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1. Introduction

Interconnection network problems can be modelled by graphs by denoting websites as vertices
and the interconnecting links as edges, hence graph theoretical concepts can be used to
understand complicated network problems and are used to arrive at the solution. One such well
known graph theoretical problem is the concept of domination. A wide range of research has
been done on variants of domination due to its theoretical concepts in tackling many practical
situations.

Let G(V,E) denote a simple connected, finite graph. For any two vertices a,b €V, b is said
to be a neighbor of a if ab is an edge in G. A subset ® of V is said to be a dominating set of G,
if every vertex in © =V — D has a neighbor in D. If every vertex in ® has a neighbor in both
D and D, then D is said to be a restrained dominating set. Suppose every vertex of V has a
neighbor in ® then ® is a total dominating set. If © satisfies the condition of restrained as well
as total then ® is called a total restrained dominating set. Then minimum cardinality of each
of the above possible set of ® are respectively called as domination number y(G), restrained
domination number y,(G), total domination number y;(G) and total restrained domination
number y4(G), respectively.

In a prison, the aim is to watch each prisoner by at least one guard and to protect the right
of each prisoner, he needs to be observed by at least one of the other prisoners. This should be
achieved with minimum number of guards to minimize the cost. This problem can be answered
using the concept of restrained domination number of a graph representing the jail network (jail
rooms, other points where prisoners and guards to be kept). Here guards represent the vertices
of restrained dominating set © and the prisoners represent vertices of ©. For more details on
domination and related work refer Domke et al. [3], Domke et al. [4]], Hattingh and Plummer [5],
Hattingh and Joubert [6-8], Henning [13]]. Similarly, we can answer many such situations using
the concepts of domination. For more survey work on total restrained domination, we refer
Cockayne et al. [1], Cyman and Raczek [2], Hattingh et al. [9-11], Haynes et al. [12], Henning
and Martiz [14], Raczek and Cyman [15]], and Telle and Proskurowski [16].

In this paper domination, restrained, total, total restrained domination of different ladder
graphs are discussed and the exact value v, y,, y: and y;, for the above graphs are obtained.
Throughout the paper, let ©, »,, ©;, D, denote a dominating, restrained dominating, total
dominating and total restrained dominating set with minimum cardinality of ladder graphs.

Different ladder graphs can be obtained from two paths u;—ugs—... —u, and vi—ve—... —v,
(n = 2) are given in Table[l|with their edge set and graph structure.

Table 1
Name of the graph G Edge set E(G) Example
1 Ladder graph L, {uju;r1,vivi1:1<i<n-1}u

{fujv;:1<i<n}

2 Open Ladder OL, {fu;u;s1,vivi1:1<i<n-1}u
{fujv;:2<i<n-1}

Table Contd.
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Name of the graph G Edge set E(G) Example
3 | Slanting Ladder SL,, {fu;u;s1,vivi1:1<i<n-1}u
{ujviv1:1<i<n-1} R
4 | Triangular Ladder TL, {fuju;r1,vivi1:1<i<n-1}U

{ujv;:1<i<nju
{ujviv1:1<i<n-1}

5 | Open Triangular Ladder OTL,, | {u;u;+1,v;vi+1:1<i<n-1}U
{fu;v;:2<i=<n}u
{fujvis1:1<i<n-1}

6 | Diagonal Ladder DL, {ujujs1,vivis1:1<i<n-1ju
{u;jv;:1<i<n}u
{fujvis1:1<i<n-1ju
{ujvi_1:2<i<n}

7 | Open Diagonal Ladder ODL, {fu;u;r1,vivi1:1<i<n-1}u
{fuv;,:2<i<n-1ju
{ujviv1:1<i<n-1}u
{ujv,_1:2<i<n}

8 | Circular Ladder CL,, {fu;u;s1,viv;41:1<i<n-1}u
{u;v;:1<i<n}u{uiu,,vivy,}
9 | Mobius Ladder Graph M, {wivii1,viviz1:1<isn-1u | O

{u;v,:1<i<n}uluivy,, uyvi} LL/U

A,

2. Ladder and Open Ladder Graphs

In this section we discuss all the above defined domination variants for ladder and open ladder
graphs and then give the exact values of each of the domination number.

