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1. Introduction

The management of uncertainty constitutes a pivotal challenge across numerous academic
domains, ranging from engineering to economics. Addressing this challenge, Molodtsov’s seminal
work on soft sets [10]] revolutionized the field by introducing a formalism for handling imprecise
or incomplete information. This concept has since found extensive applications in decision-
making, pattern recognition, and data analysis.

Building on this foundation, subsequent researchers, such as Das et al. [6], have contributed
significantly to the principle of soft NDLS. Their investigations provided a mathematical
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framework for modeling uncertainty within normed vector spaces. This extension not only
enriched the theoretical foundation but also opened up new avenues for practical applications,
particularly in fields like optimization and approximation theory.

Gunawan and Mashadi’s [8] derivation of an (n — 1)-norm from the n-norm represents a
notable stride in the study of normed spaces. Their work illuminated the intricate relationships
between different levels of norms, unveiling a profound structure within these mathematical
structures. This revelation holds far-reaching implications, not only for the theoretical
comprehension of normed spaces but also for their practical efficacy across diverse domains.

In the present study, we draw inspiration from these seminal contributions and aim to
broaden the horizons of NDLS. We introduce the conceptions of soft 2-NDLS and soft n-NDLS,
unifying and extending theories from soft NDLS (Das et al. [6]]), n-NDS (Gunawan and Mashadi
[81), and insights from Narayanan and Vijayabalaji [[11].

1.1 Historical Review

The management of uncertainty has been a perennial challenge in various fields, driving the
need for formal frameworks to grapple with imprecise or incomplete information. A pivotal
milestone in this endeavor was reached with the introduction of soft sets by Molodtsov [1] in
his seminal work. This breakthrough, which happened in the latter half of the 20th century,
marked a watershed moment in the field of uncertainty modeling.

Molodtsov’s notion of soft sets provided a versatile mathematical tool to represent and
manipulate uncertain information. It laid the groundwork for a systematic approach for handling
vague, ambiguous, or contradictory data. This development found immediate applications
in decision-making, where uncertainties abound, and in pattern recognition, where precise
distinctions can be elusive.

Building on the foundation laid by Molodtsov, subsequent researchers further extended
and refined the theory. Notable among these contributions is the work of Das et al. [6], who
delved into the realm of soft (NDLS). Their investigations, spanning the late 20th and early
21st centuries, provided a rigorous mathematical framework for modeling uncertainty within
normed vector spaces.

The incorporation of soft norm into the theory of normed spaces represented a significant
advancement. This extension not only enriched the theoretical underpinnings but also opened
up new avenues for practical applications. In particular, the newfound ability to quantify
uncertainty within normed spaces had profound implications for fields like optimization and
approximation theory.

In parallel, Gunawan and Mashadi [8] made a noteworthy contribution in the study of
normed spaces by deriving an (n — 1)-norm from the n-norm. This development, emerging in
the early 21st century, shed light on the intricate relationships between different levels of
norms. It revealed a deep-seated structure within these mathematical spaces, offering a fresh
perspective on the nature of NDS.

This revelation had far-reaching implications, not only for the theoretical understanding of
normed spaces but also for their practical utility across diverse domains. It provided researchers
with a powerful tool to navigate the complexities of spaces equipped with norms, offering
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insights that could be leveraged in a wide range of applications, from mathematical analysis to
engineering and beyond.

In summary, the historical evolution of uncertainty management reflects a trajectory of
continuous innovation and refinement. From Molodtsov’s [10] pioneering work on soft sets
to the extensions into soft NDLS by Das et al. [6] and the insights gained from Gunawan
and Mashadi’s [8] study of normed spaces, each contribution has left an indelible mark on
the field. These developments collectively form the foundation upon which the present study
builds, seeking to further extend and unify these theories to address contemporary challenges
in uncertainty modeling.

