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1. Introduction

Study of monotone nonexpansive mappings increase rapidly in past few years. The concept
of monotone nonexpansive mapping was introduced by Bachar and Khamsi [2] in 2015. They
proved existence of fixed points for semigroups of nonlinear monotone mappings acting in a
Banach vector space endowed with a partial order.

In 1953, Mann [12] introduced an iteration scheme known as Mann iteration, to approximate
fixed point of a mapping in the framework of Hilbert space as follows:
Let X be a Hilbert space and K be a non-empty closed convex subset of X. Let T: K — K be a
mapping, and {x;} be a sequence in K defined by

Xpi1 =0 —ap)xp+arTxp, forany k=1, (1.1)

where {a;} is a sequence in (0,1). Dehaish and Khamsi [4] established some convergence results
of Mann iteration in Banach space endowed with partial order relation.
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In the same year, Khamsi and Khan [6] introduced Krasnoselskii-Ishikawa iteration scheme
as follows:

Let K c L1([0,1]) be a non-empty closed and compact set, and T : K — K be a monotone
nonexpansive mapping. Let {x3} be a sequence in K defined by

Xp+1=apxp +(1—ap)Txp, foranyk=1,

where {a;} is a sequence in (0,1). They proved some convergence results of Krasnoselskii-
Ishikawa iteration scheme for monotone noexpansive mappings in L1([0,1]) space.

In 2016, Song et al. [14]] proved weak convergence of Mann iteration scheme for monotone
nonexpansive mappings in Banach spaces under some considerations. In 2018, Udiin et al. [[17]
proved convergence and A-convergence of Mann iteration for monotone nonexpansive mappings
in ordred CAT(0) space. In 2021, Kalsoom et al. [|8] proved some fixed point results for monotone
a-nonexpansive mapping and generalized f-nonexpansive mappings by using iteration scheme
(Kalsoom et al. [9]) in hyperbolic spaces.

Recently, Picard-Mann hybrid iteration scheme was introduced by Khan [[7] in 2013, in the
framework of Banach spaces as follows:

{xk+1 =Ty, (1.2)
yr=0—-ap)xp+apTx,, foranyk=1,
where {a.} is sequence in (0,1). The author proved that the iteration scheme is faster than
some well-known iteration schemes and also proved some convergence results for nonexpansive
type mappings.

Several generalizations of nonexpansive mappings were developed by many researchers and
it is still ongoing. The convergence results of iteration scheme in the framework of ordered
hyperbolic metric spaces for monotone (a, f)-nonexpansive mappings are discussed here and

also discussed some examples in support of main results.

2. Preliminaries

Let X be a non-empty set. A point x € X is called a fixed point of a mapping 7': X — X if T'(x) = x.
Throughout the literature F(T') denotes set of fixed points of T, i.e., F(T)={x € X : Tx = x}.
Note that a mapping T': X — X is called

(i) Lipschitz if d(Tx,Ty)<Ld(x,y), for all x,y € X, where L > 0.

@ii) Contraction if d(Tx,Ty)<Ld(x,y), for all x,y € X, where 0 <L <1.

(i1i) Nonexpansive if d(Tx,Ty) <d(x,y), forall x,y€ X and L=1.

In 2008, Suzuki [16] introduced a generalization of nonexpansive mappings which is called
condition (C) as follows:

A mapping T defined on a subset K of a Banach space X is said to satisfy condition (C), if
1
Ellx—Txll <lx—yl = ITx-Tyl <llx-yl, forx,yeK.

We can say that T is generalization of nonexpansive mapping in the sense of Suzuki. It is
obvious that every nonexpansive mapping satisfies condition (C), but the converse is not true.
Consider the following examples:

Commaunications in Mathematics and Applications, Vol. 15, No. 1, pp. , 2024



On Fixed Point of Monotone (a, B)-Nonexpansive Mappings in Ordered Hyperbolic. .. : K. Dewangan 83

Example 2.1. Let 7' :[0,2] — [0,2] defined by
0 2
Tx={" 7% 2.1)
2, x=2.

It is clear that T is a Suzuki nonexpansive mapping and also nonexpansive.

Example 2.2. Let X =R and K = [0, 3] is subset of X. Let d : X x X — R such that d(x,y) = |x—y|.
Clearly, (X,d) is metric space. Let T' be a mapping defined on K such that

_ {0, x €[0,2], ©.2)

4x-12, x€[0,2].