Theorem 2.1. For the ladder graph L, (n = 3),
(i) y(L,)=vy,(L,)= [%J +1,
(i) yi(Lp) =y Lpn) =2 [%]

Proof. For n = 3,4, it is easily verifiable:

e For n =23,

D=9,=9; =D ={ug,v2} and y(L3)=7,(L3)=y(L3)=y:(L3)=2.
e For n =4,

D =9, ={u1,vs,v4} and y(L4)=7y,(La)=3,

D=4 ={u1,ug,vs,v4} and yi(Ly) =y (Lg) =4.

For n =5, results are discussed in two different cases depending on the value of n.
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(i) For y(L,) and y,(L,)
Case 1: When n =0, 2 (mod4)
D=0,={v;:1<1=1(mod4)<n}uf{u;:3<i=3 (mod4) <n}u{x}

Un-1, Wwhen n =0 (mod4),
where x =
Un—1, when n =2 (mod4).

Case 2: When n=1,3 (mod4)

D=9,={v;:1<i=1mod4)<n}lu{u;:3<i=3(mod4) <n}.
In both the cases, [D|= 2| +1.
Here, each vertex w € ©, is dominated by exactly one vertex of ©, except v,_2 and u,_9 in
case of n =4k and n =4k +2 (k € Z*), respectively, which are dominated by two vertices of D,..
Also, each vertex w has atleast one neighbour in ©,. In both the cases removal of a vertex

from 2, fails the condition of domination. Hence 3, is a minimal dominating and a restrained
dominating set.

Therefore, y(L,)=v,(Ly) = [%J +1.
(i1) For y«(L,) and vy (L,).
Case 1: When n=0,1,3 (mod4)
D=0 ={v;,u;:2<1=2 (mod3) < n}

Case 2: When n =2 (mod4),
D= ={v;,u;:2<i=2(mod3)<n-2}U{v,, u,l.
In both the cases, |9, |=2[%].
Each vertex w € V is dominated by exactly one vertex of ®;. except v,-1 and u,_1 in Case 2
which are dominated by two vertices of ®;.. Also, each vertex w has atleast one neighbour in

;. In both the cases removal of a vertex from ®,, fails the condition of domination.
Hence, y(L,)=v,(L,) =2 [%] . O

Lemma 2.1. Every restrained dominating set of a graph contains all the pendant vertices of G.

Proof. Let © be a dominating set of G and v be a pendant vertex not in ©. Then there is a
vertex u € ® such that vu is the pendant edge. Now, v € © has no neighbours in ® which fails
the condition of restrained domination. Hence the result. O

Theorem 2.2. For an open ladder graph OL,, (n = 3),

2 h =
(@) Y(OL,) = , when n =3,
|2|+2, whennz=4.

4 when n = 3,4,
(ii) Yr(OLn)={

|2|+3, whenn=5.

9 when n=3
cee OL — ? ’
(1i1) y( n) {2([%—” +2), when n =4.
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(V) Y4 (OL,) = {

2n when n = 3,4,
2([”7_4] +4) when n=5.

Proof. For n = 3,4, it is easily verifiable

For n =3,
D =9; ={ug,ve} and y(OL3)=7y,(OL3)=2,
D, ={u1,v1,us,v3} and y,(OL3)=4,
D¢ =V(OL3) and y;-(OL3) =6.
For n =4,
D =9;={ug,us,ve, vs} and y(OL4)=7y,(OL4) =4,
D, ={u1,v1,u4,v4} and y,(OL4) =4,
D4 =V(OL4) and 7y (OLy) =8.

For n =5:
(i) Let ® ={uj,u;:4<i=0(mod4)<n}ufv;:2<i=2(mod4)<n}uix,y}

(i)

(ii1)

(iv)

@, whenn=0,1(mod4), U,, when n=0,1 (mod4),
where x = and y=

u,, whenn=2,3 (mod4) @, whenn=2,3(mod4),

such that |D| = [%J +2.

Each vertex w € ® is dominating by exactly one vertex of ® except v,_1 and u,_1 in case
of n=0,1 (mod4) and n = 2,3 (mod4), respectively, which are dominated by two vertices
of © due to the existence of pendant vertices. Hence, y(OL,) = L%j +2.

