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Abstract. The study of R-complex Finsler spaces with an (a, f)-metric is a fundamental problem

in Finsler geometry. In this paper, we introduce the concept of R-complex Finsler spaces with a
generalized Kropina metric given by F = “m,: " We derive explicit formulas for the fundamental metric
tensor fields g;; and g;;, as well as their determinants and inverse tensor fields for this metric.
Additionally, we discuss various properties of non-Hermitian R-complex Finsler spaces with the

aforementioned metric.
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1. Introduction

The notion of (a, f)-metric was introduced by Matsumoto [12]] as a generalization of the Randers
metric. This metric has found applications in various fields such as physics and biology, including
ecological spaces (Antonelli et al. [7], Shanker and Kushwaha [[17]]). Subsequently, Kropina [10],
Matsumoto [[11]], and Shen and Yu [18]] have extensively studied and developed different types
of (a, f)-metrics, such as the Matsumoto metric, exponential metric, Kropina metric, Einstein
metric, general (a, f)-metric, and Randers changed square metric, from different geometrical
perspectives.

Generalized Kropina metrics represent special cases of (a, f)-metrics. Both generalized
Kropina metrics and Kropina metrics have numerous applications in other scientific disciplines,
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including physics, irreversible thermodynamics, and electron optics with a magnetic field
(Ingarden [9], and Shibata [19]). These metrics are extensions or modifications of the original
Kropina metric and possess different conditions or additional geometric properties. The study
of generalized Kropina metrics has practical implications in fields like theoretical physics,
relativity theory, mechanics, and optimization problems. Understanding their properties
and behavior enables their application in specific contexts, providing tools for modeling and
analyzing physical systems or optimizing processes.

The theories of R-complex Finsler spaces are relatively new and were first introduced by
Rizza [15]. Munteanu and Purcaru [[14] extended the concept of complex Finsler spaces (Abate
and Patrizio [1], Aikou [2]], and Monteanu [13]]) and introduced another class of such spaces.
Aldea [_3]] investigated a specific class of complex Finsler spaces in two dimensions. Many
geometers, e.g., Aldea and Campean [4]], Aldea and Munteanu [5]], and Campean and Purcaru
[8] have made significant contributions to the study of R-complex Finsler spaces.

This paper builds upon ideas from real Finsler spaces with a generalized Kropina metric

and introduces a similar notion in R-complex Finsler spaces. We define this metric as

am+1

pm
where m # 0,—1. For the metric (1.1), we derive the fundamental metric tensor fields g;; and g; 75
their determinants, and the inverse tensor fields. Furthermore, we discuss various properties of
non-Hermitian R-complex Finsler spaces with the metric given in equation (1.1).

F=

(1.1)

2. R-complex Finsler Spaces

Let M be a complex manifold with complex dimension n, and let (z*) be local complex coordinates
in a chart (U, ¢). The holomorphic tangent bundle of M, denoted as 7'M, naturally possesses a
complex manifold structure with complex dimension 2n. In a local chart u € 7'M, the induced
coordinates are denoted as u = (z*,7*). The transformations of local coordinates in u are given
by the rules:

a 1k .
2=k, =T 2.1)
0z/

The natural frame { 325> o k} of T} (T"M) undergoes a transformation according to the Jacobian

matrix of equation (2.1), yielding:
0 02 0 9%Y , 0 0 027 0
92%  02* 029 o7k o’ onk  azk onl’

A complex non-linear connection, abbreviated as c.n.c., refers to a supplementary distribution
H(T'M) to the vertical distribution V(T'M) in T'(T'M ) The Vertlcal distribution is spanned
by {ank}’ and an adapted frame in H(T'M) is given by =2- 57 = E —N,i(%, where NJ are the
coefficients of the c.n.c. These coefficients follow a certain rule of transformatlon under 2.1),
ensuring that k transform like vectors on the base manifold M.

0 _ 0 - 0
az_k’6k_g>ak 0k’

as 0,;,6,5,6,; for their conjugates. The dual adapted basis of {§;,0;} is given by {dz*,én*
dnk +Nji?dzj}, and their conjugates are {dz*,57}.

