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1. Introduction

The contraction mapping principle in many forms of generalised metric spaces serves as the
foundation for advanced metric fixed point theory. In 1922, Banach [5] demonstrated the
Banach contraction principle related to fixed point theory in metric space. Some examples
of generalized metric space are fuzzy metric (Rano et al. [12]]), b-metric (Bakhtin [4], and
Czerwik [6]) space. b-metric space is one of such generalised metric spaces, which was first
introduced by Bakhtin [4]], and Czerwik [6]. The renowned Banach contraction principle in
b-metric space was generalised by Bakhtin [4]. Aghajani et al. [1] obtained some fixed point
results in partially ordered b-metric space. Extended b-metric was introduced by Kamran
et al. [10] as a development of the b-metric. Aydi et al. [2]] introduced the notion of a new
extended b-metric space. Huang and Zhang [8]] created cone metric space in 2007, replacing
the set of real numbers with an ordered Banach space. Kannan [[11] presented one of the most
significant generalisations of the Banach contraction principle. Kannan’s work [11] enhanced
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the Banach contraction mapping notion by presenting a new contraction, currently known as
the Kannan contraction. Kannan fixed point results have been extended and generalised in
the establishment of 6-metric spaces (Czerwik [6]) and generalised metric spaces (Azam and
Arshad [3]]). Hussian and Shah [9] established the concept of cone b-metric space by combining
the notions of b-metric and cone metric. Das and Beg [7] further introduced the notion of
extended cone b-metric space. In this paper we investigate Kannan type contractions within
the framework of new extended b-metric.

2. Preliminaries
Definition 2.1 ([6]). Let X # ¢ be any set and £ € [1,00). A b-metric is a function B : XxX — [0,00)
such that for every x,y,z € X the following hold:
(1) Bx,y)=0 < x=y,
(i) B(x,y) =B(y,x),
(i) B(x,2) < {{DB(x,y)+B(y,2)].
Then (X,*B) is said to be a b-metric space.

Definition 2.2 ([2]). Let X # ¢ be any set and O : X x X x X — [1,00) be a function. A map
d : Xx X —[0,00) is said to be an extended b-metric on X if for every «x,y,z € X the following
hold:

(1) dx,y)=0 <= x=y,

>i1) d(x,y)=d(y,x),

(iii) d(x,2)<0O(x,y,z)(d(x,y)+d(y,z)).
Then (X, d) is said an extended b-metric space.

Definition 2.3 ([8]). Let E <R be a Banach space. A set P contained in E is said to be a cone if
it satisfies the following:
(i) P is non-empty, closed and P # {0}.

(i1) sx+ty € P whenever x,y € P and s,t € R>g.

(iii) x € P and —x € P implies that x = 0.
Hereafter we assume that P is a cone contained in a real Banach space E.

Definition 2.4 ([8]). A partial ordering < with respect to P is defined as:
(i) x<y <<= y—xePand x<y denotesthat x <y, x #y.

(il) x < y indicates that y —x is an element of int(P) (interior P).

Definition 2.5 ([8]]). P is said to be normal if there is a positive number N such that x < y implies
that |lx|| < N|yll, for all x,y € E. The smallest N satisfying the above condition of normality is
said to be the normal constant of P.

Hereafter we assume that P has non-empty interior and < denotes the partial ordering with
respect to P.
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Definition 2.6 ([8]). Let X # ¢ be any set. A cone metric on X is a map d : X x X — E such that
for each x,y,z € X the following conditions are satisfied:

(1) d(x,y)>0,d(x,y)=0 < x =y,

(i) d(x,y)=d(y,x),

(iii) d(x,2) <d(x,y)+d(y,2).
Then (X,d) is a cone metric space.

Definition 2.7 ([8]). Let {x,} be a sequence in a cone metric space (X,d) and P be a normal cone
with normal constant N. Then
(i) {x,} is convergent to x if for each u € E, 0 < u, there is a natural number M so that for all
m =M, we have d(x,,,x) < u.

(i1) {x,}is a Cauchy sequence if for each u € E, 0 < u, there is a natural number M so that for

all m,n =M, we have d(x,,,x,) <<u.

(iii) (X,d) is complete if every Cauchy sequence converges in X.

Lemma 2.1 ([13]]). Let (X,d) be a cone metric space.
(i) For every u1> 0 and ug € P there exists ug > 0 such that u > u; and u > us.

