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1. Introduction

K-homology is the homology theory dual to topological K-theory.

A geometric model for K-homology was introduced by Baum-Douglas (see [1]), and proved to be
an extremely important tool in index theory and physics (see [5]). Motivated by generalizing the
pairings between K-theory and K-homology to the case of R/Z-coefficients, Deeley defined in [2]
a model for geometric K-homology with R/Z-coefficients using approach of operators algebras.

Let X be a finite CW-complex and N be a I -factor. A cycle in the Deeley R/Z-K-homology (which
we call R/Z-K-cycle) over X is a triple (W,(H e, a)(VH’VE),g) where W is a smooth compact Spin®-
manifold, H is a fiber bundle over W with fibers are finitely generated projective Hermitian
Hilbert N-modules, with a Hermitian connection V| ¢ is a Hermitian vector bundle over oW
with a Hermitian connection V¢, « is an isomorphism from H|sw to e®N, and g: W — X is
a continuous map. The Deeley R/Z-K-homology group K.(X,R/Z) is the quotient of the set of
isomorphism classes of R/Z-K-cycles over X by the equivalence relation generated by bordism
and vector bundle modification (Definition 3.6).
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On the other hand, we defined in [3] the differential K-homology group K,(X) of a smooth
compact manifold X. A cycle in K,.(X) is called a differential K-cycle over X and consisting
of a pair ((M,EVE,f),(p) of a cycle of Baum-Douglas (M,EVE,f) over X and a class of
currents ¢ € f?nggg A flat differential K-cycle is a differential K-cycle (M ,EVE, f,®) such that
0p = [3; TA(VM)ch(VE)f*.

The flat differential K-homology group K ﬂ: (X) is the subgroup of K, (X) consisting of classes of
flat differential K-cycles over X, and then fits into the exact sequence

0 — Kl(X)—— K.(X) — Q%X) —= 0 ,

where Q%(X) denotes the group of closed continuous currents whose de Rham homology class
lies in the image of the geometric Chern character.

In this paper we show that the groups K.(X,R/Z) and K f _,(X) are isomorphic.

2. The Functor K/

For the benefit of the reader, we recall the construction of flat K-homology groups defined in [3].
Let E be a smooth Hermitian vector bundle over a smooth compact manifold M with a Hermitian
connection V. The Chern character form of V is given by

2

-V
ch(V):=Tr (em).
It is a closed real-valued form on M, and then defines a class in the de Rham cohomology of M.

2k : 1 R :
Let chy(V) € Q%*(M,R) with chy(V):= £ Tr|(3% ) |. It is obvious that

2in

ch(V)=Y_ chp(V).
k=0

If V1 and Vg are two Hermitian connections on E, there is a canonically-defined Chern-Simons

odd
class CS(V1,Vg) € ?mgﬁ%) (see [4]) such that

dCS(Vl, Vg) = Ch(vl) - Ch(Vz).

If M is an n-dimensional smooth Spin‘-manifold and V¥ is the Levi-Civita connection on M,
the todd form of V¥ is the closed form defined by

Td(VM) = |det

where L is the Hermitian line bundle associated with the Spin®¢ structure on M and VZ is the
induced Hermitian connection on L.

In all the following, we denote by X a smooth compact manifold.
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Definition 2.1. A flat differential K-cycle over X is a quadruple (M,E VE, f,®) consisting of:

e A smooth closed Spin®-manifold M,
A smooth Hermitian vector bundle E over M with a Hermitian connection VZ;
e A smoothmap f: M — X;

¢ A de Rham homology class of continuous currents ¢ € :

o = f Td(VM)eh(VE)f*.
M

Q.(X)

@) with

There are no connectedness requirements made upon M, and hence the bundle E can have
different fibre dimensions on the different connected components of M. It follows that the
disjoint union,

ME”, f,o)u ML E” ) :=MuM ,ELE" " fuf o+,
is a well-defined operation on the set of flat differential K-cycles over X.

A flat differential K-cycle (M ,EVE, f,®) is called even (resp. odd), if all connected components of

1 3 odd( ) eVen(X)
M are of even (resp. odd) dimension and ¢ € g0 (resp. p € “mad) ).

There are several kinds of relations involving flat differential K-cycles.

Definition 2.2 (Isomorphism). Two flat differential K-cycles (M,E VE, f,¢) and (M’ E’ v 00
over X are isomorphic if there exists a diffeomorphism A : M — M’ such that

* h preserves the Spin®-structures;
° h*El =~
* the diagram

h
M ——
N

f/
X

Ml

commutes;
* p-g'=
E by the natural projection p : M x [0,1] — M given by B =(1—t)VF + th*VE 4 dt%.

f Td(VM 0 h(B)(f o p)* | where B is the connection on the pullback of
Mx[0,1]

The semigroup for the disjoint union of isomorphism classes of flat differential K-cycles over X
will be denoted by C.(X).