Then T is a Suzuki nonexpansive mapping. However, it is not a nonexpansive mapping.

In 2011, Aoyama and Kohsaka [1]] introduced a new type of nonexpansive mapping that
satisfies condition (C), known as a-nonexpansive mapping as follows:

Definition 2.1 ([1]). A mapping 7" : D(T') — R(T) is called a-nonexpansive if @ <1 and
ITx—Tyl? < @l Tx - yI* + allx = Tyl* + (1 - 20)]1x - y|*.
Definition 2.2 ([17]). Let K be a non-empty subset of an ordered metric space X. A mapping

T :K — K is said to be:
(i) monotone if Tx < Ty, for all x,y,e K with x <y,

(i1) monotone nonexpansive if T' is monotone and

d(Tx,Ty)<d(x,y), forallx,ye K withx=y,

(iii) monotone quasi-nonexpansive if 7' is monotone and
d(Tx,p)<d(x,p), forallxeK, peF(T).
Definition 2.3 ([13]). Let K be a non-empty closed subset of an ordered Banach space (X, <).

A mapping T: K — X is
(i) monotone a-nonexpansive if T' is monotone and for some a <1,

ITx—Tyl?<alTx-yI%+alx—Ty|?+ (1 -2a)|x—y|?, for all x,y € K with x < y,

(i1) monotone quasi-nonexpansive if T' is monotone, F(T) # @ and |Tx — p| < ||lx — p|| for all
peF(T)and xe K with x <p or p <x.

In 2017, Muangchoo-in et al. [13] introduced a new type of nonexpansive mappings known
as monotone (a, f)-nonexpansive mapping as follows:

Definition 2.4 ([13]). Let K be a non-empty closed subset of an ordered Banach space (X, <).
A mapping T : K — K is said to be monotone (a, f)-nonexpansive if 7' is monotone and

ITx - Tyl < all Tx - ylI* + Bllx— Tyl? + (A —(a+ B)lx - ylI%,
for all x,ye K withx <y, and a,f < 1.

Remark 2.1 ([13]). () If a = B, then a-nonexpansive implies (a, f)-nonexpansive mapping
and converse is true.
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(i1)) Every nonexpansive mapping is a 0-nonexpansive mapping and (0,0)-nonexpansive
mapping.
(iii) Every a-nonexpansive and (a,f)-nonexpansive mappings with F(T) # @ are quasi-

nonexpansive mappings.

Definition 2.5 ([10]). A hyperbolic space (X,d,W) is a metric space (X,d) together with a
convexity mapping W : X x X x[0,1] — X such that for all x,y,z€ X and 0,{ €[0,1], we have
1) du,W(x,y,0))<(1-0)d(u,x)+0d(u,y),

(i) d(W(x,y,0),W(x,y,0))=10—Cld(x,y),
(i) W(x,y,0)=W(y,x,1-0),
iv) d(W(x,z,0),W(y,w,0)) <(1-0)d(x,y)+0d(z,w).

Example 2.3. Let X =R be a Banach space. Let d : X x X — [0,00) be a mapping defined by
d(x,y) = llx—yl.

It is clear that d is metric on X. Let K =[0,1] be a subset of X. Further, define a mapping
W:X xX x[0,1] by

W(x,y,a)=ax+(1-a)y,
for all x,y € X and a €[0,1]. Then (X,d,W) is a hyperbolic space.

Definition 2.6 ([3]). A non-empty subset K of a hyperbolic space (X,d,W) is said to be convex,
if W(x,y,a) € K for all x,y € K and a €[0,1].

Definition 2.7 ([15]). A hyperbolic space X is said to be uniformly convex if for any r > 0 and
€ €(0,2], there exists a 6 € (0,1] such that for all x,y,z€ X,
dW(x,y,),2)= (-0,
provided d(x,z) <r, d(y,z)<r and d(x,y) = er.
Definition 2.8 ([8]). Let K be a non-empty subset of a hyperbolic space (X,d,W) and {x;}

be a bounded sequence in X. For x € X, there is a continuous functional r(-,{x;}) : X — [0,00)
defined by

r(x,{xz}) = limsupd(xz,x).
k—o00

The asymptotic radius r(K,{x}) of {x;} with respect to K is given by
r(K,{x;}) = inf{r(x,{xz}) : x € K}.

A point x € K is said to be an asymptotic center of the sequence {x;} with respect to K, if
r(x,{xz}) =inf{r(y,{xz}) : y € K}.