1.2 Need of the Present Study

While the existing body of work on soft NDLS and n-NDLS has been instrumental in handling
uncertainty, there exists a compelling case for extending this theory. The current paradigm,
though insightful, primarily addresses specific instances and may not fully capture the
intricacies of uncertainty in more complex, multidimensional settings.

Moreover, Gunawan and Mashadi’s [8] derivation of an (n — 1)-norm from the n-norm
represents a crucial advancement, prompting the exploration of higher-order norms and their
potential implications. Investigating these extensions may uncover deeper insights into the
underlying structures of normed spaces, offering a more nuanced understanding of their
mathematical properties.

Practical applications of soft n-normed linear spaces remain an area ripe for exploration.
By establishing concrete use cases across various domains, from optimization to decision-making
under uncertainty, we aim to not only validate the theoretical underpinnings of this extended
framework but also showcase its utility in real-world scenarios.

In light of these attentions, this paper seeks to bridge these gaps by introducing the concept
of soft n-NDLS. Through unification and extension of existing theories, we endeavor to provide
a versatile mathematical framework capable of addressing the diverse challenges posed by
uncertainty. By means of rigorous analysis and practical demonstrations, we aim to underscore
the relevance and significance of this extended theory in both theoretical and applied contexts.

2. Preliminaries

In this part, we undertake a comprehensive analysis of the essential notations and definitions
outlined by Molodtsov [10], Das et al. [6], and Yazar et al. [14]. This critical examination
sets the stage for subsequent discussions and extensions, providing the necessary theoretical
groundwork for our exploration.

Definition 2.1 ([10]). Let U be a universe and [E be a collection of parameters. We define a soft
set over U as a pair (F,A), where F is defined as F: A — P(U), with P(U) signifying the power
setof U, and AcCE.

Definition 2.2 ([6]). A soft set (F,E) is called an absolute soft set (U) if V § € A, F(5) = U.

Definition 2.3 ([6]). A soft set (F,E) is called a null soft set (®) if V § € A, F(5) = D.
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Definition 2.4 ([[6]). Let R be the collection of real numbers and 23(XR) the set of all non-empty
bounded subsets of R and A taken as a collection of parameters. Then J: A — 2B(R) is named
as a soft real set and is represented by (F,A). If (¥,A) is a singleton soft set, then (F,A) with
the equivalent soft element, it is called a soft real number.

We use p,§,7, ... for soft real numbers. For example, 0, 1 are soft real numbers where 0(5) =0,
16)=1,V d€A.

Definition 2.5 ([6]]). For two soft real numbers p, g, the following hold:
(i) p=qif p(6)<q(b),V 6€A,
(i) p=qif p(6)=q(d), V 6 €A,
(iii) p<q if p(6) < q(d), V s €A,
(iv) p>q if p(6)>q(6), V 6 €A.

Definition 2.6 ([6])). A soft real number p is non-negative if p(6) = 0, for all 6 € A. We symbolize
the set of all non-negative soft real numbers by SR(A)*.

Definition 2.7 ([6]). A soft set (F,A), F : A — P(V) will be indicated by F only. A soft set G over
V called a soft linear space (SLS) of V over K if G(A) is a vector subspace of V,V A€ A.

Definition 2.8 ([6]]). Let G be a SLS of V over K. Then a soft element of G is a soft vector (SV) of
G and it is denoted by py if there is exactly one § € A such that F(6) = {p} for some p € U and
F(6')=¢, V 6' € A\{6}. A soft element of the soft set (IK,A) is called a soft scalar and K being
the scalar field.

Definition 2.9 ([6]). A SV ps in a SLS G is the null SV if ps = p(6) =0, V § € A, 0 being the
zero element of V and indicated by ©. A SV is non-null if it is not a null SV.

We use ps,qs,7s,... for SVs of a SLS and E,T,ﬁz,... for soft real numbers.
The collection of all SVs over U will be represented by SV(U) and it is called SLS.

