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1. Introduction

The main focus of the paper is on the application of ferrofluids — a step towards nanotechnology.
Keeping this in mind, a ferromagnetic particle, FesO4-magnetite, sized 10nm, is suspended
in the base fluids, namely, water, engine oil and kerosene. Upon recent literature survey,
realized the scientific and technological importance of studying the effects of non—inertial
acceleration on ferroconvection and the same inspired to analyse the influence of rotation in
this paper. Convection in rotating porous media are registered in the works of Bhadauria et
al. [2], Vadasz [17,18] and references cited therein. Rayleigh-Bénard convection with the effect
of rotation have been investigated by Bhattacharjee et al. [3], Kanchana et al. [8]], Rossby [11]],
Zhong et al. [21], and references cited therein. Convection in rotating ferro-magnetic fluids have
been discussed in the studies of Bhadauria et al. [2]], Gupta and Gupta [5], Sunil and Mahajan
[16]. Study of convection in magnetic fluids and nanofluids saturating a rotating porous media
can be seen in the works of Mahajan and Sharma [9]], Mahajan et al. [10], Saravanan [[12], Sekar
et al. [13[], Shivakumara et al. [14], Vaidyanathan et al. [19], Yadav et al. [20], and references
cited therein, and now in the current paper, we have considered the convection in ferromagnetic
nanofluids viz., Water-Magnetite (WM), Kerosene-Magnetite (KM) and Engine Oil-Magnetite
(EOM) under the effect of rotation. Stability curves and velocity profiles are drawn for the
considered problem and finally thermophysical properties have been tabulated for WM, KM
and EOM using the properties of nanofluids.

2. Mathematical Formulation

We consider a Newtonian ferro-nanoliquid layer of thickness d, parallel to the xy-plane of large
horizontal extension subject to a vertical temperature gradient with gravitational acceleration,
g = —gie\ of an electrically non-conducting Boussinesq approximation. An external vertical
magnetic field H = Hyk is applied and the ferro-nanoliquid is rotating uniformly about z-
axis with angular velocity, Q=QF. The imposed temperatures at the layer of boundaries are,
T,-0=To+ AT and T,_; = Ty. The equations governing the problem are:
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Figure 1. Physical configuration
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2.1 Governing Equations
Conservation of mass:

uy+vy+w, =0, 2.1)
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Conservation of momentum:
Pnflgi+uqe+vgy+wq.l=—(px,py,pz)+po(M1Hy + MoHy + M3H)
—(0,0,08) + 20,0, —u2,0) + iy (qrx + qyy +q22) (2.2)
Conservation of energy:

(ECphf(Ti+uTy+vTy +wT,)

= (pCp)np

D D
Dp(Tayy+Tyyy+Tow,) + T—T(T,% +T24+T2) - H—H(TxHx +T,H,+ TZHZ)]
0 0

+knf(Txx+Tyy+Tzz) (2.3)

Conservation of nanoparticle concentration:

Vit Uy + 0¥y +wy,

DU ¥y e+ T Ty T) = P+ Hyy + o) 2.4
Density equation of state:
PnfW, T) =y pnp + (1 =y)pp (1= B(T —To)) (2.5)
Maxwell’s equation:
V:-B=0, H=V¢, B=puo(M+H) (2.6)

Magnetic equation of state:
M = Mo+ ym(H - Ho) - K(T - T) @2.7)

where q = (u,v,w) is the velocity vector, p is the density, ¢ is the time, p is the pressure, pg is
the magnetic permeability of vacuum, u is the viscosity, M = (M1, M9,M3) is the magnetisation,
C, is the specific heat, % is the thermal conductivity, Dp is the Brownian diffusion coefficient,
Dp is the magnetophoretic coefficient, Dt is the thermophoretic diffusion coefficient, v is the
ferromagnetic nanoparticle volume fraction, f is the thermal expansion coefficient, B is the
magnetic induction, y magnetic susceptibility, K, and K, are magnetic coefficients, Ty, Ho,
My and ¢ are the initial values.