The set of all asymptotic centres of {x;} with respect to K is denoted by A(K,{x:}).

Remark 2.2 ([8]). A(K,{x:}) # ® and A(K,{x:}) has exactly one point if X is uniformly convex.

Definition 2.9 ([8]]). In hyperbolic space (X,d,W) an order interval is any of the subsets

[a,—»)={xeX:a=<xx} or (—,al={xeX:x=<a},
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for any a € X. So an order interval [x, y] for all x,y € X is given by

[x,y]={ze X :x <z =<y}
Remark 2.3 ([8]]). The order intervals are closed and convex.

Definition 2.10 ([15]). Let X be a hyperbolic space. A map 7 : (0,00) x (0,2] — (0,1] which
provides such a § = n(r,¢) for a given r > 0 and ¢ € (0,2] is known as a modulus of uniform
convexity of X. The mapping 7 is said to be monotone, if it decreases with r.

Lemma 2.1 ([11]). Let X be a complete uniformly convex hyperbolic space with monotone
modulus of uniform convexity 1. Then every bounded sequences {xp} in X has a unique asymptotic
center with respect to any non-empty closed convex subset K of X.

Lemma 2.2 ([5]]). Let (X,d,W) be a complete uniformly convex hyperbolic space with monotone
modulus of uniform convexity 1. Let x* € X and {t3} be a sequence in [a,b] for some a,b € (0,1).
If {xp} and {y.} are sequences in X such that limsupd(xp,x*) < c, limsupd(yz,x*) < ¢, and

k—o0 k—o0

lim d(tpxp + (1 —t3)ye,x*) =c, for some ¢ >0. Then lim d(xp,y) =0.
k—o0 k—o0

3. Main Results

Lemma 3.1. Let K be non-empty closed convex subset of an ordered hyperbolic metric space
(X,d,W). Let T : K — K be a monotone (a, §)-nonexpansive mapping with F(T) # @. Then
(1) T is monotone quasi-nonexpansive,

(ii) forall x,ye K, a,f<1with x=<y,

d2(Tx,Ty) < d?*(x,y) + ‘%gdz@x,x) + %d(Tx,x)[lald(x, y)+1Bld(Tx, Ty)].

Proof. From Remark [2.1], (a, f)-nonexpansive mapping with F(T) # @ is quasi-nonexpansive
mapping, hence for all p € F(T') and from definition of (a, f)-nonexpansive mapping, we have

d*(Tx,p)=d*(Tx,Tp)
< ad®(Tx,p) + Bd>(x, Tp) + (1 - (a+ B))d%(x, p)
< ad®(x,p) + pd(x,p) + (1 — (a + B))d?(x, p)
< d?x,p).
This implies that T' is monotone quasi-nonexpansive mapping with x < y.
We consider the following cases:
Case I: When 0 < a, <1, then
d*(Tx,Ty) < ad®(Tx,y) + Bd?(x, Ty) + (1 - (a + B)d>(x, y)
< ald(Tx,x)+d(x,y)I% + Bld(Tx,x) + d(Tx, Ty)1? + (1 —(a+ B)d?(x,y)
< ald?®(Tx,x)+d%(x,y) + 2d(x, y)d(Tx, x)] + Bld*(Tx, x) + d*(Tx, Ty)
+2d(Tx,x)d(Tx, Ty)l + (1 - (a + B))d*(x, y)
< (a+ B)dA(Tx,x)+(1— f)d*(x,y) + Bd*(Tx,Ty)
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+ 2d(Tx,x)ad(x,y)+ Bd(Tx,Ty)]

<d?%(x,y)+ —gdz(Tx x)+ iﬁd(Tx ©)[ad(x,y)+ Bd(Tx, Ty)].

Case II: When 0<a <1, $<0. Then
d*(Tx,Ty) < ad®(Tx,y) + Bd?(x, Ty) + (1 - (a + B)d>(x, y)
< ald(Tx,x)+d(x, )12 + Bld(Tx,x) — d(Tx, Ty)I? + (1 - (a + B))d2(x, )
< ald®(Tx,x) + d%(x,y) + 2d(x, y)d(Tx,x)] + Bld*(Tx,x) + d*(Tx, Ty)
— 2d(Tx,x)d(Tx, Ty)]1+ (1 - (a + B)d>(x, y)
<(a+ P)d*(Tx,x)+ (1 - B)d?(x,y)+ Bd*(Tx,Ty)
+ 2d(Tx,0)lad(x,y)— Bd(Tx,Ty)]

<d2(x y)+ - §d2(Tx x)+%d(Tx xlad(x,y)— Bd(Tx,Ty)l.