Definition 2.3 (Bordism). Two flat differential K-cycles (M, E vE ,f,¢) and (M',E v ,f',¢) over
X are said to be bordant if there exist a smooth compact Spin¢-manifold W, a smooth Hermitian

vector bundle € over W, and a smooth map g: W — X such that

MuM" EUE™ £ UF) = OW, T glow)

Commaunications in Mathematics and Applications, Vol. 5, No. 2, pp. , 2014



76 An Explicit Isomorphism in R/Z-K-Homology: A. Elmrabty and M. Maghfoul

and
G = [ f Td(vW)ch(V)g* |,
w
where M'~ denotes M' with its Spin®-structure reversed (see [1]).

Let (M ,EVE, f,¢) be a flat differential K-cycle over X and V be a Spin©-vector bundle of even
rank over M with an Euclidean connection V. Let 137 denote the trivial rank-one real vector
bundle over M. The direct sum V & 1;; is a Spin©-vector bundle, and moreover the total space
of this bundle may be equipped with a Spin®-structure in a canonical way. This is because its
tangent bundle fits into an exact sequence

0—-n"[Velyl-T(Vely)—a[TM]-0

where 7 is the projection from V & 1, onto M.

Let us now denote by M the unit sphere bundle of the bundle V & 1;;. Since M is the boundary
of the disk bundle, we may equip it with a natural Spin¢-structure by first restricting the given
Spin¢-structure on the total space of V & 1, to the disk bundle, and then taking the boundary
of this Spin®-structure to obtain a Spin®-structure on the sphere bundle.

Denote by S :=S_& S, the Zs-graded spinor bundle associated with the Spin®-structure on the
vertical tangent bundle of M carring with a Hermitian connection VS := VS- @ VS+ induced by
VY. Define V to be the dual of S, and V" to be the Hermitian connection on V induced by V5+.

v en*vE

We obtain that the quadruple (M,V @ n*E ,f om,¢) is a flat differential K-cycle over X.

Definition 2.4 (Vector bundle modification). The modification of a flat differential K-cycle
M ,EVE, f,¢) associated to a Spin®-vector bundle V of even rank over M carring with an
Euclidean connection V" is the flat differential K-cycle

~ A v v
M, VernE "V  fomd).
We are now ready to define the flat differential K-homology group K f (X).

Definition 2.5. The flat differential K-homology group K f (X) is the quotient of C,(X) by the
equivalence relation ~ generated by

() direct sum: (M,EY",£,6)u(M,E™" £,¢')~ (M, E&E" " £, +¢));
(i) bordism;
(iii) vector bundle modification.
The class of a flat differential K-cycle (M,EY", f,¢) in K’ (X) will be denoted by [M,E"", f,¢1.
The neutral element of K'f:(X) is [@, ®,®,0], and the inverse of a class [M,EVE,f,qh] (e K’f(X))
is [M~,EV",f,~¢l.
Since the equivalence relation ~ preserves the parity of flat differential K-cycles, this gives a

Zs-gradation of K f (X):

Kl(X) =Kl (X e K] (X,

where ngen(X ) (resp. K (’: 44(X)) is the subgroup of K f: (X) consisting of classes of even (resp.
odd) flat differential K-cycles over X.
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3. The Deeley Model for R/Z-K-Homology

In this section we recall the Deeley construction of a model for R/Z-K-homology (see [2]).
In all the following, we denote by N a II;-factor and 7 a faithful normal trace on N.

Definition 3.1. An R/Z-K-cycle over X is a triple (W,(H, e, a)(VH’vE),g), where

e W is a smooth compact Spin®-manifold,;

H is a fiber bundle over W with fibers are finitely generated projective Hermitian Hilbert
N-modules, with a Hermitian connection V¥ ;

* ¢ is a Hermitian vector bundle over 0W with a Hermitian connection V¢;
* « is an isomorphism from H|sw to e® N;
e g:W — X is a smooth map.

An R/Z-K-cycle (W,(H ¢, a)(VH’VE),g) is called even (resp. odd), if all connected components of W
are of even (resp. odd) dimension.

The addition operation on the set of R/Z-K-cycles is defined using disjoint union operation.

Two R/Z-K-cycles over X are isomorphic if there are compatible isomorphisms of all of the above
three components in the definition of R/Z-K-cycle.

The semigroup of isomorphism classes of R/Z-K-cycles over X will be denoted by I'.(X).

