
Communications in Mathematics and Applications
Vol. 15, No. 5, pp. 1459–1467, 2024
ISSN 0975-8607 (online); 0976-5905 (print)
Published by RGN Publications http://www.rgnpublications.com

DOI: 10.26713/cma.v15i5.2381

Research Article

Existence of Solutions of Mixed Variational-like
Inequalities and Gap Functions
Tirth Ram* and Zeenat Bhagat

Department of Mathematics, University of Jammu, Jammu 180006, Jammu and Kashmir, India
*Corresponding author: tir1ram2@yahoo.com

Received: August 23, 2023 Accepted: December 28, 2023

Abstract. In this work, a gap function and an extended gap function are introduced, which gives
rise to an optimization problem formulation to mixed variational-like inequalities. Furthermore, a
convex lower bound to an extended gap function for Stampachhia and Minty mixed variational-like
inequality problems is developed. The results presented in this paper generalize some well-known
results of several authors, which play a significant role in the theory of variational inequalities.
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1. Introduction
The systematic study of variational inequality began in the early 1960’s with the influential work
of Hartman and Stampachhia [10], and Stampachhia [23,24] which has been used as an analytic
tool for solving a wide variety of problems in mathematical programming, including system
of nonlinear equations, optimization problems and fixed point theorems and many practical
problems related to equilibrium. Gap functions studied by Ansari and Yao [1], Auchmuty [2],
Gibali and Salahuddin [8], Hung et al. [11], Khaliq and Wu [13], and Wang et al. [26] play an
important role in transforming variational inequality problems into optimization problems.
The minimum gap function is a feasible approach for solving variational inequality problems.
Further, different classes of gap functions for variational inequalities were applied which are
known as primal (Larsson and Patriksson [14]), dual (Marcotte and Zhu [16]), regularized
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(Ansari and Yao [1], Zhu and Marcotte [28]), difference (Scarf [19], Yamashita et al. [27]) and
Giannessi’s [7]. In recent years, this theory has been extended to variational-like inequalities
and its many variants by numerous authors in different directions (see for example, Ansari and
Yao [1], Ding [5], Khaliq and Wu [13], Lescarret [15], Parida et al. [17], Siddiqi et al. [20,21],
Sonia and Sarma [22]). That is, the minimum of the non-differentiable preinvex functions on
the invex set can be characterized by a class of variational inequalities. The usual variational
inequalities formulation admits various modifications and extensions which can also be in
principle applied to economic equilibrium problems. Consider the mixed variational inequality
problem of finding a point u∗ ∈ K such that

〈F(u∗),u−u∗〉+Ψ(u)−Ψ(u∗)≥ 0, for all u ∈ K , (1)

where K is a nonempty convex set in the real Euclidean space Rn, F : K → Rn is a mapping,
Ψ : V → R is convex and V is a nonempty subset of Rn such that K ⊂ V . Problem (1) was
originally considered by Lescarret [15] and Browder [4] in connection with its applications
in mathematical physics and afterward studied by many authors (see for example, Baiocchi
and Capelo [3], Duvaut and Lions [6], Grad and Lara [9], Ruiz-Garzón et al. [18], Ullah
and Noor [25]). Motivated and inspired by the aforesaid work, the paper is devoted to study
gap functions and extended gap functions for Stampachhia and Minty mixed variational-like
inequalities.

The rest of the paper is organized as follows: In Section 2, we introduced the concept
of Stampachhia and Minty variational-like inequality problem and Stampachhia and Minty
mixed variational-like inequality problem. In Section 3, we establish a gap function for mixed
variational-like inequalities. Extended gap function for mixed variational-like inequalities is
discussed in Section 4.

2. Formulation and Preliminaries
Let K be a nonempty closed and convex subset of Rn and η(·, ·) : K ×K → Rn be a bifunction.
Let F : K →Rn be the mapping, then Stampachhia Variational Inequality Problem (for short,
SVIP) is the problem of finding u∗ ∈ K such that

〈F(u∗),u−u∗〉 ≥ 0, for all u ∈ K .

Minty Variational Inequality Problem (for short, MVIP) is the problem of finding u∗ ∈ K such
that

〈F(u),u−u∗〉 ≥ 0, for all u ∈ K .

