Communications in Mathematics and Applications

Vol. 14, No. 2, pp. 2023 RGN

ISSN 0975-8607 (online); 0976-5905 (print)
Published by RGN Publications http://www.rgnpublications.com
DOI:110.26713/cma.v14i2.2303

| Research Article |

Some Applications of Soft 9-Closed Sets in Soft
Closure Spaces

S. Saleh*'2™ L aith R. Flaih'™ and Khalid Fadhil Jasim'

' Department of Computer Science, Cihan University-Erbil, Erbil, Iraq
2 Department of Mathematics, Hodeidah University, Hodeidah, Yemen
*Corresponding author: s_wosabi@yahoo.com

Received: June 14, 2023 Accepted: August 8, 2023

Abstract. This study aims to present some applications of the notion of soft d-closed sets in soft closure
spaces, which not only generalizes classical soft closed sets but also establishes a connection with soft
g-closed sets. We discuss their basic characterizations of these sets and examine their implications
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and S0-closed maps and present their various properties with some supported examples. Moreover,
we propose two separation properties, which utilize the notion of Sd-closed sets and explore their
characteristics.
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1. Introduction and Preliminaries

Soft sets(briefly, S-sets), first introduced by Molodtsov [18] in 1999, have since gained significant
attention in recent years due to their ability to model various types of uncertainty and vagueness.
Since then, many works have been published on S-sets and their applications in different fields
as in [1-3,5,/10]. Shabir and Naz [20] presented the notion of soft topological spaces. Gowri
et al. [11] proposed the structure of Cech soft closure space. Recently, Ekram and Majeed [8]]
defined and studied the notion of soft closure spaces (briefly, SC-spaces) as a generalization of
classical closure spaces proposed by Cech and Katétov [6].
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Closed sets play a crucial role in understanding the topological properties of a space.
Levine [[15]] proposed the concept of generalized closed sets(briefly, g-closed sets) in general
topology. However, the current literature on SC-spaces has mainly focused on the study of soft
closed sets(briefly, S-closed sets) and soft g-closed sets (briefly, Sg-closed sets). Kannan [|13]]
proposed the notion of Sg-closed sets in soft topology. The notions of g-closed sets and
g-continuous maps have been extended to closure spaces by Boonpok and Khampakdee [4], as
well as they are defined and studied the notion of d-closed sets in closure spaces. Then Gowri
and Jegadeesan [12] extended this notion to Cech soft closure space defined on S-sets. Recently,
Ekram and Majeed studied the concept of Sg-closed sets and S-continuous maps in SC-spaces
as in [9,(16]].

In the percent paper, we discuss and study the notion of soft 0-closed sets in SC-spaces,
that generalize traditional soft closed sets and bridge the gap between them and soft g-closed
sets. We discuss more characterizations and properties of them and their implications in the
context of SC-spaces. Further, we apply these sets to introduce the notion of Sd-continuous and
S0-closed maps. Some of their properties with many illustrate examples are presented. Finally,
we provide and discuss some new separability properties, called So-T 1 and So-T7 that utilize

the notion of soft d-closed sets. This study provides a deeper understandlng of the topological
properties of SC-spaces and contributes to the ongoing exploration of this area of study.

In all the study, U refers to an initial universe set, M is a set of parameters, 2U is the power
set of U, and (U, ¢, M) refers to the SC-space on U. In the next, we recall some concepts and
results about S-sets, for more details see [7,/14},17-19].

An S-set Hyr = (H,M) on U is a mapping H : M — 2U that is, Hy; can be defined as a set of
ordered pairs Hys = {(m,h(m)): m € M, H(m) € 2U}. The collection of all S-sets on U symbolized
by SS(U).

For two S-subsets Hy; and Gy in U, we have:

o If Him)= @ (resp. H(m) =U) for every m € M, then H}; is called a null (resp. universal)
S-set and symbolized by @ (resp. U).

* The relative complement Hj, of Hy where, H® : M — 2V is a mapping given by
H¢(m)=U - H(m) for every m € M. Clearly, (H},)° =

* Hjys is an S-subset of Gjs denoted by Hyr E Gy if H(m) < G(m) for each m e M.

* The union (resp. intersection) of Hy; and Gy is an S-set Kjs (resp. Fy) given by
K(m) = Him)UuG(m) (resp. F(m) = H(m)n G(m)) for each m € M and symbolized by
HjyuGys (resp. Hy G yy).