Definition 3.2. A bordism of R/Z-K-cycles over X consists of the following data:

e 7 is a smooth compact Spin®-manifold;

e W c0Z is a regular domain;

* V is a fiber bundle over Z with fibers are finitely generated projective Hermitian Hilbert
N-modules, with a Hermitian connection VY, and 9 is a Hermitian vector bundle over
0Z —int(W) with a Hermitian connection V? such that V16z—intcw) é deN;

* h:Z — X is a smooth map.

Here, a regular domain W of 0Z means a closed submanifold of 0Z such that int(W) # ¢ and
if x € 0W, then there exists a coordinate chart v : U — R” centred at x with y(WnU)={(y;) €
wy(U) | yn =0}

The boundary of a bordism (Z,W,(V, 9, )" V", k) is the R/Z-K-cycle

oz, W,(v,0,0 . h):= W, VIw,0low, B """ hlw).

Remark 3.3. If (Z,W,(V, 9,5 V", k) is a bordism, then (0Z — int(W),9"", hlaz—inw)) is a

chain of Baum-Douglas with boundary (GW,f)Igs‘,laW,hlaW).

Definition 3.4. Two R/Z-K-cycles (Wo,(Ho,e0,a0)™ V), go) and (Wi, (Hy,er,a)™ Y, g1)
are bordant if there exists a bordism ¢ such that (Wy,(Ho, o, @0)Y V'), go)U
(W] ,(Hy,e1, al)(VHI’VSI),gl) is isomorphic to 4¢.

Remark 3.5. If (M ,EVE, f) is a cycle of Baum-Douglas over X, then its associated R/Z-K-cycle
(M,(E® N,QS,QS)(VE’@), f) is bordant to the trivial R/Z-K-cycle, where a bordism is given by
(M x[0,11,M,(p)E ® N,E)(p&VE’vE),f opuy) with pyr: M x[0,1] — M is the natural projection.
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The vector bundle modification of an R/Z-K-cycle can be defined in the same way as the vector
bundle modification of a flat differential K-cycle.

Definition 3.6. The Deeley R/Z-K-homology group K .(X,R/Z) is the quotient of I'.(X) by the
equivalence relation generated by bordism and vector bundle modification.

K.(X,R/Z) is Z9-graded by the parity of R/Z-K-cycles.
Note that if X is a smooth compact Spin-manifold, the group K.(X,R/Z) is isomorphic to the

Kasparov group KK* 1(C(X),%;) where %, is the mapping cone of the inclusion i :C — N ([2,
Theorem 3.10] together with [2, Theorem 5.2]).

4. The Isomorphism K.(X,R/z)= K!_(X)

Recall that the geometric K-homology group of X is denoted by K&°°(X).
Following the exact sequence in [3, p. 7] together with the fact that the geometric Chern
character Ch, : K5°°(X) — H9E(X) is rationally injective, K f: (X) fits into the exact sequence

*+1

HdR X 5 )
L) e gr ) L @E(x) 0

where .7 (K%°°(X)) is the torsion subgroup of K8°°(X), i is the forgetful map, and a is the map
which associates to each ¢ € Hffl(X) the class [@,9,9,¢] € K’f:(X).

Now, note that from [2] and [6], an element in the Kasparov’s group KK*(C(X),N) can be
described by a geometric cycle of the form (M,H VH,f ) where M is a smooth closed Spin®-
manifold, H is a fiber bundle over M with fibers are finitely generated projective Hermitian
Hilbert N-modules, with a Hermitian connection V¥, and f: M — X is a smooth map.
KK*(C(X),N) is a model for the real K-homology of X ; an isomorphism between K SOX)eR
and KK*(C(X),N) is given at level of cycles by

VMLEY f),0):=M,E®p,N*Y" f1,

where p; € M,,(N) is a projection with 7(p;) =¢.
Define a homomorphism Ch; . : KK*(C(X),N) — HIE(X R) by setting

Che [M,HY" f1:= [ f Td(VM)ch (V|
M

_yH?
where ch,(VT):=(1® Tr)(e;—n) € Q%*(X,R). It fits into the commutative diagram

K¥°X)eR

Ch,.

HE(X,R) —— KK*(C(X),N)

where CA® : K8°(X) ® R — HE(X,R) is the Chern character.
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Denote by 6§’ : KK*(C(X),N) — K.(X,R/Z) the homomorphism given at the level of N-K-cycles
by

§'M,H" f):=IM,H,2,0" 2, f],

and § =8 ov:K8°X)oR — K.(X,R/Z). Let e K&°(X) — K&°(X) ® R be the homomorphism
given by

WM,EY f1:= (M,EY", £1,1).
By Remark 3.5, § induces a well-defined homomorphism from coker(u) to K.(X,R/Z).
Theorem 4.1. The groups K.(X,R/Z) and K f _,(X) are isomorphic.