Case III: When a <0, 0< < 1. Then
d*(Tx,Ty) < ad®(Tx,y) + Bd?(x, Ty) + (1 - (a + B)d>(x, y)
< ald(Tx,x)— d(x,y)1? + Bld(Tx,x) + d(Tx, Ty)I? + (1 —(a + B))d?(x, y)
< ald*(Tx,x) + d%(x,y) — 2d(x, y)d(Tx,x)] + Bld*(Tx,x) + d*(Tx, Ty)
— 2d(Tx,x)d(Tx, Ty)]+ (1 - (a + B)d>(x, y)
<(a+ B)d*:(Tx,x)+ (1 - B)d?(x,y)+ Bd*(Tx,Ty)
+ 2d(Tx,x)—ad(x, y)+,3d(Tx Ty)]

< d?(x, y)+ 1= §d2(Tx x)+—'6d(Tx ;oOl—ad(x,y) + Bd(Tx, Ty)l.

Case IV: When a, 8 < 0. Then
dX(Tx,Ty) < ad®(Tx,y)+ pd?(x, Ty)+ (1 —(a+ B)d(x,y)
< ald(Tx,x) — d(x,y)]1? + Bld(Tx,x) — d(Tx, Ty)I* + (1 - (a + B))d>(x,y)
< ald*(Tx,x) + d*(x,y) — 2d(x, y)d(Tx,x)] + Bld*(Tx,x) + d*(Tx, Ty)
— 2d(Tx,x)d(Tx, Ty)]+ (1 - (a + B)d>(x, y)
<(a+ B)d*(Tx,x)+ (1 - B)d?(x,y) + Bd*(Tx,Ty)
+ 2d(Tx,x)—ad(x, y)—,Bd(Tx Ty)]

< d?(x, y)+ 1= gdZ(Tx x)+—ﬁd(Tx ,ol—ad(x,y) — Bd(Tx, Ty)l.

Hence, for all x,ye K, a ,6<1W1thx-<y,

d*(Tx,Ty) < d*(x, y)+ g d*(Tx, x)+—’3d(Tx 00 ald(x, y)+ 1 Bld(Tx, Ty)l. O

Lemma 3.2. Let K be a non-empty closed convex subset of an ordered complete hyperbolic metric
space (X,d,W). Let T : K — K be a monotone (a, f)-nonexpansive mapping with F(T) # @. Let
{xz} be a bounded sequence in K such that klim d(xp,Tx)=0. Then F(T) is closed.

—00
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Proof. Let {x;} be a bounded sequence in F(T') such that {x;} converges to some y € K. For
p € F(T) and using Lemma (3.1, we have

d(xp,Ty) <d(xp,Txp)+d(Txp,p)+d(p,Ty)
< d(xp, Txr) +d(xg,p)+d(p,y)
<d(xp,Txp)+d(xp,y).

Taking klim on both sides, we have
—00

klim d(xp,Ty)=0.
Hence F(T) is closed. O

Lemma 3.3. Let K be a non-empty closed convex subset of an ordered complete uniformly convex
hyperbolic metric space (X,d,W). Let T : K — K be a monotone nonexpansive mapping. Let {x}}
be a sequence in K defined by (1.2) with x1 € K such that x1 < Tx1. Then

(1) xp =yr <Txp, forany k=2,

(1) xp <xp41, foeany k=1,

(iii) xp < p provided that {x;} A-converges to p and p € K.

Proof. (i): We proceed by induction on K. Since x; < Tx; and ordered intervals are convex, we
have

x1=(1-ap)x1+a1Tx1 =Tx1=>x1=y1 <Tx1.

Hence induction is true for £ = 1. Now suppose that induction is true for £ = 2. Since x;, < T'x,
by convexity of ordered intervals, we have

xp=(A-ap)xp+apTxp <Txp = x <ypr <Txp.

Now x3, <yr = Txp < Ty =xp41,1.e., Txp <xpy1. Since yp < Txp <xp.1, we have x; <y, <xp41.
Since T is monotone, Ty, < Txp.1, i.e., x3+1 < Txp,1. Using the fact that ordered intervals
are convex, we have xz,1 <(1—api1)xp11+aps1Txp 11 <X Txp1 = X511 = Yp+1 = Txp.1. Hence,
xp <y < Txyp, for any & = 2.