¢ The difference between Hy;, Gjs denoted by Hys — Gy, is an S-set given as F(m) =
H(m)—-G(m) for each me M.

For Hy; € SS(U), Y €U and u € U, we have:

e If H(m)={u} and H(m') = ¢ for every m' € M — {m}, then H); is called an S-point in Uy,
symbolized by u,,. We write u,,€Hy if for the element m € M, u € H(m). The family of all
S-points in Uy, is denoted by SP(U).
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* ueHy ifue Him) for every me M, and u ¢ Hy; if u ¢ H(m) for some m e M.
o If H(m) = {u} for every m € M, then H) is called an S-singleton point denoted by ;.
e V= (Y, M) refers to the S-set on U for which Y(m) =Y for all m € M, is called stable.

Definition 1.1 ([14]). Let SS(U) and SS(V) be two families of all S-sets on U, V respectively
and let ¥ : U -V and p : M — E be two maps, then the map f,, : SS(U) — SS(V) is
called a soft map(briefly, S-map). For Hy € SS(U), fup(Hpy) is the S-set on V given by
fup(Hpr)(e) = U{u(H(m)) : m € p~Ye)} if p~He) # @ and f,,,(Hp)(e) = @ otherwise for each e € E,
and for Gg € SS(V), f,;,l(GE) is the S-set on U given by fJ;(GE)(m) = u~HG(p(m))) for each
meM.

Definition 1.2 ([8]). A map ¢ : SS(U) — SS(U) is called a soft closure operator (briefly, SC-
operator) on U, if for any F'j; and Gj; € SS(U) the next conditions hold:

(i) &(@)=¢.

(i) Fy cc(Fy).

(iil)) Fy =Gy = c(Fy) Ec(Gy).

The triple (U,c,M) is called a soft closure space (briefly, SC-space). An S-set Fj; in
(U,c¢,M) is said to be a soft closed set (briefly, S-closed set) if Fys = ¢(F31). The complement of
any S-closed set in U is called a soft open set (briefly, S-open set). The set of all S-closed sets
(resp. S-open sets) in (U, ¢, M) is denoted by SCS(U) (resp. SOS(U)).

Definition 1.3 ([8]). For S-set Fj; in an SC-space (U,c,M). The interior of Fj; denoted by
int(Fyr) and given by int(Fyr) = (5(F]C‘4))C.

Definition 1.4 ([8]]). Let (U,c,M) be an SC-space and let Y < U, then ¢y : SS(Y) — SS(Y)
given by ¢y (Fy) = Y né(Fyy) is the relative SC-operator on Y. (Y,cy,M) is called a soft closure
subspace (briefly, SC-subspace) of SC-space (U,c¢,M). If Fr is an S-open set in (U,¢,M) and
(Y,cy,M) is an SC-subspace of (U,c, M), then Y nFy is an S-open set in (Y,cy,M).

Proposition 1.5 ([8]). Let {F;p;:i € J} be a class of S-sets in (U,c,M), then:
(1) UjegcFip) E cUieg (Fip)).
(i) c(MiegFip) E Niegc(Fipg).
Definition 1.6 ([9]). An S-map f,, : (U,c,M)— (V,u,E) is called:
(i) S-continuous if f,,(c(H ) N u(fyp(Hpy)) for any S-set Hyy in (U, ¢, M).
(ii) S-closed(resp. S-open) if f,,,(Hy) is S-closed(resp. S-open) in (V,#, E) for any S-closed
(resp. S-open) set Hys in (U, ¢, M).

Definition 1.7 ([16]]). An S-set Fj; in (U, ¢, M) is called a soft generalized closed set (briefly,
Sg-closed set), if ¢c(Fy) E Gy whenever Fyy MGy and Gy is an S-open set in (U,c,M).
The relative complement of an Sg-closed set F'y is denoted by and called a soft generalized open
set (briefly, Sg-open set).
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Remark 1.8 ([16]). Every S-closed(S-open) set in (U, ¢, M) is Sg-closed(Sg-open).

Definition 1.9 ([16]]). An SC-space (U,c¢,M) is called ST 1 if any Sg-closed set is S-closed.

2. On Soft 6-Closed Sets in Soft Closure Spaces

The notion of Sd-closed sets located between the S-closed sets and the Sg-closed sets. In this
context, we discuss their basic characterizations.

Definition 2.1. An S-set Fj; in an SC-space (U,c¢,M) is called:
(i) Soft 0-closed (briefly, Sd-closed set) if ¢(Fys) © Hys whenever Fyr © Hy and Hyy is an
Sg-open set in (U,c¢,M). The set of all Sd-closed set denoted by SOC(U).