2.2 Properties of Ferrofluid ([4], [6])

Viscosity:
Hnf 1
y =4 (2.8)
Thermal conductivity:
kn kn
by _ (%22 -20(1-52)
k - knp knp (2.9)
ro (FEeg)eafi-)
Thermal diffusivity:
knr
Apf=—" (2.10)
" 0C s
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Density:

Pnf (- +p 222 2.11)

Pf

Heat capacity:

(pCp) (pC)p)

it LT R SOV i L) (2.12)

(0Cp)r (0Cp)r
Thermal expansion coefficient:

(0B) (0B)

pﬁ nf:(l—)()-i-x plB np (2.13)

(0P)r (pB)r
Magnetic susceptibility, x,z, ([7]) according to:
Langevin’s initial susceptibility (LIS):

2 93
porMZ4d xe
il = A 20 i (2.14)
18kpT
Modified Langevin’s initial susceptibility (MLIS):
i1

Ximl = Xil [1+% (2.15)

Weiss’s initial susceptibility (WIS):
Xil

Xiw = 1_’% (2.16)

Onsager’s initial susceptibility (OIS):
3 2
Xio=7 [Xil_l"‘\/l"‘g)(il"‘)(?l (2.17)
3

where M, is the magnetic saturation, d; is the diameter of magnetite, yo = _vd; is the

(d1+x1)3
gross volume fraction of the nanoparticles including the non-magnetic layer at the surface

of the particles, y; is the non-magnetic layer (= 2nm), kp is the Boltzmann constant
(=1.38 x 10723 J/K).

2.3 Basic State
Consider the solution of basic state in the below form:

(u,v,w) =(up,vp,wp)=(0,0,0), p=pp(z), H=Hp(z), M =My(z), T =Ty(2). (2.18)
Using equations (2.18) in basic equations, we obtain basic state solution in the below form:
z
Tp(2)=To+AT (1-=); yu(2)=vyo+ i

AT AT (2.19)
Hy(2) = (O,O,HO —1272); My(2) = (O,O,MO +/127Z),
where
Ns(1+ )-K,N' K,,-K,N D D
_ A Xnf m, A , _ m D A, Ng= T andNA: H . (2.20)
].-I-)(nf—KpNA 1+an_KpNA DgT DgH,
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2.4 Perturbed State
The basic state is perturbed in the below form:

G=Gv+G, p=pp+p, Hy=Hpyk+H', My=Myk+M', T=T,+T'. (2.21)
Using the above in equation (2.6) and (2.7) (and dropping '), we have:

Mi{+H —(1+MO)H Mo+ H —(1+M0)H
1 1—= HO 1, 2 2 — HO 25

Ms + Hs =(1+)(nf)H3—Km9 +Kp’l//,

Eliminating the pressure in the momentum equation, z-component of the equation takes

(2.22)

the form:

AT K, AT
gPnp — 8Pbf — gﬁpbeZ Mol pd ]

AT K, AT
=(Oxx +0y,y) gﬁpbf—gﬁpbwa—gﬁpbf1172+uoﬂz p ]

pnfv wt_/Jnfv W+ Wax+Pyy) |8

AT
_(1+an))12 ((:bzxx‘*'(pzyy) 2Pan(z, (2.23)

where { =v, —u, is the vortlclty in z-direction.
Using equation (2.21) in momentum equation and taking curl on both sides of the equation,
z-component takes the form:

pnf(t :unf((xx+(yy+(zz)+2panwz- (2.24)

Using equation (2.21) in energy and concentration equation:

AT Dr Dpg AT
Ht:w7+anf(0xx+6yy+022)+NB D311—2T—0 Fo/lg 70
D AT
+Ng|-Dpy, + H—l;ﬂpzz] — (2.25)

AT Dr D
'Wt"'WAl_ —DB(Wxx"‘Wyy"'u/zz)“' (gxx+9yy+9.zz) H(Hxx +Hyy+sz)- (2.26)

d
Maxwell’s equation (2.6), after substltutmg equatlon 1 and usmg equation (2.22), we have:
M
(1 " Fo) (('bxx + (:byy) + (1 + an)(»bzz _Kmez +KPU’Z =0. (2'27)
The boundary conditions are considered as:
D D
w=w,, =T, =¢,=Dpy,+——T,——2H,={,=0 at z=0 and d. (2.28)
To Hy
Considering the normal mode expansion as:
[w,0,v,$,{1=[W(2),0(2), ¥(2), D(2), {(2)]e"*=* 7, (2.29)

where x, and x, are the wave numbers in x and y directions, respectively, equations (2.23)-(2.27),
takes the form:
[onf(D? = k*)W; — i £ (D? ~ *)* W]