(i1) For every u1> 0, ug > 0 there exists u > 0 such that © <1 and u < us.

Definition 2.8 ([7]). Let X # ¢ be any set and O : X x X x X — [1,00) be a function. A map
de : X x X — E is said to be an extended cone b-metric on X if for every x,y,z € X the following
hold:

(i) de(x,y)>0,de(x,y)=0 < x =1y,

(ii) delx,y)=de(y,x),

(iii) de(x,2) <O(x,y,2)de(x,y)+de(y,2)).
Then (X,dg) is said an extended cone b-metric space.

Definition 2.9 ([7]). Let {x,} be a sequence in an extended cone b-metric space (X,dg) and P
be a normal cone with normal constant N. Then
(i) {x,} is convergent to x if for each u € E, 0 < u, there is a natural number M so that for all
m =M, we have dg(x,,x) << u.

(i1) {x,} is a Cauchy sequence if for each u € E, 0 < u, there is a natural number M so that for
all m,n =M, we have dg(x,,x,) < u.

(iii) (X,dg) is complete if every Cauchy sequence in X converges in X.
Definition 2.10 ([7]]). Let (X,dg) be an extended cone b-metric space and xe X, 0<u. The open

and closed balls in X are defined as B(a,u)={yeX:dg(a,y)<u} and Bla,y]l={yeX:do(a,y)<u},
respectively.

Definition 2.11 ([7]). Let (X,dg) be an extended cone b-metric and {(x,,y,)} be a sequence in
X x X. Then dg is continuous if x, is convergent to x and y, is convergent to y implies that
do(xn,y,) is convergent to de(x,y) in E.
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3. Topological Properties of Extended Cone b-metric Space
Proposition 3.1. The family B = {B(x,u) : u > 0} is a basis for the topology o4, on X.

Proof. (i) Let x € X. Then there exists u > 0 such that x € B(x,u). Hence x € B(x,u) <

U Blx,u),
xeX,u>0
(i1) Let x € X, u1 > 0, ug > 0 such that x € B(x,u1) N B(x,u2). Then by using Lemma [2.1] there
exists u > 0 such that u < u1 and u < ug. Clearly, x € B(x,u) € B(x,u1) nB(x,us9). O

Definition 3.2. Let (X,dg) be an extended cone b-metric space. A set il < (X,dg) is said to be
sequentially open if for x € U such that x,, — x then there exists a natural number N such that
x, € U, for all n > N.

Proposition 3.3. Let (X,dg) be an extended cone b-metric space. Then, the sequential topology
o and the topology o4, induced by dg coincide.

Proof. Suppose 4l € o. Suppose i ¢ 04,. Then, there is some x € and w1 > 0 such that B(x,u1)
is not contained in $l. Let x, € B(x,u1) such that x, ¢ i for every natural number n. Then
de(x,,x) < ui. This implies that x, — x in (X,dg). Since U € 0. Then there exists a natural
number 91 such that x,, € 4 for all n > 91, a contradiction. Next suppose that il € g4, . For all
x € 3l such that x, — x in (X,0¢), we have B(x,u1) c i, for some u; > 0. This implies there
exists a natural number 1y such that dg(x,,x) < u1, for all n =91y. Hence x,, € U, for all n =M.
Thus, Ueo. O

4. Kannan-type Contractions in Extended Cone b-metric Space

Proposition 4.1. Let (X,dg) be an extended cone b-metric space and O : X x X x X — [1,00) be a
map. If there exists s € [0,1) such that the sequence {x,,} satisfies lim O(x,,,%n,,%n,+1) <1/s

ni,ng—00
and
0<de(xn,,%n+1) <sde(xp,-1,%n,), 4.1)

for n1 €N, then the sequence {x,,} is a Cauchy sequence.
Proof. Let {x,,} be a sequence in X. Now,

d@(xnl,xn1+l) = 3d®(xn1—1axn1)

2
=s dG(xnl—annl—l)

<s"dg(xg,x1). (4.2)
Since s €[0,1), we see that
lim de(xn,,%n,+1)=0. (4.3)
ni—oo
Using inequality, for ne = nq, we get

d@(xnl,an) = ®(xn1,xng,xn1+1)(d®(xn1axn1+1) + d®(xn1+1,xn2))
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= Oy, X0y, Xn+1)d0(Xn 1, Xn+1) + OWn, Xny, Xng+1)d0(Xn1+1,%n,)