(i) Soft 0-open (briefly, S0-open set) if it is relative complement is an So0-closed set in (U, ¢, M).

The set of all Sd-open set denoted by S00(U).

Example 2.2. Let U ={a,b} and M ={m1,ms}. Then
SSW) ={F1im,Fom,Fsm,Fart, Fsmr, Femr, Frov, Fsmr, Forr, From, F1am, Fiom, F1sms

Fiam, F15m, F16m}s

where
Fiy ={(my,{a})}, Foy ={(m1,{0})}, F3y ={(m1,U)},
Fay ={(mg,{a})}, Fsy ={(mo,{b})}, Fey ={(mg,U)},
Fry ={(m1,{a}),(mo,{a})}, Fsy ={(m1,{a}),(mg,{bH},
Foy =1{(m1,{b}),(mo,{a})}, Fiom ={(m1,{b}),(mo,{b})},
Fi11m ={(my,{a}),(mg,U)}, Fiapy ={(m1,{b}),(m2,U)},
Fi3y ={(m1,U),(mg,{a})}, Fiay ={(m1,U),(m2,{b})},
Fism=U, Fiey = 9.

We define the SC-operator ¢:SS(U) — SS(U) by:
A@)=90, c(Fim) ={m1,{a})}, c(Faom)=2Fsy)={(m1,U)},
c(Fap) ={(mo,{a})}, c(Fspy)=cFep)=1{(m2,U)}, c(Fry)={(m1,{a}),(me,{a})},
c(Fsp) = c(F11m) = {(m1,{a}),(m2,U)}, c(Fom) = c(F13m) = {(m1,U),(mg,{ah)},
¢(F10m) = €(F198) = €(F1ap) = &0) = U.

Then (U,c¢,M) is an SC-space. The Sd-closed sets are:
{8,U,F10,Fapm, Far, For, Foag, i1, Fisu).

The set of all Sd-open sets are:
{8,U,For, Fap, Fspm, Feu, From, F1om, F1am).

The S-set Fopr ={(m1,{b})} is neither Sod-closed set nor Sg-closed set in (U, ¢, M) because, there
is an S-open set Foy = {(m1,{b}),(mg,{b})} which is also an Sg-open set containing Fojs but
c(Faop) ={(m1, U} E F1om.
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Remark 2.3. Clearly, every S-closed(S-open) set in SC-space (U, ¢, M) is S0-closed(S0d-open)
but not conversely.

Example 2.4. Let U = {x,y} and M = {m1,ms}. We define the SC-operator ¢ by:
&)=, e{(m1,{xh}) = {(m1, (xh},e{(m1, (YD) = €{(m1,U)N) = {(m1,U)} and c(Fy)=U

for all other Fj; € SS(U). Then (U,c¢,M) is an SC-space on U and we have, the S-set
Hyr ={(mq,{x}),(mo,{yD} is an So-closed set but not S-closed set.

Remark 2.5. Clearly, every Sod-closed (S0-open) set in SC-space (U, ¢, M) is an Sg-closed (Sg-
open) set but not conversely.

Example 2.6. Let U ={a,b} and M ={m,mo}. We define the SC-operator ¢ by:
&(B)=@, &(Fy)=U, for all the other S-sets Fy; € SS(U).

Then (U,c¢,M) is an SC-space on U. Let Fy; = {(m1,{a})} € SS(U), we have F); is an Sg-closed
set in (U, ¢, M) but not So-closed set. Indeed Fps = {(m1,{a})} is an Sg-open set containing itself
but é(Fy)=U & Fy.

From the above remarks and examples, we can summarize the next relation.

Corollary 2.7. For an SC-space (U,c,M), the next implications hold but not conversely.
S-closed sets — S0-closed sets — Sg-closed sets.

Corollary 2.8. Let (U,c,M) be an SC-space, we have:
(1) The union (resp. intersection) of two S0-closed (resp. S0-open) sets need not to be Sd-closed
(resp. S0-open) set.
(2) The intersection (resp. union) of two So-closed (resp. S0-open) sets is not So-closed (resp.
S0-open) set.