To S1mphfy notation, we introduce the abbreviations: d; = as well
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Definition 2.1 ([14]). An R-complex Finsler metric on M is a continuous function F : T'M — R,
satisfying:
(i) L:=F? is smooth on T'M (except the 0 sections),
(i1) F(z,n) =0, the equality holds if and only if =0,
(i) F(z,An,z,An) =|AF(z,n,2,7), V¥V L€R.

Using assertion (i) and (iii) of Definition L is (2,0) homogeneous with respect to the real
scalars A:

L(z,An,2,A0) = A2L(z,n,2,7), A€R.

Definition 2.2 ([6]). An R-complex Finsler spaces with (a, 8)-metric is a pair (M,F'), where
the fundamental function F(z,n,2,7) is R-homogeneous by means of functions a(z,n,2,7) and

B(z,n,2,1m),
F(z,n,2,7) = F(a(z,n,2,10), B(z,1,2,7)), (2.2)

where
a’(z,n,2,1) = glain' ' +2a;;0'0 +an'n’) = Relayn'n’ +a;;0'0'),
1 : . .
B(z,n,z,1) = é(bml +b;7")=Re{b;n'},

with a;; = a;j(2), a;;= aiJ-(z) and b; = bi(2), bi(z)dz" is a (1,0)-differential form on complex
manifold M.

In the case, where a;; =0 and a; ;is invertible, the space is referred to as a Hermitian space.
On the other hand, if a;; = 0 and a;; is invertible, the space is termed a non-Hermitian space.
Indeed, the functions a and f exhibit homogeneity with respect to n and 7). This means that
a(z,An,z,A1) = Aa(z,n,2,7n) and B(z,An,z,An) = AB(z,n,2,7) for any A € R,. Furthermore, since
L possesses (2,0)-homogeneity with respect to A, we can derive the following inequalities using
the property of homogeneity [6]:
aLq+BLg=2L,
@Lqq+PLap=Lyg,
aLaﬁ +,3Lﬁﬁ :Lﬁ,

a?Lyq+2aBLop+ B?Lpp=2L,\ (2.3)
da ;, Oa _.
—N'+—7=a,
on’ on’
0 06 _.
_ﬁnl + Tﬁﬁj = :67
on’ on’
where
oL oL d’L d%L %L
Ly,=—, Lg=—, Ly,=——, Lgg=——, L, ,g=—.
““oa’ TPTap T T a2’ TPPTap2 TP 5468
We consider
0 1 : : 1 0 1
—a. = —(aijT]J +ai‘-17]J) =—1;, —ﬁ ==b;
ont 2a J 2a ont 2
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and
oL 0 oF
ni :—.:—.F2:2F—.:p0li+p1bi,
on* on' ont
where
Li=ayny +a;i, (2.4)
bl:aklbk+alkbk, (2.5)
1L, 1
=—— and p;=—=Lg. 2.6
po=5— and p1=5Lp (2.6)
Differentiating po and p; with respect to 1/, we get
0po
ﬁ =p-2lj+p-1b;,
0p1 _
i p-1li + pob;,
where
aLgq—Lg Log Lpp
g=———2 p_y= , =", 2.7
p-2 e p1= Ho=— (2.7)

The quantities p_2,p-1,p0,01, o are the invariants of the R-complex Finsler space with (a, B)-
metric (Sabau and Shimada [16]).
In [14], an R-complex Finsler space the following conditions hold:

anln +6_17]L17 - ’ gl]T] +gji17 _Wa
O, ;, FBikpi_o Ok, FBikpi_g
on/ on’ on’ on/
2L =g;m'n’ + g’ +28;m'

where
L L 4 gom 0L
gl_]_w’ gij_w and g;5= —

are the metric tensors of space.
Theorem 2.3 ([6]). The metric tensor fields of R-complex Finsler space with (a,3)-metric are
given by

gij=poaij+p-alilj+pobibj+p-1(b;l; +bil)),

&i;=poa;;j+p-2lil;+pobibj+p-1(b;li +b;l5), (2.8)
where the quantities p_2,p-1, 00,01, Lo are defined in the symbols of equations (2.6) and (2.7).