AT
= —(1+ A2 5L K®DO + | gBpss — 8Bpor Vo - gPporA1—-2+ Hols EnlT | k2@  (230)
AT K,AT)
- gpnp_gpbf—gﬁpbsz poA2 d K“Y =20, QD¢
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Pnfét = tnf(D? =x2)é +20,QDW, (2.31)
AT Dr D D AT
0, = W= +a,;(D? -x?)®+ N3 | DA, —2—T —HM] —~DO+Np|-DgD¥ + =ED*®| =,
d O Ho d
(2.32)
AT D D
¥, + WA — =Dp(D? —x)¥ + —(D? - k%)@ - =L(D? - )@, (2.33)
d To H,
_ (14 Mo) 2 20— _
1+H K“°®+(1+x,r)D°®-K,, DO, +K,DV¥, =0, (2.34)
0
where k2 = x2 + K?,.
2.5 Non-dimensionalisation
(x Y 52 ):(_72’_)’ W :_W’ t :_2ft7 6 :_57
d'd d Apf d Apf
] 1+ xnp) b4 (2.35)
O = = Ag e T
AT’ K,,ATd A‘I”
After non-dimensionalising equations (2.30)—(2.34), using equation (2.35), we have:
[(D? - x*)W; —aPr, ;(D? - x*)*W]
=—a?Pr,s RrM1x2D® + a®Pr,r Rr[1- VYo — A1 ATz + M11x%0 3, (2.36)
—a?Pr,f[Rc -~ RrAYz + Ry M3lx®¥ — VTaDé
&t =aPry(D* — )¢+ VTaDW, (2.37)
N, N. N,Np K,AT
0, = W+a(D?-x3)O-a=2AVYDY +a=2[A; — 2N, + N, A2JATDO + ¢ —4 m 2,
Le Le Le (1+xuf)
(2.38)
AT Na AT N, K,AT
W+ WA — = — (D2 —k2)¥ + a4 —x)0-a-4A _—""__DD? x>0, 2.39
WAy = 26 Wrap  ag®’ K0 -agy A+ a2 P ) (239
K, A\Y
D? - «®>M3)®-DO+—-2—D®d =0, 2.40
( K ) K, AT ( )
where Pr, ¢ = Fr/  _ nanofluid Prandtl number,
Pnf&nf
3
R,r= % — thermal Rayleigh number,
_ 3
Rc = % — concentration Rayleigh number,
Ta = % — Taylors number,
abf
Le =
Np = Ep gl’)’”’ — ratio of specific heat capacities,
pCpnf
a= Z—Z; — ratio of thermal diffusivity of nanofluid to base fluid,
Mq gff({p ﬁ?T Ao and My = m—ﬁ)f/lg are magnetic parameters.
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Now setting,
[W,0,¥,0,¢£]=[W(2),0(2), ¥(2), D(2),E(2)]e™, (2.41)
where 7 is the complex growth rate disturbances.
Using the above, in equations (2.36)-(2.40), we have:
[1(D? —x?) - aPr, s(D? —x?)?1W

=—a?Pr,f RrM1x2D® + a?Pr,r Ry[1- Wo— A1 ATz + M11x20 3, (2.42)
—a?Pr,f[Rc —RrAYz + Ry Mlx®¥ — VTaDé
¢ = aPr, s(D? - x?)é + VTaDW, (2.43)
N, N N Np K, AT
10 =W +a(D?-x*)0 - a =2 AYDY +a=2[A; 2N 4 + N4 A ]ATDO +a—2 ®,
Le Le Le (1+yxnr)
(2.44)
AT N4 AT N, K,AT
VWA — =~ (D2 -2V +q —x%)0-a—2——"""_ __DD?-«>D 2.45
! 1AV Lo ¥ rago gD -k -aT 1+ yup)AY (D7-x)0,  (245)
K, A\¥
D? - ’M3)®-DO+—-L—"—DPd=0. 2.46
( K ) K, AT ( )
The boundary conditions after non-dimensionalisation, takes the form:
D D
W=W,,=0,=0,=Dp¥, +—0,- —2H,=¢,=0 at z=0 and 1. (2.47)
Ty Hy