Proof. We can verify this corollary by using the next examples. O

Example 2.9. Let U = {x,y,z} and M = {m1,ms}. Define the SC-operator ¢ by:
(@)=, c{(my, D)) = {(m1,{x})}, c{(ma,{yD}) ={(ma,{yD}, c({(m1,{zh}) ={(m1,{z))},

and &(Fyy) = U for other S-sets Fyy on U. Then (U,é,M) is an SC-space. Now for two
So-closed sets Fy; = {(m1,{x})} and Gy = {(mo,{y})} in (U,c,M), we have Fyy LGy =
{(m1,{xD)},(mo,{yN} which is not Sod-closed set in (U,c¢,M). Indeed, there is an Sg-open set
say, Hy = {(mq,{x,y}),(mo,U)} in (U,c,M) with Fy; UGy E Hpyr but c(Fy UGyy) = U« Hy.
We can verify the other case by taking the soft complement to the S-sets in first case.

Example 2.10. Let U = {x,y,z} and M = {m1,ms}. Define the SC-operator ¢ by:

@)=, cd(my,{axh}) = c{(mg,{xh) = c({(m1, {x}), (ma, (xh}) = {(m1, {x}), (M2, {x}},
c{(my,{zHh}) = c{(m1,{z}),(m2,{xh}) = {(m1,{2}),(m2,{x}h)},

c{(mg,{yHh) = c{(m1,{x,zH}) = c{(mg,{x, yH}) = c({(m 1, {x}), (m2,{yH})

= c({(mq,{2}),(mo,{yH}H) = c(m1,{x,2}),(mg,{x, yD}) = {(m1,{x,2}),(m2,{x, y}},
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and &(Fy) = U for other S-sets Fyy on U. Then (U,é,M) is an SC-space. Now for two
So-closed sets Fyr = {(m1,{x}),(mg,{x})} and Gy = {(m1,{z}),(mo,{x})} in (U,c,M), we have
Fy Gy ={(mo,{x})} which is not So-closed set in (U, ¢, M). Indeed, there is an Sg-open set say,
Hyr ={(mg,{x,2)} in (U,c,M) with (Fy G ) E Hy but c(Fy nGar) = {(m1,{x}),(mo, {x)} £ Hy.
One can verify the other case by taking the soft complement to the S-sets in first case.

Theorem 2.11. For an S-subset Hy; in (U,c¢,M), the next items are equivalent:
(1) Hy is an S0-open set.

(2) Fyc (E(H]cw))c whenever Fyy is an Sg-closed set in (U,c¢, M) with Fy = Hy,.

Proof. (1)=(2). Let Hy; be an Sod-open set and Fj; be an Sg-closed set in (U,c¢c,M) with
Fy EHy, then Hy € F; . But Hy, is S0-closed and F7j, is Sg-open. It follows that ¢c(H;,) S Fy,
and so, Fiyy £ (¢(H}))".

(2)=(1). Let G be an Sg-open set in (U, ¢, M) with H]Cu C Gy . Then G¢, = Hyy. Since wa is Sg-
closed, G}, & (E(H]"’W))C. Hence ¢(H;,) E Gy . Thus, H, is S0-closed and so, Hy is Sd-open. [

Proposition 2.12. For an S-set Fy; in an SC-space (U,c,M). If Fyr is both Sg-open and So0-
closed, then Fr is S-closed.

Proof. 1t is obvious. O

Proposition 2.13. Let (Y,cy,M) be an closed SC-subspace of (U,c,M). If Hys is an S0-closed
setin (Y,cy,M), then Hys is an So-closed set in (U,c,M).

Proof. Let Hy; be an Sd-closed set in (Y,cy,M) and Fj; be an Sg-open set in (U,c¢, M) such
that Hy; £ Fys. Then, Hy = Y MNFyr. From Deﬁnition Y MFyr is an Sg-open set in (Y, ¢y, M).
Since, Hjs is an S0-closed set, we have ¢y (Hps) E Y nFyy this implies that YneHy)cY nFyy.
Since Y is S-closed set on U, we have &(Y)né(Hy) Y nFyy. from Proposition we get
cYNHy)=YNFy implies that ¢(Hys) E Y nFy = Fyr. Hence Hy be an So-closed set in
U,e,M). O

Definition 2.14. An SC-operator ¢ is called idempotent if ¢(c(F'y)) = ¢(Fyy) for any Fy; € SS(U).

Theorem 2.15. Let (U,c¢,M) be an SC-space and ¢ be idempotent. If Hys is an S0-closed set in
(U,ec,M) with Hy = Fyy = c(Hyy), then Fyy is an So-closed set in (U,c,M).