Let Ψ : K → R be a mapping, then Stampachhia Mixed Variational-like Inequality Problem
(for short, SMVLIP) is the problem of finding u∗ ∈ K such that

〈F(u∗),η(u,u∗)〉+Ψ(u)−Ψ(u∗)≥ 0, for all u ∈ K .

Minty Mixed Variational-like Inequality Problem (for short, MMVLIP) is the problem of finding
u∗ ∈ K such that

〈F(u),η(u,u∗)〉+Ψ(u)−Ψ(u∗)≥ 0, for all u ∈ K .

Next we define two mappings e1, e2 : K →R as follows:

Communications in Mathematics and Applications, Vol. 15, No. 5, pp. 1459–1467, 2024



Existence of Solutions of Mixed Variational-like Inequalities and Gap Functions: T. Ram and Z. Bhagat 1461

For u ∈ K ,

e1(u)=max
v∈K

{〈F(u),η(v,u)〉+Ψ(v)−Ψ(u)}

and

e2(u)=max
v∈K

{〈F(u),η(u,v)〉+Ψ(u)−Ψ(v)}.

We also write

Γ(u)= arg max
v∈K

〈F(v),η(u,v)〉+Ψ(u)−Ψ(u∗). (2)

Further, we denote by sol(SMVLIP) (respectively, sol(MMVLIP)), the solution set of (SMVLIP)
(respectively, (MMVLIP)). If for all u,v ∈ K , η(u,v)+ η(v,u) = 0 and η(u,u) = 0, then u∗ ∈
sol(SMVLIP) (respectively, u∗ ∈ sol(MMVLIP)) if and only if, it is a global minimizer with
objective values zero of the function e1(u∗) (respectively, e2(u∗)).

Definition 1. The function F : K →Rn is said to be:
(i) Ψ-η-monotone on K if

〈F(u)−F(v),η(u,v)〉+Ψ(u)−Ψ(v)≥ 0, for all u,v ∈ K ,

(ii) Ψ-η-pseudomonotone on K if
〈F(u),η(v,u)〉+Ψ(v)−Ψ(u)≥ 0

=⇒ 〈F(v),η(v,u)〉+Ψ(v)−Ψ(u)≥ 0, for all u,v ∈ K ,

(iii) Ψ-η-strongly pseudomonotone on K with modulus α if there exists a positive constant α
such that

〈F(u),η(v,u)〉+Ψ(v)−Ψ(u)≥ 0

=⇒ 〈F(v),η(v,u)〉+Ψ(v)−Ψ(u)≥α∥u−v∥2, for all u,v ∈ K ,

(iv) Ψ-η-pseudomonotone + on K if, it is Ψ-η-pseudomonotone on K and
〈F(u),η(v,u)〉+Ψ(v)−Ψ(u)≥ 0, 〈F(v),η(v,u)〉+Ψ(v)−Ψ(u)= 0

=⇒ F(u)= F(v), for all u,v ∈ K .

Remark 2.1. Ψ-η-monotone, Ψ-η-pseudomonotone, Ψ-η-strongly pseudomonotone, and Ψ-η-
pseudomonotone+ maps reduces to monotone, pseudomonotone, strongly pseudomonotone, and
pseudomonotone+ provided Ψ= 0 and η(u,v)= u−v, for all u,v ∈ K , respectively.

3. Gap Function for Mixed Variational-Like Inequalities
In this section, gap functions for (SMVLIP) and (MMVLIP) are introduced.

Definition 2. A function f : K → R is known as gap function for (SMVLIP) (respectively,
(MMVLIP)) if and only if

(i) f (u)≥ 0, for all u ∈ K ,

(ii) f (u∗)= 0⇐⇒ u∗ ∈ sol(SMVLIP) (respectively, u∗ ∈ sol(MMVLIP)).

We note that if η(u,v) = u− v, for all u,v ∈ K , then e2, defined above is called dual gap
function associated with the (SMVLIP) and e2(u)= 〈F(v̄),u− v̄〉, where ū is any point in the set
Γ(u) (see Marcotte and Zhu [16]).

Communications in Mathematics and Applications, Vol. 15, No. 5, pp. 1459–1467, 2024



1462 Existence of Solutions of Mixed Variational-like Inequalities and Gap Functions: T. Ram and Z. Bhagat

Proposition 3.1. Let K be a nonempty convex subset of Rn, F : K → Rn be a function and
η(·, ·) : K ×K →Rn be a bifunction,

(i) If η(v,u) is skew symmetric, for all u,v ∈ K , that is, η(v,u)=−η(u,v), and η(u,u)= 0, then
e1 and e2, are gap functions for (SMVLIP) and (MMVLIP), respectively.