Definition 2.10 ([6]). Let ps,g5 be SVs of G and % be a soft scalar. Then
(1) ps+qs=p(8)+q(6)=(p+q)d),
(i) (Ep)s=Ep)S)=k(®)p(5), ¥ 6 €A. Obviously, ps+qs, kps are SVs of G.
Definition 2.11 ([11]]). Let ||-,-|| be a real-valued function on U x U satisfying the succeeding

conditions:
(c-2-N1) ||p,qll =0 if and only if p and g are linearly dependent,

(C‘Z‘NZ) ||p7q|| = "qap”7

(c-2-N3) lkp,qll =1kllp,qll, where £ is real,

(c-2-N4) llp,g+rli=lp,ql+lp,rl,
|-,-]l is called a 2-norm on U and the pair (U, |-,-||) is called a 2-NDLS.
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Definition 2.12 ([11]]). A real-valued function ||-,...,|| on U x --- x U satisfying the succeeding
-

n
four properties,

(c-n-N1) |Ip1,p2,...,pnll =0if and only if p1,p9,...,p, are linearly dependent,
(c-n-N2) |Ip1,p2,...,pxrllis invariant under any permutation,

(c-n-N3) llp1,p2,....,kpnll = |klllp1,p2,...,Pxl, for any k € R (real),

(C-Il-N4) ||p1,p25--->pn—1,q+r” = ||p17p27"'7pn—17q” + ”pl’p2,"',pn—17r”’
is called a n-norm on U and the pair (U, ||,...,-||) is called a n-NDLS.

Definition 2.13 ([14]). Let U be the absolute SLS, i.e., U(8) = U, V § € A. Then a mapping
I- 11 : SV(U) — PR(A)* is a soft norm on the SLS U if || - || satisfies the succeeding conditions:

For all py,qs€SV(),

(s-N1) |lpsll =0,

(s-N2) |psll =0 if and only if 55 =0,

(s-N3) ||E~ﬁ5|| = k|- |psll for every soft scalar 75,

(s-N4) lIps+gsll < llpsl+1gsl.

The SLS $V(U) with a soft norm |- || on U is said to be a soft NDLS and is symbolized by
W, - 1,A) or (U, || - ).

3. Soft 2-NDLS and soft »-NDLS

In this section, we embark on the starter of the concept of soft 2-NDLS and soft n-NDLS,
offering a broader perspective that extends beyond the scope of Definition as outlined
below.

Definition 3.1. Let U be the absolute SLS, i.e., U(8)=U, V § € A, of dimension greater than 1,
then [|-,-] : SV(U) x SV(U) — R(A)* is said to be a soft 2-norm on the SLS on U x U satisfying
succeeding conditions:

For all ps,§s,75€SV(U),

(s-2-N1) |Ips,qsll if and only if ps and g5 are linearly dependent,
(s-2-N2) |ps,qsll =1gs,psll,

(s-2-N3) ||7€ﬁ5,(’jg|| = IEI lps,qsll, for every soft scalar E,

(s-2-N4) ps,q5+7sll < lps, a5 + | Ps, 75l

The pair (U, ||-,-||) is called a soft 2-NDLS,

Definition 3.2. The function |-,...,-|| : SV(U) x --- x SV(U) — R(A)* is said to be a soft n-norm
on the SLS on U x - -- x U satisfying the succeeding four properties:
—_——

n
For all ps,,Ds,s---»Ps,, ds, and 75, €SV(U),
(s-n-N1) |ps,,Ps,,---,06, =0 if and only if ps,,Ds,,...,Ds, are linearly dependent,

(s-n-N2) |ps,,Ps,,---,D5, |l is invariant under any permutation,
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(S'n'NS) "551,552""’%55,, ” = |E|||5517562""7ﬁ6n ”, fOI' every SOft Scalar %’

(sn-N4) Ps51,P695---3P6,-1,96, T 76, | D61,D595-++>P6,-1:96, | + |1 D61, D595-++>P65,_1:75, -
The pair (U, ||-,...,-]|) is called a soft n-NDLS.