For obtaining the inverse and determinant of the tensor field g;;, one can follow the following

proposition:
Proposition 2.4 ([5]). Suppose

* (Q;;) is a non-singular n x n complex matrix with its inverse Q’Y);

* C,and C;:=C;, i=1,...,n, are complex numbers;
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°« Cl:= jSCj and C; are conjugates to each other; C? := CiC; = C_'iC;; H;;:=Q;;=C;C,.
Then
(i) det(H;;)=(1+C?)det(Q;)).

(ii) For 1+C? #0, the matrix (H;;) is invertible and its inverse is H'i=@Q)'F 1+102 Ccicy.

3. R-complex Finsler Space with Generalized Kropina Metric

An R-complex Finsler spaces (M, F), F is given by (2.2), is known as R-complex Finsler space
with generalized Kropina metric F. According to Definition [2.1(i), we have the following:

m+14\2
L(a,p) = ( B ) 3.1)
From equation (3.1), we get
_ 2(m+1)a?m*! _ 2(m+1)2m +1)a®" _ 4m(m+1a®m*
a = p2m » Laa= p2m ’ ap =~ p2m+1 ’
(3.2)
Loe 2ma?m+2? Lo 2m(2m + 1)a?m*2
B= _W’ Bp = ﬁ2m+2
Substituting Ly, Laa, Lg, Lgg, and Ly from above in the system of equations (2.3), we get
2m+2
(lLa+ﬁLﬁ = ﬁ2—m = ZL,
2(m + 1)a®m+!
aLqq+PLop = o =L,,

aLap+BLpp=Lg, a’Laq+2aBLap+B*Lpps=2L.

In the same way, one can verify the rest inequalities of the system of equations (2.3).
Now, using the equations (2.6), (2.7), and (3.2), we get

_(m+ 1a2m B ma?m+2 _ m(m+ 1)a2m—2
Po="gam > P1T " Tgmar > P27 g2m ’
3.3)
m(m + 1)a?™ m2m + 1)a?m*2
p-1= _W’ Ho = 2,52m+2

Proposition 3.1. The invariants of an R-complex Finsler space (M ,F), where F is generalized
Kropina metric, are given in the system of equations (3.3).

Now, using the invariants given in equation (3.3) and Theorem we get

(m+1)a®™ m(m + 1)a?m~2 m(2m + 1)a?m+2 m(m + 1)a®™
gij= ,32'” aij+ ‘52m lilj+ 2,32"“'2 bibj_w(bjli-i_bilj)a
(3.4)
(m+1)a®™ m(m + 1)a?m2 m(2m + 1)a?m+2 m(m +1)a®™
8ij = 'BZm a;;+ ﬁZm lilf + 2,32m+2 bibj - ﬁ2m+1 (bfli + bilf)'
(3.5)
The equations (3.4) and (3.5) can be written in the following equivalent forms:
gij:Po(aij—kllilj+k2bibj+k31]i1]j), (3.6)
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gij‘-:po(aij—kllilj‘-+kzbibj‘-+k31]ﬂ]]‘-), 3.7
where
klz_(2m+1) 2:m(4m+1)a2 oo B
a? 2m+1)p2 (m + Datm+2’

Theorem 3.2. Let us consider an R-complex Finsler space (M ,F), where F is the generalized
Kropina metric. The metric tensor fields associated with this space are given in equations (3.6)

and (3.7).