(ii) If F be an Ψ-η-pseudomonotone and hemicontinuous mapping, u 7→ 〈F(·),η(u, ·)〉 be a
convex mapping and η(u,u) = 0, for all u ∈ K , then sol(SMVLIP) = sol(MMVLIP). If, in
addition, we assume that η(v,u) is skew symmetric, for all u,v ∈ K , that is, η(v,u)=−η(u,v)
and F is Ψ-η-pseudomonotone+, then F is constant over sol(SMVLIP).

Proof. (i): This follows from the definitions.

(ii): sol(SMVLIP)⊆ sol(MMVLIP), follows from the Ψ-η-pseudomonotonicity of F . We show that
sol(MMVLIP)⊆ sol(SMVLIP).
Let u∗ ∈ sol(MMVLIP). Since K is convex, we have for u ∈ K , uλ =λu+ (1−λ)u∗, λ ∈ [0,1],

〈F(uλ),η(uλ,u∗)〉+Ψ(uλ)−Ψ(u∗)≥ 0. (3)

Since u 7→ 〈F(·),η(u, ·)〉 is convex and η(u,u)= 0, for all u ∈ K , we have

〈F(uλ),η(uλ,u∗)〉+Ψ(uλ)−Ψ(u∗)≤λ〈F(uλ),η(u,u∗)〉+Ψ(u)−Ψ(u∗). (4)

From (3) and (4), we have

〈F(u∗+λ(u−u∗)),η(u,u∗)〉+Ψ(u)−Ψ(u∗)≥ 0, for all u ∈ K .

Since F is hemicontinuous, we can allow λ→ 0+, to obtain u∗ ∈ sol(SMVLIP).
Now, let u∗

1 ,u∗
2 ∈ sol(SMVLIP). Since sol(SMVLIP)= sol(MMVLIP), we have

〈F(u∗
1 ,η(u∗

2 ,u∗
1)〉+Ψ(u∗

2)−Ψ(u∗
1)⇐⇒〈F(u∗

2 ,η(u∗
2 ,u∗

1)〉+Ψ(u2
∗)−Ψ(u1

∗)≥ 0. (5)

and

〈F(u∗
2 ,η(u∗

1 ,u∗
2)〉+Ψ(u∗

1)−Ψ(u∗
2)⇐⇒〈F(u∗

1 ,η(u∗
1 ,u∗

2)〉+Ψ(u∗
1)−Ψ(u∗

2)≥ 0. (6)

From (5) and (6), and the given condition, we have

〈F(u2
∗),η(u2

∗,u∗
1)〉+Ψ(u2

∗)−Ψ(u1
∗)= 0.

Since F is Ψ-η-pseudomonotone+ on K , we have

F(u1
∗)= F(u2

∗).

Proposition 3.2. Let u∗ ∈ sol(SMVLIP). If F is Ψ-η-pseudomonotone on K and assume that
η(v,u) is skew symmetric, for all u,v ∈ K , that is, η(v,u)=−η(u,v). Then, every u∗ ∈ sol(SMVLIP)
lies on the set

G∗ = {u ∈ K : 〈F(u∗),η(u,u∗)〉+Ψ(u)−Ψ(u∗)= 0}.

Proof. Since u∗, ū ∈ sol(SMVLIP), we have

〈F(u∗),η(ū,u∗)〉+Ψ(ū)−Ψ(u∗)≥ 0,

〈F(ū),η(u∗, ū)〉+Ψ(u∗)−Ψ(ū)≥ 0.

From Ψ-η-pseudomonotonicity of F , we have

〈F(ū),η(ū,u∗)〉+Ψ(ū)−Ψ(u∗)≥ 0,

〈F(u∗),η(u∗, ū)〉+Ψ(u∗)−Ψ(ū)≥ 0.
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From the given condition, we have

〈F(u∗),η(ū,u∗)〉+Ψ(ū)−Ψ(u∗)≤ 0.

Hence we conclude that ū ∈G∗.