3. Method of Solution

We assume the solution for W, &, O, ¥ and ® in the below form, which satisfies the free-free
boudary conditions, (2.47):

. B C1Hy Cy . D,
W =A;:sin(nz), ® = ——cos(nz), ® = T cos(mz), ¥ = sin(rz), ¢ = —cos(mz),
T Dy B n
3.1)
where A1, B1, C1 and D are constants.
Substituting the above solution in equations (2.42)—(2.46), we have:
[ _aPr6*—62r  a?Prx?RpATA;  a?Prx?RpaMy VTa a?Pri®(2R,+2RyMy—RrAy ]
2 472 2NAN/, 2 4m _
avTa 0 0 aPré+r1 0 Ay
2 2n B1
0 ad?+7 an?NpKn AT 0 _aNAy C
21 2Le(1+(nf) 2Le 1
_ATA 0 and?Kn, AT 0 _ab%+Ler Dy
2Ay 2LeAy(1+xy,f) 2Len E,
xKZM3+72 y .
0 0 N 0 0 J
0
0
=10 3.2)
0
0
where 62 = 1<2 + J'L'2
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A non-trivial solution to the above equation, exists only when:
2(a6% + 1)(a®Pr? 62(68 Ay + k2LeRc AT A1)
+a?Pr(6%Ay1(2 + LePr) + x2LeRcAT A7)
+aAy(64(1 +2Le Pr)126% Ta) + Le Ayt(1262 + n Ta))
Bre= (@*k2PrATA1)aPré? +1)
(LeaAyd? —2aLeM962 —aNgATAwA, —2LeMot + Le AyT)
To analyse the stability of the system, the real part of 7 is set to zero and therefore 7 =i7;,

where 7; is the imaginary part of complex growth rate disturbance, 7, and the direct bifurcation
occurs at 7; = 0. Accordingly, critical thermal Rayleigh number, is given by:

2(a?Pr? 6268 Ay + k2 LeRc AT A1) + Ay(n262 Ta))

(3.3)

Rre = (3.4)
T (@22 Pr2 AT A )(LeAwo? — 2LeM36% — NgATAwA,)
and the corresponding magnetic Rayleigh numbers are given by:
R M = 202 Pr? 6268 Ay + k2LeRcAT A1) + Ay(n262Ta))  poKp AT 3.5)
T T @2k Pr2 AT A, )(LeAwo? — 2LeM3d% — NgATAwA,) 84(0P)ns '
and
2(a?Pr? 62(65Ay + k2LeRc AT A1) + Ay(n262Ta))  poK,AY
Ry M, (3.6)

T (@22Pr2 AT A ) LeAys? — 2LeM252 - NgATAwAL) 840Pns -
The eigen value problem is solved analytically using perturbation technique with wave number
x as a perturbation parameter, and hence following the below expansion in powers of x? as:

W =Wo+x2W1 +x*Wy +...
E=Eo+K2E 1 +x2Eg+...
®=0)+x201 +x*@2+... 3, (3.7
V=Y +x2¥; +xtWo+...
D = Dy +x2D1 + x4 Do +...
in equations (2.42)-(2.47), at zeroth order we have below set of solutions:
Wop=80=0, ©g=¥o=Pp=1,

and at first order we have:
aPr,r D*Wi+a®Pr,p Ry[1—Wo— A1ATz + M11-a*Pr,[Rc — RrAYz + Ry Mol-VTaDéq =0,

(3.8)
aPr,; D% +VTaDW; =0, (3.9)
Np Np N,Np K,AT _,
Wy +aD?01-a—-a—A¥YDY{+a—=[A1— 2N + N, A ]IATD®O; + D%®,=0
1+ta 1-a-ar 1 aLe[ 1 A+ N, o] 1+a— A+ 10) 1=0,
(3.10)
a AT a N4 AT N, K,AT
—D?¥{-Wid{— — —wo+a—2—D?@;—a—2—""— __D3®,;=0 3.11
Lo VTMMAY TV T e AW VT YLe At papAw . 1T @1
K, AV
D2®;-M3-DO;+—-L—Dd,;=0. 3.12
1 1 K, AT 1 ( )
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Velocity profiles are drawn for the above set of equations for varying values of Taylors number,
Ta, and magnetisation parameters, M1 and M.