(i1): Since x; < y; and T is monotone, we have
Txp <Typ, ie., Txp <xp.1.
Since x, < Txp, Txp < x1.1, by transitivity of order, we have x; <xp.1.

(iii): Suppose that {x;} A-converges to a point p € K. Since by (ii) xz < x3,1 for any £ =1,
{xz} is monotonically increasing and the order interval [x;,—) is closed, therefore p € [x;,—).
If p ¢ [x},—), then we can construct a subsequence {x},} of {x;} by leaving first m — 1 terms of
{xz}, and then the asymptotic centre of {x, } would not be p, which contradict that p is A-limit
of {xz}. O

Lemma 3.4. Let K be a non-empty closed convex subset of an ordered complete uniformly convex
hyperbolic metric space (X,d,W). Let T : K — K be a monotone nonexpansive mapping. Let {x}}
be a sequence in K defined by with x1 € K such that x1 < Txy. Let F(T) # @ with p € F(T)
such that x1 < p. Then

(i) xx =< p, forall pe F(T),
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(1) {xp} is bounded,

(iii) klim d(xp, p) exists, for all p e F(T).

Proof. (i): We proceed by induction on k. By assumption, x; < p, hence induction is true for
k =1. Now suppose that x; < p for £ = 2. Since T is monotone, we have Tx; < Tp = p. From
Lemma[3.3] y; < Tx, by convexity of ordered intervals, y, < p = Ty, < Tp, i.e., x+1 < p. Hence
xp < p for all p € F(T).

(i1): Since x; < p for all p € F(T'), hence {x} is bounded sequence in K.

(iii): Using Lemma 3.1, we have

d?(xps1,p) =d*(Ty;, Tp)

2
< d2(yp,p) + ‘I%ﬁdz(:rp,pn 5P, Plald (3, p) + 1Bd(T 31, T
<d*(y,p)
< d2(xk,p).

It conclude that {d(xf, p)} is monotonically decreasing sequence bounded below by zero, hence
]}im d(xp,p) exists, for all p € F(T). O
—00

Theorem 3.5. Let K be a non-empty closed convex subset of an ordered complete uniformly
convex hyperbolic metric space (X,d,W) with monotone modulus of uniform convexity 1. Let
T :K — K be a monotone (a, B)-nonexpansive mapping. Let {x;,} be a sequence in K defined by
with x1 € K such that x1 < Tx1 and x; < u, for some u € K. Then F(T) # @ if and only if
la}i—»nolod(xk’ Txk) =0.

Proof. Let F(T) # ¢ with p € F(T). As ]}ijgod(xk,p) exists for all p € F(T), so suppose that
;}Lrﬂlod(xk’p) =q.
If ¢ =0, by using Lemma [3.1] we have
d*(Txy,xp) <[d(Txp, p) +d(p, )1
< d*(Txp,p)+d*(p,xz) +2d(p,x1)d(Txz, p)
<4d?(p,x1).
Therefore, the result follows.
Suppose that ¢ > 0. As lgingod(xk,p) = gq, it follows that ligisgofpd(xk,p) <q. Also d(Txp,p) <
d(xp,p), this implies that limsupd(Tx;,p) < q. Now, for any sequence {¢;} in [§,1 - 6] for
0 €(0,1), we have foee

limsupd(tpxp +(1—t3)Txp,p) < tplimsupd(xy,p)+(1—tr)d(Txy,p)

k—o0 k—o0
<gq.
Hence, by Lemma [2.2] we have lim d(x,Txp) =0.

—00
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Conversely suppose that klim d(xp,Tx;) =0. Then there exists a subsequence say {xz,} of the
—00
sequence {x3} such that
lim d(xkn,Txkn) =0.
k—o0

Let By ={u € K : x; < u} for all £ € N. Clearly, By, is non-empty closed and convex. Define
o0
B* = ﬂ B;,.
k=1

Then B* is non-empty closed convex subset of K. Let u € B*, then x;, < u for all k. By
monotonicity of T', we have Tx;, < Tu and by transitivity of order, we have x;, < Tu, which
implies that T(B*)c B*.
Now consider a function r(,{xz,}) : B* — [0,00) generated by sequence {x;,} such that
r(u,{x;,}) =limsupd(xg,,u).
k—o0