< Oy, Xny,%n,+1)8"  de(x0,21)
+G(xnpxnzaxn1+1)®(xn1+1,xn2,xn1+2)(d®(xn1+1,xn1+2),d®(xn1+2axn2))

< Oy, Xny,%n,+1)8"  de(x0,21)
+ Oy, Xngs Xny +1)OGn 41, Xy, %n, 1+2)s" L de(x0,21) + ...
+ O, Xy, Xny+1)OWEn, 41, Xngs Xn142) - - - Ony—2, Xy, Xny-1)8" " de (a0, x1)

ni+l

n
<[O(xn,,%ny,%n,+1)8 T+ OXn1,%n5,%n1+1)O&Xn,+1,Xny,Xn,+2)8 +...

no—1
+0O(Xp,, X0y, Xn,+1)OX 0, 41, X0, Xn142) . .. OXpy—2, Xy, %n,-1)8" 2 " 1de(x0,%1).

00 ni

Since lim ©O(x,,,%Xn,,%n,+1)s < 1. We see that by ratio test the series } s™! [[ O(x;,%p,,%j+1)
n1,ng—00 ni=1 j=1

i

[ele] ni ny .
converges. Let S= Y s" [] O(xj,%p,,%+1) and 8, = _lel O(x,%ny,%;+1). Therefore,
1=

ni=1  j=1 Jj=1
d@(xnl,an) = d@(xl,xo)[8n2_1 - Snl—l]- (4.4)
Letting n1 — oo, we obtain the desired result. O

Theorem 4.2. Let (X,dg) be a complete extended cone b-metric space and P be a cone in E.
Let f : X — X be a mapping that satisfies:

de(f(x),f(¥) < slde(x, f(x))+de(y, f(yN]+tde(y,f(x), forall x,ye€X, (4.5)
where s € (0,1) and ¢ €[0,1). Suppose that

1—

sup nlim O(Xn,,Xny,Xn +1) < —S, forall xg € X, (4.6)

ng9=1 170 S
such that x,, = f"'(xo), n1 € N. Then f has a unique fixed point u in X. Moreover, for each
x € X, the sequence {f"1(x)} is convergent to u, and

do(f (xny),u) < li_t (1is)n1 do(f(x0),%0), n1=0,1,2,.... (4.7)

Proof. Let xo € X be arbitrary. Define
Zny+1 = F@ny) = 1 (o). (4.8)

Clearly, x,, is a fixed point of f if x,, = x,,+1, for some n; € N. If not, suppose that x,, and
%n,+1 are distinct points in X for each n1 = 0. Since

d®(xn1>xn1+1) = d@)(f(xnl—l);f(xnl))- (49)
We have

do(f(xny-1), F(xny)) < slde(xn, -1, (xn,-1)) + do((xn,), f(xn N1+ tde(xn,, f(xn,-1)).  (4.10)
Then

do(xn,,%n,+1) < slde(xn,-1,%n,) +do(xn,, Xn,+1)] + tde(xn,,Xn,). (4.11)
Therefore,
s
d@(xnpxn1+1) = (1_—8) d@(xnl—lyxnl)- (4.12)
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Proceeding in the similar manner, we see that

doinyny+) = (1= dolro,x) (4.13)
and
do(f(xn,-1),f(xn,) < (li_s)nd@(xo, £ (x0)). (4.14)

Suppose n1,n9 are natural numbers such that ng > ni. By applying triangular inequality, we
have

d@(xnpxng) = ®(xn1,xngyxn1+1)[d®(xn1’xn1+1) + d@)(xn1+1,xn2)]
< OW@ny,Xny, Xy +1)d0 (X0, s Xny+1)
+(")(xnl,xnz,xn1+1)®(xn1+1,xn2,xn1+2)[d®(xn1+1’xn1+2)+d®(xn1+2:xn2)]
= ®(xn1,xng,xn1+1)d®(xn1,xn1+l)
+ G)(xnl,xnz,xn1+1)®(xn1+l,xn2’xn1+2)d®(xn1+l,xn1+2) +...
+G)(xnlaxnz,xn1+1)®(xn1+l,xn2,xn1+2)
: G(xn1+2,xn2’xn1+3) cee ®(xn2—2,xn2,xnz—l)dG(xnz—l,xnz)- (4.15)
Since
S ni
do(xn,,%n,+1) < (1—3) de(xg,x1), n=0, (4.16)
we have
S ni
Aoy, ) < On, gy i) (7] doo,x1)

s \ni1t+l
+ G(xnlaxnz7xn1+1)®(xn1+1,xn2axn1+2) (1_) d@(x()axl) +...