To prove the theorem, we need the following lemma:

Lemma 4.2. The following sequence is exact:
0 — coker() > K.(X,R/Z) % T (KE/(X)) — 0,

where the map 0 sends an R/Z-K-cycle (W,(H,s,a)(vH’Vg),g) to (GW,evg,glaW).

Proof of Lemma 4.2. 1t is clear that 0 is compatible with the relation of vector bundle
modification. Compatibility with the relation of bordism follows from Remark 3.3.

Surjectivity of 6. For [M ,EVE, fle 7(K8°(X)), there exist a positive integer % and a chain of
Baum-Douglas (W,ﬁvﬁ,g) over X such that

h 9
(M,EE*Y" )= (OW, 0157 glow).
If we denote by a : 0OW — M and B : 9lsw — ka*E the isomorphisms induced by %, then
W, 9eN,a*E,f® 1)(Vﬂ’“*VE),g) is an R/Z-K-cycle over X such that
Bel
Now®N = a*E®EN=a*E®N,
and satisfies

[OW, (0N, e E, o 1)V @V g)=0=[M,EVfl.

Injectivity of 6. Let (M ,EVE,f ) be a cycle of Baum-Douglas over X and ¢ € R such that
6([M,EVE,f],t) is the trivial element. There exists a bordism (Z,W,(V,ﬁ,ﬁ)(vv’vﬂ),h) over X
such that:

oz, W,(V, 0, By := (W, (VIw, 0low, B "V ki)
= (M,(E®p;N",5,8)"" 2 f).
Since

0Z, V152" 1% h137) = 0Z - W,98NY", Rloz—w) U (W, VIw" ¥, hlw),
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(Z,Vvv,héis a bordism in KK*(C(X),N) between the N-K-cycles v((0Z - W, ﬁvﬁ,glaz_w), 1) and
v((M~,EV",f),t). It follows that

(~IM,EY" ,f1,t) = p(10Z - W, 8", hlaz—w),

and then ([M ,EVE, f1,t) determines the zero element in coker(u).
In view of cycles of Baum-Douglas are without boundaries, the composition 00§ is zero.

It remains to show that Ker(d) < Img(6). Let (W,(H ,e,a)(vH’vg),g) be an R/Z-K-cycle over X
with (OW,EVE,gIaW) is t})g boundary of a chain of Baum-Douglas (Z ,FVF,h). Form the closed
smooth Spin® manifold W := W Usw=4z Z . Denote that the fiber bundles and differentiable maps

are compatible with the isomorphism oW = dZ. Hence, we can form the N-K-cycle W, VVV, §)
with

V =HUsw=oz (FoN), V¥V =V Ugy=gz VI
and
J=8Usw=oz h.

It determines a class in the KK-group KK*(C(X),N). We first show that there exists a bordism
between 8'(W, V", j) and (W,(H,e,a)V" V), g). This is given by the following quadruple

(W x[0,1, WL W,(p*V,F)®"V"V) jop),

where p: W x[0,1] — W is the natural projection.

Since KK*(C(X),N) = K%°(X)® R and from the definition of &, there exist [M,E"", 1€ K%°(X)
and ¢ € R such that

SUM,EY" ,f1,t)=6'IM,E® p,N"Y", f]
— &' W, vV, j]
= (W, (H,e,a)"""), gl. O

Proof of Theorem 4.1. Using Remark 3.3, the Atiyah-Singer index theorem on even spheres
and the commutative diagram in page 9 relating Ch, . and Ch®, we obtain that the map

y:K.(X,R/iZ) - K_(X) given by

VW, (H, e, )" %), g1 = [aw,evg,gmw, [ fW Td<vW>chT<vH>g*]

is a well-defined homomorphism. The theorem results from the commutativity of the following
diagram together with the five-lemma:

0 —— coker(u) 2 K.(X,R/Z) . T(KE* (X)) — 0

*—1
Xj O \Y O
a

dR o i
ThD K (X) —~ K (X) — 0
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where y is the homomorphism induced by Ch®, which is obviously an isomorphism.

It is evident that i oy =4d. It remains to show that yod =aoy.
Let [M,EY", fle K%°(X) and t € R. We have

YOUAM,EY" ,£1,6) = y(IM,(E ® p:N",,0)7"? 1)

= [@7@7@7

f Td(vM)ch,(vE%N)f*”
M

?,9,9,

T(pt)f Td(VM)ch(VE)f*”
M

= a(y(IM,EY", f1,1).

This finishes the proof. O
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