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Abstract. Rayleigh-Bénard ferroconvective problem is considered in a Newtonian nanofluid with
Fe304-magnetite, as a nanoparticle dispersed in the medium, under the effect of variable viscosity.
Employing double fourier series, we arrive at the system of differential equations well known as
generalized Lorenz Model both in linear and non-linear forms. In the current paper, linear stabillity
analysis is considered and graphs have been plotted for stationary nanofluid Rayleigh number (R,z)
versus variable viscosity and wavenumber for variant values of buoyancy, non-buoyancy magnetization
parameters (BMP and NBMP, respectively) and variable viscosity, and the same has been discussed in
detail.
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1. Introduction

We come across several works on convection in Newtonian nanofluids that are not ferromagnetic
in nature like Chamkha et al. [6], Agarwal and Bhadauria [1], Buongiorno [5], Kim et
al. [11], Oztop and Abu-Nada [16], Putra et al. [17], Siddheshwar et al. [23], Siddheshwar
and Meenakshi [22], and Tzou [25,26] and references cited therein. Chamkha et al. [6] explores
the literature on MHD convection of nanofluids in various geometries and presents the available
physical properties in the paper. The non-linear thermal stability of a horizontal layer in a
nanofluid which incorporates the effect of Brownian motion with thermophoresis can be seen in
the works of Agarwal and Bhadauria [1]], and Tzou [25,,26]]. Buongiorno [5] describes the effect of
thermophoresis in nanofluids mechanistically and develops a new correlation structure for heat
transfer. Kim et al. [[11] describes the effect of nanoparticle addition on the convective instability
and concludes that the heat transfer coefficient of a nanofluid is enhanced by all parameters
with respect to the volume fraction of the nanoparticles. Oztop and Abu-Nada [[16] deals with the
natural convection in partially heated rectangular enclosures filled with nanofluids and found
that aspect ratio is one of the parameter in enhancing heat transfer. Putra et al. [17] deals with
the natural convection of nanofluids in horizontal cylinder and investigates the dependence of
heat transfer enhancement on various parameters such as geometry, concentration and material
of the nanoparticles. Detailed discussion is made on the onset of convection and the amount of
heat transfer in Newtonian nanoliquids compared to that in the absence of nanoparticles by
Siddheshwar et al. [23]], and Siddheshwar and Meenakshi [22].

Also, we can see many problems on convection in ferromagnetic liquids that does not involve
nanoparticles in it, e.g., Auernhammer and Brand [3], Alam et al. [2], Gotoh and Yamada [8]],
Kaloni and Lou [10], Laroze et al. [13]], Maruthamanikandan [[14], Odenbach [15]], Shivakumara
et al. [20], Siddheshwar and Abraham [21]], Stiles and Kagan [24]], Yamaguchi et al. [27]] and
references cited therein. But there are very few works on convection which consists of both ferro
and nano, namely, Krauzina et al. [[12], Sheikholeslami and Chamkha [|18]], Sheikholeslami [[19]
in which the effect of variable viscosity has not been included.

In this paper, we consider the above type of problem, that is, convection in ferromagnetic
nanofluids using Lorenz model, under the effect of variable viscosity which depends on both
magnetic field as well as temperature. The linear stability analysis is carried out in the
current problem and the plots are drawn for the variation of R, versus variable viscosity and
wavenumber. After the study of linear stability, we have also reached to the stage of Lorenz
model in both linear and nonlinear forms, of which the later enables us to determine the heat
transport in the forthcoming research works.

2. Mathematical Formulation

We consider a depth, d of ferro-nanofluid layer with nano-sized Fe3O4-magnetite particles
dispersed in the Newtonian system, parallel to the horizontal plane of large extent, subject to a
temperature gradient along z-axis and gravity acting in downward direction (g = —gk\ ).
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Figure 1. Physical configuration

We mainly focus on the study of two-dimensional flows only (independent of y), and
the viscosity considered in the problem is temperature and magnetic field dependent.
The magnetic fluid properties are assumed to be those of an electrically non-conducting
superparamagnet and the properties of nanofluids are extracted from the previous studies
(Brinkman model [4], Hamilton-Crosser model [9] and Mixture theory). H = Hok is an external
magnetic field applied vertically along z-axis and Hy is the uniform magnetic field. The imposed
temperatures at the lower and upper boundaries are, T,-g = To+AT and T,-4 = T, respectively.
Under the assumption of the Boussinesq approximation and small scale convective motions,
following are the equations, governing the current problem:

Equation of continuity:

V-Gg=0 2.1
Equation of momentum:

Onf Z—z +(67-V)<_i]

= —Vp + V- (f(H, TYVG +VG ) + oM -V)H ~[ppy — (P)us(T - To)lgh (2.2)

Equation of energy:

orT 9

T +(@ VT = a, VT (2.3)
Maxwell’s equations:

V-B=0, VxH=0, B=puy(M+H) (2.4)

Magnetic equation of state:
M =M+ ym(H—-Ho)—K(T —Tj) (2.5)

where ¢ is the velocity vector, ¢ is the time, p is the pressure, yg is the magnetic permeability,
M is the magnetization, B is the magnetic induction, 7Tr is the transpose, M is the average
value of magnetization, K is the pyromagnetic coefficient and y,, is the magnetic susceptibility.

Variable viscosity of nanofluid:

png(H, T = p* (Ho, To)le 01 Ts~To+0nHy—Ho)| (2.6)
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where 67, 0 > 0 are very small, u*(Hy,Ty) is the reference viscosity at H = Hy and T =T).
The properties of ferro-nanofluids are obtained using the below:

Phenomenological laws:

Fnf _ 1 — (Brinkman model [4]) (2.7)
knp knp
b by o) —oy(1-L2
k_”f — (]Zf ) ( kkf ) (Hamilton-Crosser model [9]) (2.8)
ro ()t
Mixture theory:
knf
Apf = ,
" C ot
er Pr
C C
(pCplnf —(1-p+ (p p)np’
%:(1-){)4_%%, (29)
(pB)r (0B

where us — variable viscosity, £y — thermal conductivity, py — density, C,y — heat capacity,
and ; — thermal expansion coefficient of the basefluid. Similarly, s, knr, pnf, Confs Brf
and pyp, Rnp, Pnps Conp, Brp holds for nanofluid and nanoparticle respectively, a,s — thermal
diffusivity of nanofluid and y — nanoparticle volume fraction.

Consider the solution of basic state in the below form:

= . ~ = ~ = ~ z

45 =(0,0), p=ps(@), p=ps(2), §=~gk, Hy = Hyk, My =Mok, Ty =To+ AT (1~ 7). (2.10)
Using the above in Maxwell’s equation (2.4):

Hy(z)+ My(z)=c, (2.11)

where c is the constant of integration.
Using equations (2.10) and (2.11) in magnetic equation of state (2.5) and solving for H; and

My, we have
KATz KATz |~

A+ xm)d A+ xm)d ]~
and consider the superimposed perturbed state in the below form:

G=Gr+d, p=po+p, p=pp+p, Hy=Hpk+H', My=Mpk+M', T=T, +T'. (2.13)

~

FI{,: Hj+ k, Mb: M- (2.12)

Now, we shall introduce stream function, ¥ (due to consideration of two-dimensional flows) as

follows:
v oy

“= T o

0z
which satisfies the continuity equation (2.1).

(2.14)
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Eliminating the pressure in the equation of momentum and non-dimensionalizing the resulting
equation along with the energy equation, we have

Pr,; aT(V ) +J(y,Viy)

0 %y 02

_ RnfMlazJ(H,—(p)+a f(z)V4u/+2—(f(z))(V2 - (f(z))( v ”2’)]
0 O0x 0
90 )
1+ M)~ M 2.1
+Rpra® |(1+ 1) 151> (2.15)

B _ W, V20— J(y,0). (2.16)
0t Ox

Non-dimensionalizing the magnetic equation of state and using the resultant in Maxwell’s
equation, we have

2
M"_‘Pﬁ‘l’_@ 0, 2.17)
S0x2 ' 922 0z

Pr, = Hot , is the nanofluid Prandtl number,
PnfAnf

_(pPugATd?
G

_ poK2AT
~ (pBgd(L+ xm)

, is the nanofluid Rayleigh number,

, is the buoyancy magnetization parameter,

My
M3 = ((1 +f )) , is the non-buoyancy magnetization parameter,

t, 0 = dimensionless time and temperature respectively,
J(m,n) = —— - —75=, is the Jacobian,
z