+ G)(xnl,xnzyxn1+1)®(xn1+lyxn2,xn1+2)®(xn1+2,xn2,xn1+3)

S no—1
O py-2,%05,%05-1) (E) de(xo,x1)

S ni
= ®(xn1,xn2;xn1+l)(1 — S)

s \ni+l
P

1-s
+ G(xnl,xnz,xn1+1)®(xn1+l,xn2’xn1+2)®(xn1+2,xn2,xn1+3)

+ G)(-’Cnl,xnz,-7Cn,1+1)®(35n1+1,-7anaxn1+2) (

s \n2-1
Oy 2,y D) (=) |do(xo,x1). (4.17)
1-s
Moreover,
sup  lim  On,,Xng,Xn;s1)—— < 1. (4.18)
ng>1"M1,12—00 1-s

o) ni
We see that the series Y (li_s)nl [T O(xj,%n,,%j+1) is convergent for every natural number no
ni=1 j=1
by ratio test.
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o0 n
Next suppose $= ¥ ()" ﬁ O(x;,%ny,%;+1) and
ni=1 j=1
ni s it
Sny =Y (=) [10G)%ns)41). (4.19)
R e |
Hence for ng > n1, using above inequality we have
d@(xnlaxng) = d@(x(),xl)(snz—l - Snl—l)- (4.20)
Then
lim de(x,,,%n,) = 0. 4.21)
n—oo

Therefore, {x,} is a Cauchy sequence. Since X is complete, there exists u € X such that x,, — u
as ni — oo.

Claim: u is a fixed point of f.
Since do(f(x,,), f(w)) <slde(xn,, f(xn)+do(u, f(u)]+tde(u, f(x,,)). In context of the previous
supposition that dg is continuous, taking limit n; — oo, we have

do(u, f(u)) < sde(u, f(u)). (4.22)

This is only possible when de(u, f(z)) =0. Hence f(u) = u.
Next we show that fixed point of f is unique. For this, let v be a fixed point of f distinct from «.
Then

de(u,v) =de(f(w),f)) < slde(u, f(w))+de(v, f(V)]+tde(u, f(v)). (4.23)
We have
de(u,v) <tde(u,v). (4.24)

This is only possible when dg(u,v) = 0. Hence u is the unique fixed point of f in X. Also, we
have

do(f(xn-1),f(xn,)) < slde(f (xn,-2), f (xn-1)) + do(f (xn;,-1), f (xp D]+ tde(xn,,%n,). (4.25)
This implies that

do(fGeny-1),Feny) = (7 dolF (eny-2), F a1, (4.26)
Further,
do(f(xn,),u) < slde(f(xn,-1),f(xn)) +de(u, fW)]+tde(u, f(x,,))
<sde(f(xn,-1),f(xp,) +tde(u, f(x,)) (4.27)
From (4.13), we have
do(f(n,),u) < %_t (li_s)'” do(f(x0),x0), n=0. (4.28)
Hence the proof. O

Theorem 4.3. Let (X,dg) be a complete extended cone b-metric space, dg be a continuous
functional and N # ¢ be a closed set contained in X. Suppose f : N — N be a mapping that
satisfies

do(f(x),f(y) <slde(x, f(x)+de(y,f(y)]+tde(y,f(x)), forall x,ye N,0<s,t<1 (4.29)
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and there exist real numbers y,0 where y € (0,1) and 6§ > 0 such that for arbitrary x € N, there
exists x* in N satisfying

do(x™, f(x™)) < yde(x, f(x)),
do(x™,x) < dde(x, f(x)). (4.30)

Moreover, for an arbitrary xo € N, suppose that {x,, = f™1(x)} satisfies

1
sup lim O(x,,,%n,+1,%n,) < —. (4.31)
n221n1—>oo Y

Then f has a unique fixed point.