Then, there exists a unique point v € B* such that

r(,{xz,}) = inf{r(u,{xz,}) :u € B*}.
By monotonicity of 7' we have

r(Tu,{xy,}) =limsupd(xg,,Tu).

k—o0
Using Lemma 3.1}, we have
2

1-p

+
d2(Txy, , Tv) < d2(xp, ,v) + ‘;—gd%Txkn,xkn) +
limsupd®(Txy, , Tv) <limsupd?(xy,, ,v).
k—o0 k—o0

This implies that r(T'v,{Tx;, }) < r(v,{xz, }).

d(Txy, ,xp Nlald(xg, ,v)+1ld(Tv, Txp, )],

Now
r(Tv,{Txy,}) < r(v,{xz,})
=  limsupd(Txg,,Tv) <limsupd(xg,,v)

k—o00 k—o0

limsupd(Txg,,x;,) +limsupd(xg,,Tv) <limsupd(xg,,v)

k—o00 k—o0 k—o0

limsupd(xg,,Tv) <limsupd(x, ,v)
k—o00 k—o00

=  r(Tv,{xg,}) =r(v,{xg, D).
Hence Tv = v, which implies that F(T) # ¢ . O

Theorem 3.6. Let K be a non-empty closed convex subset of an ordered complete uniformly
convex hyperbolic metric space (X,d,W) with monotone modulus of uniform convexity 1. Let
T :K — K be a monotone (a, )-nonexpansive mapping. Let {x;} be a sequence in K defined by
(1.2) with x1 € K such that x1 <Tx1. Let F(T) # @. Then {x3} A-converges to a unique fixed point
of T.

Proof. Let p € F(T). From Lemma the sequence {x;} is bounded and from Lemma (2.1
the sequence {x;} has unique asymptotic center, so suppose that A({x;}) = {x}. Since {x} is
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bounded sequence, so suppose that there are subsequences {x; } and {x } of {xz} A-converges
to some [ € K and m € K (refer Lemma [3.4) with x;, </ and x;, < m. From Lemma (3.4}
hm d(xk ,1) exists, and hm d(xk ,m) ex1sts From the Theorem hm d(xk ,Txp,)=0 and

hm d(xk ,Txp,)=0. We clalm that [ is a fixed point of T'. Using Lemma . we have

g d?d(xy,, Txy,)

dX(Txy,, T1) < d2(xy,, 1)+ — -

2
+ ﬁd (g, Txp,Mlald(xg,,l) +1Bld(Txp,, T)]

— 0ask — 0.

Since
r(Tl,{xy,}) =limsupd(xz,, T1)

k—oo

<limsupd(xy,,Txp,)+d(Txy,,T1)

k—o0

— 0 as k— oo
Hence r(T',{x},}) = 0. Now
d(l,Tl)=d(,xp,)+d(xp,, Txp,)+d(Txp,,T)
— 0 as k—oo.
Again
r(l,{xg,}) =limsupd(xy,,1)

k—oo0
— Qask—o0
= r(,{x,}H=0.
Hence, we conclude that r(T'l,{xy }) =r(l {x;, ) =Tl =1.

Similarly, we can prove that Tm = m. Therefore, [ = m. O

4. Numerical Example

Example 4.1. Let M = R with metric d defined by d(x,y) = |x — y| endowed with usual order
and B =[-3,3] be subset of M. Define F :[-3,3] —[-3,3] by

Tx = %, for any x € [-3,3].
To prove that T' is a monotone mapping. Consider the following two cases:
Case I: When x < y, let x = -3, and y € [-3,3], then Tx =2 <% =Ty, for all y €[-3,3].
Case Il: When y<x,let y=-3, and x €[-3,3], then Ty = —3 <% =Tx,for all x€[-3,3].

OQ\‘I
U)

Second, we prove that F is (0.5,0.5)-nonexpansive mapping.
dX(Tx,Ty)=|Tx Ty

x y|2

7T 7

1 2
—4—9|x—y|
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1 2
54_9d (x;y)?
49-4 49-4
ad2(Tx,y)+ﬂd2(x,Ty)+(1‘“‘ﬁ)d2(x’y)S'x|2( 9498a)+|y|2( 9498/3)
7-6a-6p
+2|x||y|(f

1
< 4—9[25|xl2 +25|y|% + 14|x|yI].