Proposition 3.3. If F is Ψ-η-pseudomonotone+ and assume that η(v,u) is skew symmetric, for
all u,v ∈ K , that is, η(v,u)=−η(u,v), then for any u∗ ∈ sol(SMVLIP), F is constant and equal to
F(u∗) over Γ(u∗).

Proof. For every u∗ ∈ sol(SMVLIP) and ū ∈Γ(u∗), we have

〈F(ū,η(u∗, ū)〉 = 0.

Also, the given condition implies that

〈F(ū),η(ū,u∗)〉+Ψ(ū)−Ψ(u∗)= 0. (7)

Since u∗ ∈ sol(SMVLIP), we have

〈F(u∗),η(ū,u∗)〉+Ψ(ū)−Ψ(u∗)≥ 0. (8)

Since F is Ψ-η-pseudomonotone+ on K , from (7) and (8), it follows that

F(ū)= F(u∗).

Proposition 3.4. If F is Ψ-η-pseudomonotone on K , and for all u,v,w ∈ K , assume that η(v,u)
is skew symmetric, that is, η(v,u)=−η(u,v) and η(u,v)= η(u,w)+η(w,v). Then, sol(SMVLIP)=
Γ(u∗), for every u∗ ∈ sol(SMVLIP).

Proof. Let ū ∈ sol(SMVLIP). Then by Proposition 3.2, we have

〈F(ū),η(u∗, ū)〉+Ψ(u∗)−Ψ(ū)= 0, for any u∗ ∈ sol(SMVLIP),

which implies that ū ∈Γ(u∗).

Conversely, let ū ∈Γ(u∗), then we have

〈F(ū),η(u∗, ū)〉+Ψ(u∗)−Ψ(ū)= 0. (9)

Also from Proposition 3.3, we have

F(ū)= F(u∗). (10)

From (9) and (10), and the given condition, we have, for all u ∈ K ,

〈F(ū),η(u, ū)〉+Ψ(u)−Ψ(ū)= 〈F(ū),η(u,u∗)〉+Ψ(u)−Ψ(u∗)

+〈F(ū),η(u∗, ū)〉+Ψ(u∗)−Ψ(ū)

= 〈F(u∗),η(u,u∗)〉+Ψ(u)−Ψ(u∗)

≥ 0.

Hence ū ∈ sol(SMVLIP).

Remark 3.5. If η(u,v)= u−v and Ψ= 0, then the gap functions e1 and e2 collapses into the gap
function in [16].
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4. Extended Gap Function for Mixed Variational-Like Inequalities
In this section, a more general gap function is introduced by a function Ω(u,v) : K×K →R which
satisfies the following assumptions:

(i) Ω(u,v)≥ 0, for all u,v ∈ K ,

(ii) Ω(u,v) is continuously differentiable on K ×K ,

(iii) Ω(u,u)= 0 and ∇2Ω(u,u)= 0, for all u ∈ K ,

(iv) Ω(u,v) is strongly convex on K with respect to v, for all u ∈ K .
We define

e(u)=max
v∈K

{〈F(u),η(u,v)〉+Ψ(u)−Ψ(v)−Ω(u,v)}.

The inclusion of the term Ω(·, ·) was also discussed by Marcotte and Zhu [16] for (SMVLIP).
Next, we prove that e is a gap function for (SMVLIP).

Theorem 4.1. Suppose that Ω(·, ·) satisfies the assumption (i)-(iv). If η(·, ·) is affine in the first
argument and assume that η(v,u) is skew symmetric, for all u,v ∈ K , that is, η(v,u)=−η(u,v),
and η(u,u)= 0, then e is a gap function for (SMVLIP).

Proof. Assume that

h(u,v)= 〈F(u),η(v,u)〉+Ψ(v)−Ψ(u)+Ω(u,v). (11)

Since for all u,v ∈ K , η(u,v)+η(v,u)= 0, we have

e(u)=max
v∈K

{−h(u,v)}=−min
v∈K

h(u,v).

Since h(u,u)= 0, for all u ∈ K , we have min
v∈K

h(u,v)≤ 0, for all u ∈ K . Thus, we know that e(u)≥ 0,

for all u ∈ K . Assume that u ∈ sol(SMVLIP). By assumption (i), we conclude that

〈F(u),η(v,u)〉+Ψ(v)−Ψ(u)+Ω(u,v)≥ 0, for all v ∈ K ,

which implies that min
v∈K

h(u,v)≥ 0 or e(u)=−min
v∈K

h(u,v)≤ 0. Hence e(u)= 0.