Proof. Consider an arbitrary element xo € N. Let {x,, = f"!(x0)} be a sequence in N. We see that
do(f(xXn,+1),%n,+1) = ¥(do(f (xny),%n,)), do(f (X, +1), %0y +1) < 6de(f (Xn,),2ny), n120. (4.32)
Moreover,
do(xn,+1,%n,) =de(f(xn,),%n,) < 6de(f(xn,), %), n120,
0de(f(xn,),%n,) <6yde(f(xn,-1),%n,-1)
< 8y*de(f (n,-2)s%n;-2)

< dy"de(f (xp),x0). (4.33)
Hence
do(Xn;+1,%n,) < 0Y"de(f (x0),x0). (4.34)
Let n1,n9 be two fixed natural numbers such that ng > ni. Using triangular inequality, we have
do(Xny,%ny) <O, Xny, Xni+ DA (Xny, X0y +1) + do(Xn +1,%n,)]
< O(xn;, Xng, Xny+1)d0(Xny, Xy +1)
+ 0O, %ny, %n1+1)O&Xn, +1, X0y, Xny+2)ld (X, +1, X0, +2) + (X, +2,%n,)]
< O(xny,%ng,%n,+1)d0(Xny, X0y +1)
+OXn, X0y, X0, +1)OXn1 41, %0y, Xn +2)d0(Xn +1,Xn+2) +. ..
+ O, Xngs Xny+1)O@Xn, Xny, Xy +2)
cO(Xp,42,Xn9,%n,43) ... OXny—2,Xny, Xne—1)d0(Xny—1,%n,). (4.35)
From (4.34), we have
de(Xn,,%n,) <[00, %ny,%n,+1)Y""
+ O, Xngs Tn;+1)O(En, +1, %y, Xy +2)Y" T do(f (a0, %0)) + ...
+ O, Xnys %0y +1)OXn 1 +1, X0y, Xng +2)

O 112, %> Xn143) - - - OXny—2, %y, Xny— 1)y H18d 6 (f (x0),%0). (4.36)

o) ni
Since sup lim O(xn,,%n;+1,%Xn,)y <1, the series Y} y"! [] O(x;,x,,,x;+1) is convergent for
ng=17m1,12700 ni=1 j=1

every natural number ny by ratio test.
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0o ni
Suppose S = Y y"! [[ O(x;,%,,,%;+1) and
ni=1 Jj=1

ni i

Sni=, Y [10Cx, 205, %541). (4.37)
i=1 j=1

Hence for ng > n1, using above inequality, we have
d@(xnlaxng) = d@(anxl)(Snz—l - Snl—l)(s- (4.38)

Suppose n1 — oco. Therefore, {x,} is a Cauchy sequence. Since N is complete, there exists u € N
such that x,, — u as n1 — oo.

We shall show that u is a fixed point of f. By (4.29), we see that
do(f(xn,), f(W) < slde(xny, f(xn)) +de(u, f(uD]+tde(u, f(xn,)).
Therefore,
do(xn,+1,f (W) < slde(xn,,%n,+1) + do(u, f (W] + tde(u, xn, +1).
Letting n — oo and using the continuity of dg, we get
de(u,fw)) <sde(u, f(w)). (4.39)

This is only possible when f(u) = u. Next, we shall show that f has a unique fixed point.
If possible, suppose that v is a fixed point of f distinct from . Then

0<de(u,v)
=de(f(w),f))
<slde(u,f(w)) +de, f(V)] +tde(, f(w))
=tde(v,u). (4.40)

Now, de(u,v) < tde(u,v) is not possible. Therefore, f has a unique fixed point u in X. O

Remark 4.4. Theorem can be proved in extended cone b-metric space using the following:
de(u,f(u)) < fdelx, f(x)),
de(u,x) < yde(y,f ().

Proof. Let x € X be arbitrary and u = f(x). Then, we have
de(u,f(w)) =de(f(x),f(u))
<slde(x,f(x)) +de(u, f(w)] +tde(u, f(x))
= do(w,fw) = ;=)o ),

where (%) <1 and de(u,x) = de(f(x),x). Let xo € X be arbitrary. Next define a sequence
{xn,+1 = f(x,,)}. Using Theorem the above sequence is convergent. Hence x,, — u as
n1 — oo. Therefore, f(u) = u. Moreover for every x € X,
d®(f(xn1—1), f(xnl)) = S[d@(f(xnl—Z),f(xnl—l))+d®(f(xn1—1)af(xn1))] + td@(xnl,f(xnl_l))
S
= (=) do(f Geny-2), Flan,-1),
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do(f(xn,),u) < sldeo(f(xn,-1),f(xn)) +do(u, f(w)]+tde(u, f (xn,))
<sde(f(xn,-1),f(xn,) +tdo(u, f(xn,))