4. Non-Hermitian R-complex Finsler Space With Generalized
Kropina Metric
This section focuses on the analysis of the non-Hermitian R-complex Finsler space with the

generalized Kropina metric given in equation (1.1). In the case of a non-Hermitian R-complex
Finsler space where a;; =0, we will employ the following abbreviations:

i s Y= a1 k1] Jn J } 4.1)

bk = ajkbj, b= bkakl, 0= ajknjbk = lkbk, 1= ajili = Uj-
Now, let’s apply Proposition to the tensor field g;; defined in equation (3.6), and follow these
steps:

Step 1. Suppose Q;;j =a;j and C; = \/k1l;.
From our assumption, we get

Q' =d’,

C?=CiC' = Vkil; xQ" xCj=+k1l; xa’" x \/k1lj=k1 x1;a’']; = k1y.
Now, by applying Proposition [2.4, we get

det(HiJ-) = det(aij — kllilj) =(1- kly)det(aij) =11 det(aij), 4.2)
and, for 71 =1-k1y #0, H;j =a;;—k1l;l; is invertible and its inverse is given by:
= aji + —klnLnJ .

T1

Step 2. Suppose Qij = aij—kllilj and C; = v/ kob;.
Using the equations (4.3) and our supposition, we get

H (4.3)

QUi = gii 4 1T
T1
Using the previous equation and our supposition, we get

o  Rynind . k107!
Cl:Q”Cj:(a]l+—1_?ln )\/Ebj:(bu ITI" )\/k_

which implies

k162
szkz(w+ ! )

T1
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and
2

k10
1+02:1+k2(w+ !
T1

Now, by applying Proposition we get
Hij =a;j —kllilj +k2bibj
det(Hij) =T1T2 det(aij), 4.4)

and, for 72 and 71 # 0, the inverse of H;; exists and it is

) =719 (say).

i _ gt +{ﬁ _ OPRiks } i Rab'd Okiks(b'n’ +b/n') 4.5)
11 (11)%12 T2 T1T2
Step 3. Suppose Q;; =a;j—k1l;lj+kab;b; and C; = \/E’?i-
Using the equation and our supposition, we get
0 — g +{ﬁ _ 0%kTks } i k2b'b) Okika(bn/ +b/n')
11 (11)?12 T2 T1T2
Using the previous equation and our supposition, we get
C'=Mn' +Nb',
where
M={1+ﬁ—92k%k2} _Bkiky ka6 Bkikay (4.6)
71 (T1)?12 (11372 Ty T1Tp
which implies
C?2=(My+NO)WWks, 1+C?>=1+My+NOVks=13 (say),
and
C'C/ = M?n'nY + MN(b'n’ + b/n') + N?b'b/
Now, by using Proposition we get
Hij=a;j—k1l;lj+kab;bj+k3nn;, 4.7
det(H;;) = 117273det(a;;). (4.8)

Since for non-zero 7; (i =1,2,3), det(H;;) # 0. Therefore, the inverse of H;; exists and it is

iy k1 0°kTks ninj_kzbibf_Hklkz(binj+bjni)_M2ninj+MN(binj+bjni)+N2bibj
71 ‘L’%‘L’2 T2 T172 T3 )

(4.9
But g;; = poH,;, where H;; is given in the equation (7). Thus, g/! = p_loni and det(g;;) =
(po)" det(H;;). Using the equations (4.8) and (4.9), we get
1 [aji N {ﬁ _ 0%kThs }ninj Rabibl Okika(bind +bin)

Ji _

ol T1 1%12 T T1T2
M2nin/ + MN(b'rJ + b/n') + N2bib/
M (b'n n') (4.10)
73
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and
det(gij) =(po)" 117273 det(aij). 4.11)
Theorem 4.1. For a non-Hermitian R-complex Finsler space (M,F), where F is generalized

Kropina metric, we have
() the contravariant tensor g'* is given in equation (&.10).

(ii) det(g;;) is given in equation (4.11).

Now,
y+¥ =l +1m =aim'n' +azn'n’ =207, (4.12)
0+0=bn +b;1 =2p, §=0. (4.13)

Proposition 4.2. A non-Hermitian R-complex Finsler space (M,F), where F is generalized
Kropina metric, satisfies the properties given in equations (4.12) and (4.13).