From Lemma for restrained domination, let ©, = S; US3US3, where S; =
{ut,v1,un,vnt, So={u; :3<i=3 (mod4) <n} and S3={v; :5<i=1 (mod4) < n}. Each
vertex w € ®, is dominated by exactly one vertex of ©, except us and v,_; and us and
U,—1 in the case of n =0,3 (mod4) and n = 1,2 (mod4), respectively, which are dominated
by two vertices of ©, and are due to the mandatory inclusion of pendant vertices. Also,
each vertex w has atleast one neighbour in ©,,

n—-3 n—>5 n
|©r|=4+[ . %[ . -‘:[EJ+3=Yr(OLn).

In the graph OL,, to satisfy total domination condition ®; must contain vertices ug,vs,

and u,_1, v,—1 which are dominating the pendant vertices. Let ®; =S;1US9, where
S1 = {us,v9,un_1,Un-1}, So = {u;,v; : 5<i=2 (mod3) < n-2}. Each vertex w eV is
dominated by exactly one vertex of ©; except u,_2 and v,_g in case of n =0,3 (mod4)
which are dominated by two vertices of ©; and are due to the mandatory inclusion of
vertices adjacent to pendant vertices, D] =2(2+ |252]) = y«(OL,).

It is to be observed that with reference to the ©, defined in (iii), each vertex w € ®,
has at least one neighbour in ©, except for the pendant vertices. By Lemma
Dir =D, U{uq,v1,un,v,} satisfies the condition of restrained domination which is also
total domination, | 9| =2 (4 + [%‘J) =7v4(OLy,). O
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3. Results on Slanting Ladder Graph

In this section, we have obtained domination, restrained, total and total restrained domination
number for slanting ladder graph.

Theorem 3.1. For a slanting ladder graph SL, (n = 3),

2, for n=3,4,
(i) y(SLp)=<2 [%J +1, for5<n=1(mod4),
2[%], for 6<n=0,2,3 (mod4).
n for n=3,4,5,

(1+ [%J), for 5<n=1,2 (mod4),
+ [%] + L%J , for4<n=0,3 (mod4).

(i) yr(SLp) =

(iii) y(SL,) =1 2[%], for n=0,4,5 (mod6),

2

2

3, for n=3,

2|3

4|%|+r, for n=r (mod6),

where r e {1,2,3}.
(iv) v (SLy)=4+4|%] +c,

-2, for n=0,1 (mod6),
where c =40, forn=2,3,4(mod6),
1, for n=5 (mod6),

when n = 5.
Proof. For n = 3,4, it is easily verifiable:

e For n =3,
© ={ug,va} and y(SL3)=2,
D=9, =D ={v1,v2,us,us} and y(SL3)=7y(SL3)=1v4(SL3)=4.

e For n=4,
® ={us,v} and y(SLy) =2,
D=9, =D ={v1,v2,u3,usg} and y(SLy)=7,(Sl4) =7 (SLy) =4.

For n =5,
(1) Consider,
D ={u;:i=3 (mod4)}Ufv; :i =2 (mod4)} U {x, v},

n=1,2 (mod4), {vn_l, n=2,3 (mod4),
nd y=

where x = { 2% 1
B @, n=0,1(mod4),

o, n=0,3 (mod4), a

D= 2(%]+1, n=1(mod4),
2741, n=0,2,3 (mod4).
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Here, each vertex w € ® is dominated by exactly one vertex of © except u,_s in case of
n = 2(mod4) which is dominated by two vertices. Hence the result.

(ii) For n =4, from Lemma for restrained domination ©, must contain all the pendant
vertices. Let
D, ={vi,untufu;:i =2 (mod4) <n}u{v;:5<i=1(mod4) <n}uf{x},
Unp_1, when n =0 (mod4),
where x =

o, otherwise.