== (=) detr@.mn, mzo. O

Theorem 4.5. Let (X,dg) be a complete extended cone b-metric space such that dg is a
continuous functional. Suppose that the map f : X — X satisfies

do(f(x),f(y) < Bdelx,f(x))+yde(y, f(y)+6de(x,y)+tde(x,f(y)), forall x,ye X, (4.41)
where $,7,0,t € R>g such that f+y+d+¢<1 and y+6 > 0. Suppose that for any xp € N,

sup lim O(x,,,%n,,%n,+1) < — (4.42)
n2>1n1—>oo q

where q = (1 ﬁ) and x,, = f"(x¢). Then f has a unique fixed point.
Proof. Let xg € X be arbitrary. Consider the sequence {f™(xo)}. Put x = ™1~ X(xp) = f(xn,-1) =%xn,
and y = f"172(x0) = f(xn,-2) = %n,-1 in (@4I), we get

do(f(xn,), f(xn,-1)) < Bde(f(xn,-1), f(xn,) +yde(f(xn,-2), f (xn,-1))

+8de(f (xn,-1), f(Xn,-2)) + tde(f (xn,-1), f(Xn,-1)). (4.43)
That is,
(1-PB)do(f(xn,), fxn,-1)) < (y+6)de(f(xn,-1), f(xn,-2)). (4.44)
Therefore,
o ) g1 = {222 dot om0, 5 -0 (4.45)
Also,

do(f(xn,), f(xn,-1)) < qde(f(xn,-1), f(xn,-2))
< q*do(f (%n,-2), f (n;-3)

< ¢" Ydo(f(x1), f(xn,)), forallng>1.
Hence we have
do(f(xny), f(xn,-1)) < ¢"doe(x9,x1), forall njeN.

By given hypothesis we see that q = (Y+g) < 1. Proceeding similarly as in Theorem we

see that {x,,} is a Cauchy sequence. Since X is complete. Then, there exists u € X such that
[ (x9) — u as n1 — oco. To show that u is fixed point of f, substitute x = f"1(x9) and y =u in

(4.41). We get

do(f™* (xo), Fw) < fdo(F™ (xo), (w0 + yde(u, f(w) + 8do(f™ (xo), u) + tde(f ™ (x0), f(w)).
(4.46)

Hence

do(xn,+2,f W) < Bdo(f™ (xo), F* Hx0)) + ydo(u, f (W) + 8de(xn,, u) + tde(f (w), xp,+1), (4.47)
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that is,

lim de(xn,+2,f(w)) < lim fde(f™! (xo), FP 4 o)) + ydo(u, (W) + 8de(x,,, u) + tde(f (1), %, 11).
(4.48)

We get

do(u,f(w)) = (y +t)de(u,f(w)),

which is only possible when u = f(u).

To prove that f has a unique fixed point let v be a fixed point of f distinct from u. Then by
(4.41), we have

do(f(),f(w)) < Bde(v,f()+yde(u, f(w)+dde(v,u)+tde(f(u),v)
— do(v,u)<(@+d)de(v,u) (4.49)

which is not possible. Therefore, f has a unique fixed point. O

Definition 4.6. Let (X,dg) be an extended cone b-metric space. A mapping f : X — X is said to
be asymptotically regular if dg(f™*(x), f™(x)) — 0 as n — oo, for each x € X.

Theorem 4.7. Let (X,dg) be a complete extended cone b-metric space such that dg is a
continuous functional. Let f : X — X be an asymptotically regular self mapping

do(f(x),f(y) <slde(x, f(x))+de(y,f(y)], forallx,yeX (4.50)

Then f has a unique fixed point in u € X.

