j3 (k2 + 1o + k)
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=1+ j2 +j3k) +(j1 +jok + js(k* + D)o

=(1+j2+j3k)+Bth’00,
o —gh n+1_0.n+1
BhFy, =1+ jo+ jzsk)—~—2 + BhFj o — 2
01—02 01—02

=(1+j2+j3k)Fp,+BhFLoFp pi1.
On the other hand, Fk,—r = (—1)r+1Fk,r -1 +j2j3k = F’_l +j1Fk’0 +j2Fk’1 +j3Fk,2 = Bth,_l.
So, BhF}, , = BhF}, 1 Fj, p + BhF}, 0 Fj pi1. 0

2.4 Sum of the Bihyperbolic z-Fibonacci Numbers
For n =0,

n 1 3 )
Y BhF}; = A BhFyps1+BhFp,—1+) (Fy, _Fk,i—l).]i) .
i=0 i=1

Proof. From equation (2.3) and taking into account formula (1.2):

n n n
Y BhFyi=Q+jo+kjs)) Fri+BhFro) Fiiw1
i=0 i=0 i=0

) 1 1
:(1+J2+kJ3)E(Fk,n+1+Fk,n_1)+Bth,0(E(Fk,rwl+Fk,n_1)+Fk,n+1_Fk,0)

) ! 1
:(1+J2+kJ3)E(Fk,n+1+Fk,n_1)+Bth,OE(Fk,n+1+Fk,n+ka,n+1_1)

) 1 1
:(1+J2+kJ3)E(Fk,n+1+Fk,n_1)+Bth,O(E(Fk,n+2+Fk,n+1_1))

1 . . ; i
= E((l +J2+kj3)Fy pi1+BhFL 0F, pio+(1+ jo+kj3)F} ,
+BhF 0Fpns1—((1+j2+kj3) + BhF}0))

1 ) ) ) ) : )
= E(Bth,rHl +BhFy ,—(1+Fpoj1+Fr1je+Frojs)+(Fr1j1+Frojo+Fr373)
1
= E(Bth,,Hl +BhF}, ,—BhF), _1+BhF} ). ]

Theorem 4 (D’Ocagne Identity). Let m = n =0 be integer numbers. Then
BhFymBhFy i1 —BhFy mi1BhF) = (=1 (AB)F} 1y .

Proof. Using the Binet Identity for the bihyperbolic 2-Fbibonacci numbers (formula (2.2)) and
taking into account o1-09 = -1,
Bth,mBth,n+1 _Bth,m+lBth,n
1
= oo,z AT -Boy) Ao}t -Boy'h) - (Ao~ Bay ) (Ao} - Bo))

_ m __n+1 n+l __m m+1 __n n__m+1

B m(AB)(UTUS(Ul —09)—0lol (01— 09))
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m n__ n -m
01090109

=(AB)
01—02
gh—n _gmn-n
:(AB)(—l)"1—2
01—02

=(-D"(AB)Fr,m-n-

Using convolution Formula (1.3) of the £-Fibonacci numbers, we will try a similar formula
for bihyperbolic £-Fibonacci numbers.

2.5 Convolution Formula

If n,m are integer numbers n,m = 0 it is verified
BhFy} pim =FpmBhFy ni1+Fp m_1BhF}, 5.
Proof. From the definition, and taking into account the convolution formula for the k£-Fibonacci
numbers (L.3):
BhFynim =Frnim+J1Fenim+1+J2F e nim+2 +J3Frnim+3
=Fpnt1Fem + FrnFrm-1+J1Fp n2Fp m + Frn1Fp m-1)
+Jo(Frn+3Fem + Frnt2Fem-1)+ J3(Frn+aFrm + Frn+3Fr m-1)
=Fpm(Frn+1+J1Frn+2+ J2F b n+s +J3Fp nra)
+Frm-1Fkn +J1Fkn+1+J2Fr nr2+ J3Fpn+3)
=Fp wBhF}, ni1+Fpm-1BhFy

2.6 Generating Function
Following the same process as in [[3]], we will find the generating function of the bihyperbolic
k-Fibonacci numbers.

Let bh f(x) be the generating function of the sequence of bihyperbolioc £-Fibonacci numbers,
{BhF}, nlnen. Then, taking into account that BAF), ,, = kBhFy 1+ BhF}, p,_o for m = 2,

bhf(x) = BhF}, o+ BhF}, 1% +BhF 9x* + BAF}, 36> + -+ BAF}, 2" +---
kbhf(x)x =kBhFyo0x+kBhF), 15 +kBhFyox® + -+ RBhFj p 16" + -+,
x®bhf(x) = BhF} 0%+ BhF,15° +---+ BhF), ,_ox" +---,
bhf(x)(1—kx—x*)=BhFyo+(BhFy1—kBhFy0)x®.
On the other hand
BhFy1—kBhFg=Fp1+(Fro—kFp1)j1+Fr3—kFp2)jo+Fra—kFL3)j3)
=Fp1+Froj1+Fr1j2+Frajs
=1+jo+kj3
=BhF}, 1.
So, the generating function of the bihyperbolic 2-Fibonacci numbers is

Ji+kjo+(E2+1)j3+A+jo+Ejs)x

bhf(x)= 1-kx—x2
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