Proof. Let Gjs be an Sg-open set in (U, ¢, M) such that Fy; £ Gy, then Hy; = Gyy. Since Hyy is
So0-closed, c(Hys) E Gyy. As ¢ is idempotent, we have ¢(Fyy) E c(c(Hyy)) = c(Hpr) E Gyr. Therefore,
Fyr is an So-closed set in (U, ¢, M). O

Theorem 2.16. If Hy; is an Sd-closed set in (U,c,M), then c(Hy;) — Hys contains only null
Sg-closed set.

Proof. Let Hy; be an So-closed set and Fj; be an Sg-closed set in (U,c¢,M) such that
Fy = ¢c(Hy)— Hyy, then Fpy £ ¢(Hy) and Fy £ H]cu implies HMI‘IF]CV[. Since Hys is So-
closed set and Fj, is an Sg-open set, then c¢(Hy) c Fj, implies Fy & (¢(Hp)). Thus,
Fy e c(Hpy)n{(c(Hpy))} = ¢ and so, Fr = @. The proof is complete. O

Commaunications in Mathematics and Applications, Vol. 14, No. 2, pp. [481 , 2023



Some Applications of Soft 0-Closed Sets in Soft Closure Spaces: S. Saleh et al. 487

Theorem 2.17. For an S-set Hyy in (U,c,M), the next items are equivalent:
(1) Hys is an So-closed set.

(2) Fyrcint(Hyy) whenever Fyr E Hyr and Fyy is an S-closed set.

Proof. (1)=(2). Let Hys be an Sd-open set and Fj; be an S-closed set with F; & Hys, we have
H;, c Fy,, where H;, is S0-closed set and F}, is S-open which is an Sg-open set in (U, ¢, M).
From Definition we have ¢(H},) E F,. By taking the complement and from Definition
we get Fys Sint(Hyy).

(2)=(1). By a similar way to that in the converse part of Theorem [2.11] O

Theorem 2.18. Let (U,c,M) be SC-space. If Hyy is an open So-closed set and Fyy is an S-closed
set (U,c,M), then Hy M Fjs is an S0-closed set.

Proof. Suppose that Hjs be an open and So-closed set, then ¢(Hjys) E Hys. But Hy E ¢(H)py) and
so, Hyr = ¢c(Hyy). Thus, Hys is an S-closed set. Since Fjs is an S-closed set, we have Hpyy M F)y is
an S-closed set. From Remark 2.3, the proof is complete. O

Corollary 2.19. An Sd-closed set Hyy is an S-closed set in (U,c,M) if and only if c(Hp)—Hyy is
an S-closed set.

Proof. “=”. Let Hy; be an S-closed set, we have ¢(Hjs) = Hyr and so, ¢(Hyr) — Hyr = @ which is
an S-closed set.

“«=". To show that Hj; is S-closed. Let Hjs be an So0-closed set, then by Theorem 2.16, we have
¢(Hpr) — Hys contains only null S-closed set. By hypothesis, c(Hjys) — Hys is an S-closed set and
so0, ¢(Hyr) — Hyr = @. Hence the result holds. O

3. Soft 6-Continuous and Closed Mappings

In this section, we introduce a new class of S-maps namely, S0-continuous maps in SC-spaces.
These maps are lying between the class of S-continuous maps and the class of Sg-continuous
maps. We also define the concept of S0-closed maps and discuss some of its properties.

Definition 3.1. Let (U,c,M), (V,v,E) be SC-spaces. An S-map f, : (U,c,M) — (V,0,E) is
called:
(1) Soft d-continuous (briefly, S0-continuous) if fu_pl(H ) 1s an So0-closed set in (U, ¢, M) for
each S-closed set Hg in (V,0,E).
(i1) Soft g-continuous (briefly, Sg-continuous) if fu_p1 (Hg) is an Sg-closed set in (U, ¢, M) for
each S-closed set Hg in (V,v,E) [13]].

Remark 3.2. For any S-map f,, : (U,¢,M) — (V,v,E), the next implications hold but not
conversely as shown by the next examples.

fup is S-continuous — f,, is Sd-continuous — f,, is Sg-continuous.
Example 3.3. Let U ={a,b,c},V ={x,y,2z} and M = {m1,mq}, E ={e1,ez}. Define an SC-operator
con U as ¢(@) = @,c({(m1,{b)}) = {(m1,{b})} and ¢(Fr) = U for all other F3r € SS(U). Define an

SC-operator 5 on V as 6(@) = @, v({(e1, {xh}) = {(e1, {x, yD}, T{(e1, {yH}) = {(e1, {y}}, 0({(e2, {zhH}) =
{(e1,{z}),(e2,{zh}, and v(GEg) =V for all other Gg € SS(V). Clearly, (U,c¢,M),(V,0,E) are SC-
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spaces. Now let f,, : (U,¢,M)— (V,v,E) be an S-map, where u,p are maps defined as u(a) =x,
u(b) =y, ulc) =z and p(m1) = e1, p(msg) = ea. Then f,, is Sd-continuous but it is not S-
continuous. Indeed, for the S-set {(m2,{c})} we have, f,,,(c({(m2,{ch})) = Vi U(fupU(meo,{chH}) =
{(e1,{z]),(e2,{zH}.