Now suppose that T is (0.5,0.5)-nonexpansive mapping, i.e.,
d*(Tx,Ty) < ad®(Tx, y) + d?(x, Ty) + (1 — a — f)d*(x,y)

X
- |x|2+|y|2+"2M ~0.

Since |x|2 + Iyl2 + @ > 0, for every x,y € [-3,3], hence we conclude that T is (a, f)-nonexpansive

mapping for « = 0.5, 5 =0.5.

5. Application in L,([0,1]) Space

Consider the space L1([0,1]) of real valued functions defined on [0,1] with absolute value
Lebesgue integrable, i.e., fol |f(x)ldx < co. Also, f =0 if and only if the set {x €[0,1]: f(x) = 0}
has Lebesgue measure 0. For any f € L([0,1]),

if1= [ | Felde
The ordered intervals having the form

[f,—)={geL1(0,1):f < g} or (—,fl={geL1([0,1D):g=f}.
Moreover

[f,gl=1{h e L1([0,1]): f =h =g} =[f,=)n(—,g]

is closed and convex.

Lemma 5.1. Let K be non-empty convex subset of L1([0,1]) space. Let T : K — K be monotone
nonexpansive mapping. Let {fr} be a sequence in K defined by (1.2) with fi € K such that
f1=Tf1. Then

Q) fo=2gr=Tfs, forany k=2,

(i) fr = fr+1, forany k=1

Proof. (i): Start with induction on K. Since f1 < T'f1, hence induction is true for 2 = 1. Now
suppose that f, < Tf}, for any k& = 2. Since the order intervals are convex, we have

R=2Q-ap)fr+arTfe=fr 28k =T
Since T is monotone, T'f;, < T'gy, i.e., Tfr =< fr+1. Since [, < Tfr = fr+1 = &k = fr+1- By
monotonicity of T, Tgr < Tfr+1= fr+1 =T [r+1-

(i1): By part (i), fr <gr = Tfr < Tg}p. By transitivity of order, 3 < fr.1. O
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Lemma 5.2. Let K be non-empty convex and compact subset of L1([0,1]) space. Let T : K — K be

monotone (a, B)-nonexpansive mapping. Let {f1,} be a sequence in K defined by (1.2) with f1 € K

such that f1 < Tf1. Then {fr} converges almost everywhere to some f € K and klim \fr—Tfl =0.
—00

Proof. Let {f;} be a sequence in K. Since K is compact, there exists a subsequence {f%,} of {f2}
converges almost everywhere to some f € K. Since the order intervals are closed, f € [fz,—),
ie. fr<f forall k=1, 1i.e., {f} converges almost everywhere to some f € K. Now suppose that
klggy | fr —Tfrll =s. Then obviously s = 0. If s # 0, then, since f1 < f, < f, for any k£ =1, hence f}

and f are comparable. Moreover, 0< fr, —f1=<f—f1=>Ifr —f1ll = IIf — f1ll. Now
1T frvn = Fell SNT fron —THN+ 1T f1 =T Rl + 1T fr — frl
S W frsn = fill+1f1=Fell + 11T fr = fr]
<2If - il +1Tfr — fl

Taking k& — oo, we have ||f; — f1ll <0, which gives a contradiction. Hence s = 0 and thus we have
result. O

Theorem 5.3. Let K be non-empty convex and compact subset of L1([0,1]) space. Let T : K — K
be monotone (a, B)-nonexpansive mapping. Let {f}} be a sequence in K defined by (1.2) with
f1 €K such that f1 < Tf1. Suppose that all conditions of Lemma 5.2 satisfies. Then T(f)=f.

Proof. Let f1 < Tf1. From Lemmal5.2] {fz} converges almost everywhere to f € K, where f;, and
f are comparable for any 2 = 1. Using Lemma 3.1, we have

\Tf =Tl < If-fal® + ‘%f;ank—fan " f—ﬁank—fk Iellf=FEl +1BITE=TF 11

— 0ask —oco.

Now
ITf=FI<ITf=Tfell+I1Tfe—frll+1fr =1l
— 0as k— oo,
which implies that ||f —Tf] = 0. 0O

6. Conclusion

Some convergence results are obtained for a sequence generated by Picard-Mann hybrid
iteration scheme for monotone (a, f)-nonexpansive mappings in the setting of ordered hyperbolic
metric spaces. The main results are justified by numerical examples. Also, an application in
L+([0,1]) space is also discussed.
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