62
v Py
0x2 = 022
a = ratio of thermal diffusivity of nanofluid to basefluid,
oy oty oty
vy = +2 +—I
V= ot P ox2022 " 024

¢ = magnetic scalar potential,

f(Z) — e—V(l—z)’

Viy = is the Laplacian,

oK
v=(or- ) (2.18)
CE)
Boundary conditions: We consider the following boundary conditions (Finlayson [7]):
Py _dp
0=y= =0, at z=0and 1. (2.19)
022 0z
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3. Linear Stability Analysis

We shall assume the following solutions, which satisfies the aforesaid boundary conditions:

w(x,z) = yposin(kx)sin(rz), 3.1)
O(x,z) = Og cos(xx)sin(rz), (3.2)
p(x,2) = g cos(kx)cos(nz), (3.3)

where « is the wavenumber.

Using the solutions (3.I)-(3.3) in dimensionless equations (2.15)-(2.17), we arrive at
the stationary nanofluid Rayleigh number, R, for the onset of convection:

_ 28%(® M3+ %)
M RN+ MM+ ] B4
where

F(V) =6V —26%Vy + (k% — 712) V5, (3.5)
1

Vlzf f(z)sinz(nz)dz, (3.6)
0
14

Vo = f —[f(2)1sin®(nz)dz, (3.7)
0o 0z
1 62

Vs = f — [f(2)1sin®(nz)dz, (3.8)
0o 0z2

and 62 = (12 + x2).

4. Lorenz Model

As per the boundary condition (2.19), one can assume the functions as shown below:

v(x,2,7)= —%al(r)sin(mc) sin(7z), 4.1)
0(x,z,7) = as(t)cos(kx)sin(rz) + ag(r)sin(2nz), 4.2)
@(x,2,7) = ayq(1r)cos(kx)cos(mz) +as(t)cos(2mz2), 4.3)

where a1(1), a2(1), a3(1), a4(r) and as(r) are amplitudes of convection.

Using (4.1)-(4.3) in equations (2.15)-(2.17), we arrive at a system of ordinary differential
equations known as generalized Lorenz model for linear study:

, aa1(7) 9
- - —— — 4.4
2Pran(V)a1(T) 52 T as(7), (4.4)
ah() = —ab’as(r) - ai(v), (4.5)
ay(1) = —4an?as(1), (4.6)
__ ak’MiM _ Ry
where M3 = —n2+1<2(1+1M13)M3 and r = B

Lorenz model for non-linear study is as:
2Prn}}F(V)a,1(T) = —%2@) —ra®as(t)(1 - M13a3(1)),
ay(1) = —ad2a9(1)—a1(r) — ma1(1)as(r), 4.7

ay(r) = —dan?as(t)+ za1(t)az(7).
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5. Results and Discussions

The variations of R,z has been plotted versus variable viscosity and wave number (see
Figures[2H4). Figures 2| and [3| show the variation of R, with variable viscosity for variant
values of BMP and NBMP respectively and it is found that R,z decreases with increase in both
BMP and NBMP which in turn indicates the destabilization of the system and early onset of
convection.

Figure 3. Plot of R, vs variable viscosity, V for variant values of NBMP, M3

Figure|4|shows the variation of R,z with wavenumber for variant values of variable viscosity
and for the fixed values of BMP and NBMP. Positive values of variable viscosity parameter
means the superiority of temperatura dependent viscosity where as negative values of variable
viscosity parameter means the superiority of magnetic field dependent viscosity. From the graph
it is clear that as variable viscosity parameter increases, termal Rayleigh number decreases
thereby indicating the early onset of convection. Comparably, when temperaturea dependent
viscosity rules, there is an early onset of convection and when magnetic field dependent viscosity
rules, there is a delay in onset of convection. So, it becomes evident that variable viscosity
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parameter can be used to regulate the stabilization of the fluid system. Henceforth, one can
conclude that, the early onset of convection takes place in temperatura dominance viscosity
compared to magnetic-field dominance viscosity.

Figure 4. Plot of R,5 vs wave number, k for variant values of variable viscosity, V

In the absence of variable viscosity and magnetic field, V =0 and M, M3 = 0, respectively.
4
V =0 implies F(V) = % and M1,M3 =0 implies M3 =0, both when applied in the Lorenz model
of non-linear sort (4.4)-(4.6), reverts back to Classical Lorenz system.
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