Proposition 3.3. Every parameterized family of n-norms {||-,...,-lls : 6 € A} on a vector space U
can be deliberated as a soft n-norm on the soft vector space SV(U).

Proof. Let U be the absolute SLS over a field KK, A be a non-empty collection of parameters. Let
{lI;...,-ll5 : 6 € A} be a parameterized set of n-norms. Let ﬁ5€[fJ then

pd)el, VoeA.
Let us define a mapping |-,...,-| :SV(U) x -+ x SV(U) — R(A)* by

18615 Boss- -+ 5o, 100) = 155, (8), B5,®), .., B, Olss ¥ SEA, ¥ fis, ESV().
Then |-,...,-|| is a soft n-norm on Ux --- x U.

We now verify the conditions (s-n-lcll), (s-n-N2), (s-n-N3) and (s-n-N4) for soft n-norm.

(s-n-N1): For all p5€8V(U) and for every 6 € A,
25150655505, 1(6) =0
1D5,(6), P5,(8),..., D5, s =0
D6,(6),D6,(6),...,Dp5,(6) =0

D51D6gs-+-5D5, =0
D6,,DP645---,Ps, are linearly dependent

ront

|Ps,,P6,,---,06,1 =0 if and only if ps,, ps,,...,Ds, are linearly dependent.

(s-n-N2): For all, 6 € A,

1P6,,D855--->05,I1(8) = 195,(0), p5,(5),...,05,(0) s is invariant under any permutation.

(s-n-N3):
1851, Boss-- - kD6, 10) = 155,(8), By(D), ..., k(8)Ps, (B)lls
= k(&)1 55, (0), 5, (B),..., B5, s
= k@)1 P51, Pos---» Do, 1(5)
=kl Bsy, Poys---» D5, 15).
So,
1851, Boss-- - kDo, I = kI By, Boys- Do, ll, ¥ Bs, €SVD)
and for all soft scalar k.
(s-n-N4): For all ps,,Ps,,---,Ds,,ds, and 75, €SV(U)
1P61,0625-s08,-1,45, +T6,| <D61,D089>-+->P6,_1:96,| + |1 D61,D89>-+->P6,_1:75,,

1D61,P695+P6,_1,96, +T5,100) = 1p5,(6),P5,(0),...,Ps5,_,(6),(qs, +75,)0)lls
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=1p5,(6),p5,(0),...,Ps,.,(0),(q5,(8) +7s5,(0)s
< 195,(6),05,8),...,05, 1(6),Gs5,Dls
+1196,(8),05,(6),...,05, ,(6),75,(0)lls
<|Ps1sP6ys--+3P6,-1,96, 10+ 1D51,P855-++>P5,1575, (1)
<(lpsysPsys---sP6, 1,96, | + 1P51s P65+ P6, 15T, 1NA)
<1P61,Pss-++3P6,-1596, | + 1D615 D695+ 5P, 1576, I
Hence, (s-n-N4) is satisfied.

Therefore, |-,...,-|| is a soft n-norm on Ux---xU and subsequently (D, l-,...,-) is a soft
——
n

n-NDLS. O
Proposition 3.4. Every n-norm |,...,-|ly on U can be extended to a soft n-norm on the SLS
8V().
Proof. Let U be the absolute SLS and A be a non-empty collection of parameters.

We define a mapping [-,..., | : SV(U) x - -- x SV(U) — R(A)* by

1B6y,Bsgs---» D6, 18) = 55, (8), Poy(0),..., Bs,BNu, V€A,V ps, €SV(U).
By using the same technique as in Proposition (3.3} it can be easily shown that |-,...,:| is a

soft n-norm on U x --- x U.
——

n
This soft n-norm is generated using the n-norm |,...,-|l, and is called the soft n-norm
generated by ||-,...,-lly. O
Example 3.5.Let (U,]-,...,-]) be a soft n-NDS. In this case, for every ﬁ5i€SV(D),