5. Conclusion and Scope of Future Research

In conclusion, the investigation into R-complex Finsler spaces with a generalized Kropina metric,
represented by F = a;n: - , has provided valuable insights into the Finsler geometry. Throughout
this paper, we have successfully introduced and analyzed the fundamental metric tensor fields,
gij and g;5, for this metric. The derivation of explicit formulas for these tensor fields, along

with their determinants and inverse tensor fields, constitutes a significant contribution to

the understanding of R-complex Finsler spaces. Here results contribute significantly to the
foundational knowledge of R-complex Finsler spaces. The exploration of these spaces with the
given metric has enriched our knowledge of the interplay between geometry and algebraic
structures.

This study lays the groundwork for exciting future research in the field of Finsler geometry.
Moving forward, researchers can explore the behavior of R-complex Finsler spaces with the
generalized Kropina metric in higher dimensions, unraveling new insights. Investigating
practical applications of the derived metric tensor fields could lead to geometric solutions
applicable in physics and engineering. Further studies may focus on the curvature properties,
geodesic equations, and potential connections between R-complex Finsler spaces and other
mathematical structures. Exploring modifications to the given metric function and their impact
on geometric properties offers a promising avenue for future investigations. In summary, by
pursuing these research directions, scholars can contribute to a deeper comprehension of
R-complex Finsler spaces and their applications.

Acknowledgment

The authors appreciate and thank the anonymous referees for their necessary suggestions, and
valuable comments.

Commaunications in Mathematics and Applications, Vol. 15, No. 1, pp. , 2024



R-Complex Finsler Spaces With Generalized Kropina Metric: Renu and R. S. Kushwaha 251

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved
the final manuscript.

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

References

M. Abate and G. Patrizio, Finsler Metrics - A Global Approach with Applications to Geometric
Function Theory, Lecture Notes in Mathematics (LNM, Vol. 1591), Springer-Verlag, Heidelberg, ix
+ 182 pages (1994), DOI:|10.1007/BFB0073980.

T. Aikou, Projective flatness of complex Finsler metrics, Publicationes Mathematicae Debrecen 63(3)
(2003), 343 — 362, DOI:|10.5486/PMD.2003.2690.

N. Aldea, About a special class of two-dimensional complex Finsler spaces, Indian Journal of Pure
and Applied Mathematics 43 (2012), 107 — 127, DOI:|10.1007/s13226-012-0007-2.

N. Aldea and G. Campean, On some classes of R-complex Hermitian Finsler spaces, Journal of the
Korean Mathematical Society 52(3) (2015), 587 — 601, DOI: 10.4134/JKMS.2015.52.3.587.

N. Aldea and G. Munteanu, On complex Finsler spaces with Randers metric, Journal of the Korean
Mathematical Society 46(5) (2009), 949 — 966, DOI:|10.4134/JKMS.2009.46.5.949.

N. Aldea and M. Purcaru, R-complex Finsler spaces with (a, 8)-metric, Novi Sad Journal of
Mathematics 38(1) (2008), 1 — 9, URL: https://sites.dmi.uns.ac.rs/nsjom/Papers/38_1/NSJOM_38_1_
001_009.pdf.

P. L. Antonelli, R. S. Ingarden and M. Matsumoto, The Theory of Sprays and Finsler Spaces with
Applications in Physics and Biology, Fundamental Theories of Physics series (FTPH, Vol. 58),
Springer, Dordrecht, xv + 311 pages (1993), DOI: 10.1007/978-94-015-8194-3.

G. Campean and M. Purcaru, R-complex hermitian (a, 8)-metrics, Bulletin of theTransilvaniaU-
niversity of Bragsov 7(56)(2) (2014), 15 — 28, URL: https://webbut.unitbv.ro/index.php/Series_III/
article/view/1957/1678.

R. S. Ingarden, Information Geometry of Thermodynamics, in: Transactions of the Tenth Prague
Conference, Czechoslovak Academy of Sciences, Vol. 10A-B, J. A. Visek (editor), Springer, Dordrecht,
DOI:/10.1007/978-94-009-3859-5_44.

V. K. Kropina, On projective Finsler spaces with a certain special form, Naucn. Doklady vyss. Skoly,
fiz.-mat. Nauki 1959(2) (1960), 38 — 42.