Each vertex w € ©, is dominated by exactly one vertex of ©, except u,_1 in case of
n =1 (mod4) which is dominated by both u, and v, (from Lemma [2.1] u, cannot be
removed, removal of v, makes v,_1 not dominated by any vertex of ©,). Also, each vertex
w has atleast one neighbour in ©,,

|©r|:{2(1+[%J), for n=1,2 (mod4),
2+ [%]+]%]|, forn=0,3(mod4).
Hence the result.
(1i1) Proof'is discussed in two cases based on the value of n,
D¢ =1{u;,u;;1:i1 =4 (mod6) < n}uivi,vir1:i =2 (mod6) < n}uUix,y},

?, when n =0,5 (mod6), {Q&, when n=0,3,5 (mod6),
and y=

h -
where x {un_l, when n=1,2,3,4 (mod6),

v,, whenn=2,4 (mod6).
From the above set ©;:

Case 1: When n =0,4,5 (mod6)

2(2+%), for n =0 (mod6),
|9y = 2[%J+1+2[%]+1, for n =4 (mod®6),
2[5 +2[%], for n =5 (mod6).

Combining the above results, |D;| = 4 [%] =2[2].

Here, all the vertices of V are dominated by exactly one vertex of ©; except v, in case

of n =4 (mod 6) which is dominated by both u,_1 and v,_1 vertices of ©;, removal of any

one of these fails the condition for total domination. Hence y,(SL,) =2 [%] .

Case 2: When n=1,2,3 (mod6)
2| %) +1+2|%], for n =1 (mod6),
1D =12|%]+1+2[%]+1, for n=2(mod6),
2|5 +2[%]+1, for n =3 (mod#6).
Combining the above, |D;| =4 |%| +r such that r € {1,2,3} and n = r (mod86).
Here, all the vertices of V are dominated by exactly one vertex of ©; except
®* u,_9in case of n =1 (mod6) is dominated by both u,,_; and u,_3.

®* u,_3in case of n =2 (mod6) is dominated by both ©,,_1 and u,_3.
®* u,_9in case of n =3 (mod®6) is dominated by both u,_1 and v, .

Commaunications in Mathematics and Applications, Vol. 14, No. 4, pp.|{1311H1323| 2023
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Removal of any one of these vertices fails the condition for domination. Hence the result.

@iv) Let D4 =S1USoUS3 where St = {v1,v9,un,un_1}, So=1{u;,uijs1 Zun_1,i =3 (mod6) <
n—2} and S3 ={v;,v;+1:7<i=1(mod6) <n}. From Lemma [2.1] ®;, must contain S; and
also all the vertices of V are dominated by exactly one vertex of ©;, except.

(v) up-1 and u,_9 in case of n = 0 (mod6), mutually dominates each other and are also
dominated by u, and u,_g3, respectively.

(Vi) up—9 ¢ ¥4 is dominated by u,-1 and u,_3; u,_1 € D¢, is dominated by both v, and u, in
case of n =1 (mod®6).

(vii) v, and u,—_1 in case of n = 2 (mod 6) mutually dominates each other and are also dominated
by v,-1 and u, of ©;,, respectively.

(viii) v, in case of n =3 (mod6) is dominated by two vertices of Dy,..

(ix) up-1 €94 in case of n =5 (mod6) is dominated by two vertices of ;..
Removal of any one of these vertices from ®;, fails the condition for total domination. Hence

4+4[%]-2, forn=0,1(mod6),
Y+(SLp)={4+4|%|+0, forn=2,3,4(mod6),
4+4|%]+1, for n=5(mod6).
Thus,

n
Yo(SL,) = 4+4 {EJ e
-2, forn=0,1 (mod6),

where c=<0, forn=2,3, (mod6) and n =5, O]
1, for n=5 (mod6).

4. Results on Triangular and Open-Triangular Ladder Graphs

In this section, restrained and total restrained domination number of triangular and open
triangular ladder graphs are discussed, and their values are given.

Theorem 4.1. For a triangular ladder graph TL, (n = 3):

‘ 3 _J2[3]+1, forn=1,2(mod5),
(1) Y(TLn) - Yr(TLn) - { |' for n= 0’3,4 (mod5),

1,
.. B [%] , for n=0,5,6 (mod7),
(11) Yt(TLn) = Ytr(TLn) { L%J +ec, fOr n=1,2,3,4 (mod7),
1, n=1(mod7),

where c=42, n=2,3(mod7),
3, n=4(mod7).