n
1P6,,D6855--->05,Il = X 16;|+1p1,p2,...,prll is a soft n-norm.
i=1

For all ps,,ps,,---,P5,,9s, and 7s, €8V(U) and for every soft scalar %:
(s-n-N1):

n

1551, B65s---> D6, Il = Y_18il+1p1,P2,-- -, Pnll,
i-1

|P51,D655---D06,Il =0

n
— Z|6i|+|lp1?p27"'7pn”:9
i=1

— 6i:0a ||plap2)"'7pn”:0
<~ 6,=0, pi1,p2,...,p, are linearly dependent

D6,,D6y:---,P5, are linearly dependent.

(s-n-N2): Clearly,
n
1D6y>P6y5---s D6, 1l = Z 16il+lp1,P25-- 5 Pnll

=1
is invariant under any permutation.
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(s-n-N3):

n
15y, Bogs---skDs, Il = Y 1kSil + p1,P2,- -, kDnl
i1
n

=1

= |kl P8y, D695 -5 D6, |-
(s-n-N4):
1D61>P6gs--+3D6, 1595, +T5,]
= i 10; + 031+ 1p1, P2, -, Pn-1,q + 7
121 )
< s 16+ z—zi 6.1+ 1p1,p25- s Pn-1,9 +IP1, D2, .., Pr-1,7l

/
|6l| + ||p1,p2,--~,pn—1,r”
1

n
1=

n
= Z |6l| + ||p1’p2a"'7pn—l7qu) +(
=1

<\Ps,,P695---106,_1>Q6, | + |D5,,P655---106,_1>T6,l-

4. Convergence and Completeness of Soft n-NDLS
Converge and completeness of soft n-NDLS are discussed below.
Definition 4.1. A sequence of SV {ﬁg } in soft n-NDLS (D, II-,...,-I) is said to converge to the SV
ﬁgo'éﬂﬁ, whenever r}i_)l{.lollﬁal,ﬁ@,...,ﬁgn_l,ﬁgn —ﬁgo I =0, for every ps,,Pss,,---,Ds,_, €U and it is

denoted by p — ﬁgo as n — oo.

Definition 4.2. A sequence of SVs {ﬁgn} in soft n-NDS (U, |-,...,-) is said to be a

Cauchy sequence on soft n-NDLS if ml}ilm 1P61,P655--+>P6,.1:P5 — Py Il = 0 for every
,n—00 n m

P515P6gs--sD6, 4 EU.

Definition 4.3. A soft n-NDLS (U, ||-,...,-||) is called complete soft n-norm if every Cauchy

sequence is convergent on soft n-NDLS (U, | -,...,-I).

Theorem 4.4. Every convergent sequence in a soft n-NDLS is Cauchy and also every Cauchy
sequence is bounded.

Proof. Let {p}; } be a convergent sequence of SVs with limit ps in soft n-NDLS (SN}
Then equivalent to each &> 0, there exists m € N such that p5€B(ps, g), ie.,

- - - ~ €
||p517p52’-'-7p5n_1’p§n_p5”557 vnzm’

then, for i,j = m,

~ ~ ~ ~n ~ ~ ~ ~m
|Ip51’p62""’p(5n_1’p5n _p§1,p52,"',p5m_1’p5m ”
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= ”ﬁ@pﬁ@zy""ﬁ@n_l’ﬁgn _55” + ”55_551’552,"-’ﬁ5m_1’ﬁg‘nmll

€ €
<—+-=¢C
2 2
Hence {p} } is a Cauchy sequence.