Let us assume further that e(u)= 0. Therefore, min
v∈K

h(u,v)= 0, for all v ∈ K . Also, h(u,u)= 0,

u is a solution of the following optimization problem:

min
v∈K

h(u,v). (12)

Define a function

v 7→ f (v)= h(u,v), for all v ∈ K . (13)

Then from (11) and (12), we have that f is a convex and attains its minimum at u.
From [12, Theorem 3.4 and Theorem 3.8], the directional derivative of f exists and

f ′(u)(v−u)≥ 0, for all v ∈ K . (14)

As η(·, ·) is affine in the first argument, we have from (12) and (13),

f ′(u)(v−u)= 〈F(u),η(v,u)〉+Ψ(v)−Ψ(u)+〈∇2Ω(u,u),v−u〉. (15)

Therefore from (14) and (15), and assumption (iii), we have

〈F(u),η(v,u)+Ψ(u)−Ψ(v)≥ 0, for all v ∈ K .

Hence u ∈ sol(SMVLIP).
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In the following result, we establish a convex lower bound to the gap function e, which is an
extension of [16, Theorem 3.3] to the (SMVLIP).

Theorem 4.2. Suppose that u∗ ∈ sol(SMVLIP) and assume that η(v,u) is skew symmetric, for
all u,v ∈ K , and assumption (i)-(ii) are satisfied. We further suppose that the following conditions
are satisfied:

(i) F is η-strongly pseudomonotone with a modulus µ,

(ii) η(·, ·) is affine in the second argument, and η(u,u)= 0, for all u ∈ K ,

(iii) Ω(·, ·) is convex in the second argument and gradient of Ω(·, ·) with respect to the second
argument is Lipschitz continuous with a constant LΩ .

Then, there exists a positive constant α such that

e(u)≥α∥u−u∗∥2, for all u ∈ K .

Proof. Since u∗ ∈ sol(SMVLIP), we have

〈F(u∗),η(u,u∗)+Ψ(u)−Ψ(u∗)≥ 0, for all v ∈ K . (16)

As F is Ψ-η-pseudomonotone with modulus µ. Hence (16) implies that

〈F(u),η(u,u∗)〉+Ψ(u)−Ψ(u∗)≥µ∥u−u∗∥2, for all u ∈ K .

Let v = λu∗+ (1−λ)u, for 0 ≤ λ ≤ 1. Since Ω(·, ·) is convex in the second argument and its
gradient with respect to the second argument is Lipschitz continuous, we have

Ω(u,v)−Ω(u,u)≤ 〈▽2Ω(u,v),v−u〉
= 〈▽2Ω(u,v)−▽2Ω(u,u),v−u〉
≤ LΩ∥v−u∥2.

Since η(·, ·) is affine in the second argument, η(u,u) = 0, for all u ∈ K ,F is Ψ-η-strongly
pseudomonotone and Ω(·, ·) is Lipschitz continuous in the second argument, we have

e(u)≥ 〈F(u),η(u,v)〉+Ψ(u)−Ψ(v)−Ω(u,v)

=λ〈F(u),η(u,u∗)〉+Ψ(u)−Ψ(u∗)− (Ω(u,v)−Ω(u,u))

≥λ〈F(u),η(u,u∗)〉+Ψ(u)−Ψ(u∗)−LΩ∥v−u∗∥2

≥λµ∥u−u∗∥2 −LΩλ2∥u−u∗∥2

= (λµ−LΩλ2)∥u−u∗∥2.

Since the unconstrained maximum of (λµ−λ2LΩ) occurs at µ/2LΩ, we choose

λ=min{1,µ/2LΩ},

to obtain

e(u)≥α∥u−u∗∥2,

where

α=
{
µ−LΩ, if µ≥ 2LΩ,
µ2/4LΩ, otherwise.

Hence the result is proved.
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5. Conclusion
The article introduces two types of functions, namely gap function and an extended gap function
to find the existence of solutions of a class of mixed variational-like inequalities in the sense
of Stampachhia and Minty. Further efforts are required to explore several applications of
this kind of gap function to study these inequalities for the case of interval valued mapping
and convexificators in vector optimization and nonsmooth analysis in particular, which may
stimulate further research in this area.
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