Proof. Let x € X and define x,, = f"!(x). Let n; and ng be two fixed natural numbers such that
ng > n1, then by the definition of asymptotic regularity, we have

do(f™1(x), "2 1 (x) < slde(F* (), £ (@) + do(f"2(x), F*** 1 (x))] = 0 as n — co. (4.51)
Therefore, {f*1(x)} is a Cauchy sequence. Since X is complete. Then, there is u € X such that

lim f"'(x)=u. (4.52)

ni—oo

Next we shall show that u is a fixed point of f in the following manner:

do(f(xn,), f(w)) < s(de(xn,, f(xn,))) + de(xn,, f (Xn,)), (4.53)
that is,

do(f(xn,), (W) < s(de(xn,,%n,+1) +delu, f (). (4.54)
Let n — oo and by using asymptotically regular of f, we have

do(u, f(w) =sde(u, f(w) (4.55)

which holds when f(u) = u. To prove that u is unique fixed point of f, let v be a fixed point of f
distinct from u. We get

de(u,v) =de(f(w),f)) (4.56)
<s(de(u, f(v))+de(v, f(v))) (4.57)

which holds when dg(u,v) = 0. This implies that u = v. Therefore, u is the unique fixed point of
f. Moreover, for each x € X, {f"1(x)} is convergent to u. O
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Remark 4.8. The condition on O(x,,,%n,+1,%Xn,) can be dropped if the map is asymptotically
regular.

Theorem 4.9. Let (X,dg) be a complete extended cone b-metric space such that dg is a
continuous functional. Consider an asymptotically regular mapping f : X — X such that dg is a
continuous functional such that there exists ¢ € (0,1) such that

do(f(x),f(y) <tlde(x, f(x))+de(y,f(y)+delx,y)], forallx,yeX. (4.58)
Then f has a unique fixed point u € X unless
t+ tG)(xnl »Xng ,xn1+1)®(xn1+1,xn2 7xn2+1)

m
n—oo] — t@(xnl,xnz,xn1+1)®(xn1+17xn2’xn2+l)

(4.59)
exists for x, = f*1(x),n9 > n1 and x € X is arbitrary.

Proof. Let x € X and x,, = f"!(x). Let n1,no be fixed natural numbers such that ng > n;. Then

by (4.58), we have
do(f" @), f"2 (@) < tldo(f™ (x), ™17 (x) + do(f (), "**(x) + do(f "1 (@), f"2(x))]
< tldo(f" (x), f" 1 (x) + do(F"*(x), £ (x)]
+Ony 5 Xng, Xny +DIAO(F" (), FH (@) + do(F" (), F2(x))]
< tldo(f" (x), f" 1 (x) + do(f"*(x), £ (x)]
+ 80Xy, Xng, Xy +1)do(F"1(x), £ (2))
+ O, Xng, Xny+1)O@n 11, %y Tngr DIdo(F™ (@), £ (x))

+do(f™2 (), FP2eNlde(F™ 1 (x), F72 L (x))
t+t®(xn17xn2,xn1+l) ) 1
< do(F™ (x), M (x))
(1_t®(xn1,an’xn1+1)@(xn1+l’xngyxn2+l) © f f
t+t®(xn1>xn27xn1+1)®(xn1+laxnzyxn2+1)
1_t®(xn1,xnz,xn1+1)®(xn1+1:xn2axn2+1)

)d@(f"1+1(x),f”2(x))

—0asn—oo.

Therefore, {f"1(x)} is a Cauchy sequence. Since X is complete, there exists u € X such that

{f"(x)} — u as n — oo. (4.60)
Next using triangular inequality and (4.58), we have

do(fx,,, W) < tlde(xn,, f(xp)) +dolu, f(w)) +de(xs,, w)]. (4.61)
Therefore,

do(xn,+1,f (W) < tlde(xn,,xn,+1) + do(u, f (W) + de(xn,, u)l. (4.62)
Taking limit n; — oo, we have

nllilnoo(d@(xnlﬂ,f(u)) < nli_)rglot[d@(xnl,xnﬁl) +de(u, f(u))+de(x,,,w). (4.63)

Therefore, deo(u, f(u)) < tde(u, f(u)). This implies that u = f(u). To prove that f has a unique
fixed point. Let v be a fixed point of f distinct from u. Then

do(f(w),f()) <tlde(w,f)+de(u,fw)]l+de(u,v)], t<1 (4.64)
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which is a contradiction. Therefore, f has a unique fixed point. Hence {f"!(x)} is convergent for
each x € X. O

5. Conclusion

Examining specific topological properties and Kannan-type contractions in extended cone
b-metric space is the main aim of this work. The idea of asymptotic regularity has also been
applied to produce fixed point results.
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