Proof. (i) For n=3: Let
D=9,={v;:1=2(@modb5)<n}U{u;:j=4 (modb) <n}uix},

u,, n=1,3(mod5),

h =
where x {@, n=0,2,4 (mod5).
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Each vertex w € © is dominated by exactly one vertex of ® except v,_2 and u,_s in case
of n=4k and n =4k +2 (k € Z*), respectively, which are dominated by two vertices of .
Also, each vertex w has atleast one neighbour in ©.

2 n +1, h 51,2 d5’
Hence,lf‘DI:l@rl:{ [3]+1, when n=1,2 (mod5)

2[%], when n =0,3,4 (mod5).
(i) For n =3,
D =Dy ={ve,us} and y(TL3) =7y (TL3)=2.
For n =4,
D¢ =Dt ={vg,ug,us}l and yu(TLy) =y (TLs)=3.
For n=5: Let

D=4 ={v;,v;31:1=2(mod7) <= n)U{u;,u;r1:i1 =4 (mod7) < n}u{x},
Up, n=2 (mod7),

Un, n=4,5(mod7),

Upn—1, n=1(mod7),

o, n=0,3,5,6 (mod7).

where x =

Each vertex w € V is dominated by exactly one vertex of ©; except v,,—1 and u,_1 in Case 2
which are dominated by two vertices of ©;. Also, each vertex w has atleast one neighbour
in Q_t. O

Theorem 4.2. For an open triangular ladder graph OTL,, (n = 3):
) 2|21 +1, when n=1,2 (mod5),
(i) Y(OTLy) = 3]
2 , when n =0,3,4 (mod5).

| +1), when n=0,1(mod5),
Zi+1, when n =2,3 (mod5),

5
(i) y(OTL,)= ]
%] +1), when n =4 (mod5).
]
]

, when n=0,5,6 (mod7),
+k1, whenn=1,2,3,4 (mod7),
1, whenn=1(mod7),
where k1 =<2, when n=2,3 (mod7),
3, when n=4 (mod7).

(iii) y.(OTL,)= {

4[] +k1, when n=3,4,56 (mod7),
4 L%J +ko, whenn=0,1,2 (mod7),

and kgz{

@iv) Ytr(OTLn) = {

2, when n=0,1(mod?7),
3, when n=2 (mod7).

0, when n=3,4,5(mod7),

here k1 =
where £ {1, when n =6 (mod?7),

Proof. (i) Let ® ={vg,u,-1}U{u;,vj/n=6,4<i=4 (mod5)<n-2and 2< ;=2 (modb5) <
n—1}. As OTL, graph contains the pendant vertices v; and u, to dominate these vertices
® should contain the vertices vy and u,-1, respectively. It can be observed that all
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the vertices of © are dominated by exactly one vertex of © except one or two vertices
which cannot be avoided. Thus

0| = {2+ |2]+1+[%], whenn=1,2(mod5),

2+ 2|+ |2], when n =0,3,4 (mod5),
_|2[%]+1, whenn=1,2(mod5),
2 (2], when n =0,3,4 (mod5).

(i1)) From Lemma [2.1, we must include the pendant vertices vq,u,,
D, ={vi,untU{u;,v;12<i=2(mod5)<n-1and 5= ;=0 (mod5)<n-1}uUix},
o, when n =1,3 (mod5),

where x =
{un_l orv,_1, whenn=0,2,4 (mod5).

(iii) For n = 3,4, it is easily verifiable:

* For n=3, D; ={ug,v2} and y(OTL3) = 2.
* For n=4,%;={us,ve,vs} and y(OTL4) = 3.

Since OTL,, contains two pendant vertices, to dominate these vertices both the pendant
vertices or their adjacent vertices should be included in ®;. But to achieve minimum
cardinality of ®;, vo,u,-1 € ;. Also, to satisfy the condition of total domination
U3, Up—2 €D;. Thus,

D ={ve,v3,un—2,un-1}U{L;,u;41,0,0411n=6,5<i=5(mod7)<n-2
and 9<;j=2(mod7)<n-3}.
(iv) Followed by the discussion in (ii) and (iii),
D ={v1,v2,Un-1,un} U{u;,ui41,05,0j4114<i =4 (mod7) < n -2
and 8<j=1(mod7)<n-2}uU{x},

Un—1, Wwhen n=2 (mod7),
where x = )
o, otherwise.