Let {ﬁg } be a Cauchy sequence of SVs in soft n-NDLS @, |I,...,-I). Then there exists s € N
such that

1851, D655+>D8, 15D, = B615Pogs-++>Ponm 1P, | <1, ¥ m,n=s.
Take M with
M) = max (155, ~ 55, (D), V AEA,
then, for 1<sn<sand m =s,
1P6y,Psgs- -3 P,1 Py, ~ P615Pbgs- 3Py Do |
<1P51,P62>-»P6,-15P5, ~P61>P535---»P6,-1, D3, |
+1P61,P63,--->P5,-1,P5, = P51:P65>---sP6,-15 P, |
<M +1.
thus,
1D61sP6gs-->P6,15P5, —D615P835-++sP6p 15D, | <M+1, Vm,né€N

and consequently the sequence is bounded. O

Theorem 4.5. Let (U, ||-,...,-||) be a soft n-NDLS. Then
() if B2 — Po and . — G5 then B +@% — Po+ o,
1) if ﬁgn — ps and 715,1 — As then %n . ﬁgn — s Dg, Where {715,1} is a sequence of soft scalars,
>iii) if {ﬁgn} and {Ejgn} are Cauchy sequences in (U, ||-,...,-|) and {15n} is a Cauchy sequence of
soft scalars, then {ﬁgn + Jgn} and {As, .ﬁgn} are also Cauchy sequences in (U, |-,...,-|).

Proof. (i) Since ﬁgn — ps and Ejgn — §g, for €> 0, there exists positive integers N, Ng such that

. _ _ _ €
|Ip51’p62’-"’p6n_1’pgn_p5”<§7 Vnle

and

1§61 @o0s--+G,1:05, ol <50 V= Ne.
Let N =max{Ni,Ns}, then both the above relations hold for n = N, then
1(B6,, 525> P6,-15P5, +d61,Q63>---,46,-1,d5,) ~ (Po +qo)l
=11P6,,P63>---:P6,-1:P5, + T61,q65>---,q6,-1,d5, —Ps — o]

= ||ﬁ51’ﬁ52,---,ﬁ5n_17ﬁgn _ﬁﬁll + ||EI'51,662,---,§5”_1,51V§” _(75”

€ €
<—+4+—-=¢, Vn=N
2 2

= Bl +q —Ps+do.
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(ii) Since p — ps, for €> 0, there is a positive integers N such that

1P6,,Psy5---,P6,1,P5, —Psll <€ VY n=z=N.

Now,
1P51sP6y5-+>P6,15P5 | = 1D615P65s--+P5, 1,P5, —Ps+ Dol
<P5,,P65>---3P6,-1,P5, — Psll + 105l
<€+lpsl, Yn=N
= Ps,,P65,--->P6,-1,P5, | <€+ 1Psll, ¥n=N.
Thus, the sequence {ﬁgn} is bounded.
Now,

125, - By, P>+ +>Po, 1-D,) — AoPs]
=135, (P61, Po3s D6, 1P5,) = As(B61, P3P0, 1:Ps,)+ As(B61> D55+ P6, 1,P3, )~ AoDs]l
= 1(B6,: 855>+ -+ P6,-1,P3, Ao, = o) + A6(Bs,, B35+ --»P5,-1, Py, — Do)l
<(B6y:B5y>-++1D6,-1,P3 Y Ao, = A + 1A6(Bs,, 65>+ P65, By, — o)l
=145, = Aol - 1(Bs,Boy5--»B6,-1,P3 ) + A6l - 1By, Pogs---» P, 1P, — Dol
implies
125, - (B61, P85>+ Bo,-1>P5,) = AsDs|
<145, = A6l 1Bs,,B55---»B5,-1, P4 N + A6l - 1By, Pogs---»P6, 15Dy, — Poll-
Since ﬁgn — ps and A5, — Ag, then, we have |15, — A5/ — 0 and ||ﬁ51,ﬁ52,...,ﬁ5n_1,ﬁ§n ~psl—0
as n — oo.
Therefore, II/T(;H “(Doy>D6gr--- ,ﬁgn_l,ﬁgn) —As-Psll — 0 as n — oo.
Hence, A5, -ﬁgn — AsDs-