M. Matsumoto, A slope of a mountain is a Finsler surface with respect to a time measure, Journal
of Mathematics of Kyoto University 29(1) (1989), 17 — 25, DOI: 10.1215/KJM/1250520303.

M. Matsumoto, Theory of Finsler spaces with (a, §)-metric, Reports on Mathematical Physics 31(1)
(1992), 43 — 83, DOI:10.1016/0034-4877(92)90005-L.

G. Munteanu, Complex Spaces in Finsler, Lagrange and Hamilton Geometries, Fundamental
Theories of Physics series (FTPH, Vol. 141), Springer, Dordrecht, xi + 228 pages (2004),
DOI:110.1007/978-1-4020-2206-7.

G. Munteanu and M. Purcaru, On R-complex Finsler spaces, Balkan Journal of Geometry and Its
Applications 14(1) (2009), 52 — 59, URL: http:/www.mathem.pub.ro/bjga/v14n1/B14-1-mu.pdf.

Commaunications in Mathematics and Applications, Vol. 15, No. 1, pp.[243 , 2024


http://doi.org/10.1007/BFB0073980
http://doi.org/10.5486/PMD.2003.2690
http://doi.org/10.1007/s13226-012-0007-2
http://doi.org/10.4134/JKMS.2015.52.3.587
http://doi.org/10.4134/JKMS.2009.46.5.949
https://sites.dmi.uns.ac.rs/nsjom/Papers/38_1/NSJOM_38_1_001_009.pdf
https://sites.dmi.uns.ac.rs/nsjom/Papers/38_1/NSJOM_38_1_001_009.pdf
http://doi.org/10.1007/978-94-015-8194-3
https://webbut.unitbv.ro/index.php/ Series_III /article/view/1957/1678
https://webbut.unitbv.ro/index.php/ Series_III /article/view/1957/1678
http://doi.org/10.1007/978-94-009-3859-5_44
http://doi.org/10.1215/KJM/1250520303
http://doi.org/10.1016/0034-4877(92)90005-L
http://doi.org/10.1007/978-1-4020-2206-7
http://www.mathem.pub.ro/bjga/v14n1/B14-1-mu.pdf

252 R-Complex Finsler Spaces With Generalized Kropina Metric: Renu and R. S. Kushwaha

[15] G. B. Rizza, Strutture di Finsler di tipo quasi Hermitiano, Rivista Di Matematica Della Universita
Di Parma 4 (2) (1963), 83 — 106, URL: http://www.rivmat.unipr.it/fulltext/1963-4/1963-4-083.pdf.

[16] V. S. Sabau and H. Shimada, Classes of Finsler spaces with (a, 8)-metric, Reports on Mathematical
Physics 47(1) (2001), 31 — 48, DOI:|10.1016/S0034-4877(01)90004-7.

[17] G. Shanker and R. S. Kushwaha, Nonholonomic frames for finsler spaces with a special quartic

metric, International Journal of Pure and Applied Mathematics 120(2) (2018), 283 — 290,
DOI: 10.12732/jpam.v12012.12.

[18] Z. Shen and C. Yu, On Einstein square metrics, Publicationes Mathematicae Debrecen 85(3-4)
(2014), 413 — 424, DOI: 10.5486/PMD.2014.6015.

[19] C. Shibata, On finsler spaces with kropina metric, Reports on Mathematical Physics 13(1) (1978),
117 — 128, DOI:|10.1016/0034-4877(78)90024-1.

Commaunications in Mathematics and Applications, Vol. 15, No. 1, pp.[243 , 2024


http://www.rivmat.unipr.it/fulltext/1963-4/1963-4-083.pdf
http://doi.org/10.1016/S0034-4877(01)90004-7
http://doi.org/10.12732/ijpam.v120i2.12
http://doi.org/10.5486/PMD.2014.6015
http://doi.org/10.1016/0034-4877(78)90024-1

	Introduction
	R-complex Finsler Spaces
	R-complex Finsler Space with Generalized Kropina Metric
	Non-Hermitian  R-complex Finsler Space With Generalized Kropina Metric
	Conclusion and Scope of Future Research
	References