Hence the result. Ul

5. Result on Diagonal Ladder Circular Ladder, and Mobious Graphs

Since diagonal and open open-diagonal ladder graphs contains induced K4 subgraphs,
the results will be the same for both the graphs.

Theorem 5.1. For a diagonal ladder graph DL, (n =3):
(i) y(DL,)=y-(DL,)= !—%-‘,

. f%1 , forn=0,13(mod4),
DL,) =7, (DL,) =
() el )= 7arl ) {% +1, for n=2(mod4).
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Proof. For n=3,4,5, results are easily verifiable:

e For n=23,
D=9, ={ug} and y(DL3)=vy,(DL3)=1,
D =Dy ={ug,ve} and y,.(DL3) =y (DL3) =2.

e For n=4,

D=9,=9;=9 ={ug,us} and y(DL4)=7y,(DL4)=y(DLy)=7yH(DL4)=2.

e For n=5,
D=9, ={ve,uyq} and y(DL5)=7y,(DL5)=2,
D =94 ={u4,v9,v3} and y(DLs)=yH(DLs) =3.

For n = 6, dominating sets are:
1) D=9,={v;|2<i<2(mod3)<n-2}uf{x},
o, when n =0 (mod 3),
where x =< v,,_1, when n =1 (mod3),
Un, when n =2 (mod 3).
(1) D; =94 ={vj,vi1112<i<2(mod4)<n and (i +1) <n}uf{x},
Un-1, Wwhen n=2 (mod4),

where x = )
otherwise.

’

Hence result.

Theorem 5.2. For a circular ladder graph CL, (n = 3),

(i) y(CL,)=vy,(CL,)=2 [%1,
4]
4(

] , when n=0,4,5 (mod6),

ii) y/(CLy)=7y:#(CL,) =
(1) y«(CLy)=7y4(CLy) { | +x, when n=x(mod6),

where x € {1,2,3}.

IS oIS

Proof. For n = 3,4, results are easily verifiable:

D=D,=0,=D4 ={u1,vs} and y(DL,)=y.(DL,)=y:DL,)=y:,(DL,)=2.

For n = 5, following ® satisfies the conditions of suitable domination and followed by the results:

(1) D=9, ={uj,vi;2|1<i<1(mod4)<n and (i +2)<n}uix}
u,, whenn=2 (mod4),

where x = )
¢, otherwise.

(i1) Dy =4 ={ui,ui41,0i+3,0i44 | 1 <1 =1 (mod 6) < n} U {x}
o, when n =0,2,5 (mod 6),
X=<uUp, when n =1 (mod6),

Un—1, Wwhen n =4 (mod6).

Theorem 5.3. For a mobius ladder graph ML, (n = 3),
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+3, forn=0,1,2 (modb5),

2(%]

(i) y(ML,)=y,(ML,)=12[%], for n =3 (mod5),
L |
4

+1, for n =3 (mod5).
n—1, n=3,4,5,
i) Y ML) =yoMLy={""% =5
11 n)="VYtr n)=
T T 4[2])+x, for 10<n=0,4,5(mod6),
4|%|+2, for7=n=1,2,3 (mod6).

-1, when n=4 (mod6),
where x =10, when n=>5 (mod6),
1, when n=0 (mod6).

Proof. For n = 3,4, results are easily verifiable.

When n = 3:

D=9,=9;=94 ={ug,va} and y(DLg)=v,(DLg)=7y{(DL3)="7y(DLg)=2.
When n =4:

D=9,=9;=94 ={u1,vs3, vg} and y(DL3)=7y,(DL3)=y(DL3)="vy:(DL3)=3.

(i) For n =5, following © satisfies the conditions of suitable domination and followed by the
results,
D=9,={u;,v;5211<i<1(@mod4)<n and (i +2)<n}ui{x},
U,, whenn=2(mod4),
where x = )
¢, otherwise.
(ii)) When n =5,6:

D¢ =Dy ={ug,vg, us,v5} and y; =y =4.

When n=7:
D=4 ={u;,ui+1,0i+3,0i141 1 <1 <1 (mod 6) < n} U {x},
o, when n=0,2,5 (mod6),
where x =< u,, whenn=1(mod6), O

Un-1, when n =4 (mod6).
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