(iii) Let {p’; } and {g} } be Cauchy sequences in (U, 1I-,...,-1, then for € > 0, there exists positive
integers N1,N9 such that
~ = ~ ~n ~ =~ ~ ~m €
|Ip51’p62""’p(5n_1’p5n _pﬁl,p52,"',p5m_1’p5m ” < 51 v m,n ENI
and
L _ _ o _ _ €
||Q51,Q627---,Q6n_17qzn _Q61,Q62,---,Q5m_1,qsnm ” < 5’ v m,n 2N2-

Let N =max{N1,Ns}, then both the above relations hold for m,n = N.
Now,

”(5511552"' '155,1_1’52”4—6517652""’(75n_17§gn)_(ﬁ61’ﬁ62""’ﬁﬁm_17ﬁgnm+Ej§196§27'"765,1_1’63’;)”
= Il(ﬁ§1’ﬁ527---’ﬁ5n_1’ﬁgn _5517552,-- -7ﬁ5m_1ﬁgnm)+(q51’652’---721'5,1_1’62‘1”_651’(752’---9a5m_1aag‘nm)”

~ ~ ~ ~n ~ ~ ~ ~m ~ o~ ~ ~n ~ o~ ~ ~m
= ||p51’p527""p5n_17p5n _p517p527""p5m_1’p§m”+”q517q527'*'7Q5n_1’q§n_q517q52"'-’q5m_1’q§m”

€ €
<—+—-=¢, Vm,n=N
2 2
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implies

{p5 +q5}

is a Cauchy sequence in O, II-,...,-1D.
Since {p§ }is a Cauchy sequences in (D, II-,...,-1, for €> 0, there exists positive integers N such
that

1P61,P655---sP6,-1,P5, — P61:P63s---sP6,1,05, | <€ Y m,nz=N.
Taking in particular n =m + 1,

157 I<E ¥ m,n=z=N,
SO {IIﬁgn I} is bounded.
Now, [[A5, |l is bounded too.

Then,
1A, (D61, D63s--+3P5, 1, D5 )~ s, “(D61,D63s++3P,-1:P5. )|
=1 1s, '(551,552,---,ﬁan_l,ﬁgn)—xan “(D61,D635-++3P,n_15P5.,)
+ s, ‘(ﬁal,ﬁ52,---,ﬁam_l,ﬁ(;mm)—zam “(D61,P63s-++3P5,-1:P5.)|
= IIIan(ﬁ(sl,ﬁaz,---,55n_1,ﬁ§n —D615P683>-++3P6p_15P5.)
+(B51,Po3s+++» Do, 1-Py, ) As, = A5,
< 46,1 1By, Po55-»B5, 1,B, = Po1>Poss--»B6, 1,D4, |
+125, = A6, 1 1851, Bos>- > Bonm By, |
— 0 as n — oo.
Therefore {15nﬁgn} is also a Cauchy sequence in (U, [|-,...,-||). O

5. Conclusion

We have expanded the theoretical landscape of normed linear spaces by introducing the
innovative concepts of soft 2-NDLS and soft n-NDLS. This extension transcends the boundaries
set by the conventional notion of a norm, allowing for a more encompassing framework to tackle
uncertainty within normed spaces.

Furthermore, we have addressed the critical topics of convergence and completeness within
the context of soft n-NDLS. These discussions lay the foundation for a deeper understanding of
the behavior and properties of spaces equipped with a soft norm, offering valuable insights for
both theoretical explorations and practical applications.

By unifying and extending existing theories, we have endeavored to provide a versatile
mathematical framework capable of addressing the diverse challenges posed by uncertainty.
The integration of soft norms with normed spaces opens up new avenues for research in various
domains, from optimization to decision-making in complex, uncertain environments.

In conclusion, the introduction of soft 2-NDLS and soft n-NDLS, equipped with the notion
of a soft norm, marks a significant advancement in the field of uncertainty modeling. This
framework not only enriches the theoretical underpinnings of normed spaces but also offers
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practical tools for navigating uncertainty in a wide range of applications. We anticipate that
this work will serve as a catalyst for further exploration and innovation in this burgeoning area
of study.
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