4. Results

Figure 2| shows the linear relationship between the thermal Rayleigh number and concentration
Rayleigh number for different values of Le and Ta. Also, we can see that, decrease in Le and
increase in Ta has the powers to stabilize the system.

10000 - 400

" Thermal Réiy‘leigh‘nl‘lmbel

8000 [~ &
300

6000

200

4000

Ta = 500,1000,1500

" "Thermal Ra‘ylf‘:igh number-

Le=50,20,10 10

2000

_ Concentration Rayleigh number Concentration Rayleigh number

L 1 L L L L L L L L 1
0 100 200 300 400 500 15 20 25 30 35 40

Figure 2. Rt versus R for different values of Le and Ta

Neutral stability curves are shown in Figures In Figures and [7}, plots for thermal
and magnetic Rayleigh numbers versus wave number for different values of Le are shown and
can be seen that, as Le increases, both thermal and magnetic Rayleigh numbers decreases
denoting the early onset of convection. In Figures [4] [6| and [8] plots for thermal and magnetic
Rayleigh numbers versus wave number for different values of Ta can be seen and one can
observe that as Ta number increases, thermal and magnetic Rayleigh number increases which
implies the effect of non-inertial acceleration is to stabilize the system. Therefore, rotation can
be used as a technique to regulate the stability of the system. Figure [9 shows the plot of thermal
Rayleigh number versus wave number for different values of concentration Rayleigh number,
thereby implying that, increase in the concentration of ferromagnetic nanoparticles triggers the
early onset of convection. The minimum points in these graphs denotes the critical thermal and
critical magnetic Rayleigh numbers corresponding to critical wave number.

Velocity profiles for different values of magnetic parameters M, My and Taylor number, Ta
has been presented in Figures|10|/and |[11| respectively for all three ferrofluids viz., WM, KM and
EOM. Varying the above mentioned parametrs, one can notice that, velocity is high in EOM
ferrofluid and gradually decreases for KM and WM ferrofluids. There is an upward shift in the
velocity profile as we increase the magnetic parameter M9 and decrease M. Also, the effect of
non-inertial acceleration can be seen in Figure As Ta increases, velocity profile shifts down
gradually. Thermophysical properties of basefluids and nanoparticle are pulled from earlier
studies and are shown in Table 1| and thermophysical properties for ferrofluids are calculted as
shown in Table [2| and [3| for nanoparticle volume fraction ¥ = 0.1 and v = 0.2, respectively.
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Table 1. Thermophysical properties of basefluid and nanoparticle [2]

Quantity Water Engine oil Kerosene FegOy4
Density, p (kg/m?) 997.1 888.23 780 5180
Thermal expansion coefficient, ,6(10_5 K1 21 70 99 20.6
Specific heat, C}, (J/kg.K) 4179 1880.3 2090 670
Thermal conductivity, £ (W/m.K) 0.613 0.145 0.149 80.4
Dynamic viscosity, y (kg/m.s) 0.001003 0.845 0.0016 —

Table 2. Thermophysical properties of nanoliquid for ¥ = 0.1

Quantity Water-Fe3sO4 | Engine Oil-Fe3O4 | Kerosene-FegOy
o 1415.39 1317.41 1220

knr 0.761142 0.189648 0.194781
Hnf 0.00130525 1.09964 0.00208216
(Cpny 2894.79 1404.41 1487.08
(0Cp)nf * 108 4.09725 1.85018 1.81424
(0B)nf 29516 66629.3 80168.8

Bnr 20.8536 50.5761 65.7121

Qnf * 1077 1.85769 1.02502 1.07362
P,y 4.96416 8143.26 15.8966

Table 3. Thermophysical properties of nanoliquid for ¥ = 0.2

Quantity Water-FegO4 | Engine Oil-FegO4 | Kerosene-FegOy
Pnf 1833.68 1746.58 1660

knf 0.935242 0.244509 0.251009
Hnf 0.00175217 1.47615 0.00279508
(Cp)nf 2196.47 1162.4 1203.78
(pCp)ns * 108 4.02762 2.03023 1.99828
(0Pnf 8092.93 71082.5 83117.6

Bnf 20.774 40.698 50.0708
appx1077 2.32207 1.20434 1.25612
P,r 4.11507 7017.68 13.4046
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