Example 3.4. Let U = {x,y} =V and M = {m1,mg} = E. Define an SC-operator ¢ on U as
é(@) = @ and é(Fy) = U for all other Fyr € SS(U). Define an SC-operator ¢ on V as #(3) = &,
5({(m1,{xh}) = {(m1,{&h}, 5{(m1,{yH}) = {(m1,{y})}, and 5(Gg) = V for all other Gg € SS(V).
Clearly, (U,c¢,M),(V,v,E) are SC-spaces. Let f,, : (U,¢,M) — (V,v,E) be an S-map, where
u,p are maps defined as u(x) = x, u(y) = y and p(m1) = m1, p(mg) = mg. Then f,, is Sg-
continuous, but it is not Sd-continuous, because for the S-closed set {(m1,{x}} in (V,U,E), we
have fl;,l({(ml,{x})}) ={(m1,{x})} is not So-closed set in (U, ¢, M). Since {(m1,{x})} is an Sg-open
set containing itself but c({(m1,{x})}) = Ug {(m1,{xh}.

Theorem 3.5. An S-map f,p, :(U,¢c,M)— (V,v,E) is S0-continuous if and only if fu_pl(HE) is an
So-open set in (U,c,M) for any S-open set Hg in (V,0,E).

Proof. It is obvious. O

Proposition 3.6. For the SC-spaces (U,¢,M), (V,0,E), and (W,u,K). If f, : (U,¢,M) — (V,v,E)
is Sd-continuous and fyq : (V,0,E) — (W,u,K) is S-continuous, then fyqofyp : (U,c,M) —
(W,u,K) is S0-continuous.

Proof. Let Hg be an S-closed set in (W,u,K). From definition of the composition (fv‘q1 o
far XHE) = [ (foi (HE)). Since f,q is S-continuous, we have f,(Hg) is S-closed set in (V,0,E).
Again f,, is S0-continuous, we get f@l(fv_ql(H &) is an S0-closed set in (U,¢,M). Therefore,
fogofup:(U,c,M)— (W,u,K) is S0-continuous. d

Definition 3.7. For two SC-spaces (U,c¢,M), (V,0,E). An S-map f,, : (U,c,M) — (V,0,E) is
called So-closed if f,,,(Hys) is an S0-closed set in (V,v,E) for any S-closed in (U, ¢, M).

Remark 3.8. Every S-closed map can be categorized as an Sd-closed map. However, the
converse does not hold true, as illustrated by the following example.

Example 3.9. Let U = {x,y}, V ={a,b} and M = {t1,t9}, E = {e1,e2}. Define an SC-operator ¢
on U by: ¢(@) =@, c{(m1,{yH) = {(m1,{y}} and c(Fy) = U for all other Fj; € SS(U). Define an
SC-operator & on V as 5(@) = @, and 5(Gg) = V for all other Ga; € SS(V). Then (U, ¢, M),(V,7,E)
are SC-spaces. Now let f,,,, : (U,¢,M) — (V,v,E) be an S-map, where u, p are maps defined as
u(x) =a, u(y) =b and p(m1) = e1, p(mg) = e3. Clearly, f,, is S0-closed but it is not S-closed.
Indeed, for the S-closed set {(m1,{y}h} in (U,c,M) we have, f,, ({((m1,{yH}) = {(e1,{b})} is not
S-closed set in (V,7,E).

Theorem 3.10. An S-map f,p, :(U,¢c,M)— (V,v,E) So-closed if and only if for any S-set Fg in
(V,u,E) and for any S-open set Gy in (U,c,M) with fv_ql(FE) C Gy, there is an S0-open set Hg
in (V,0,E) such that Fg = Hg and fv_ql(HE) cGy.

Proof. Suppose that f,, is Sd-closed. Let Fg is an S-set in (V,0,E) and Gy is an S-open
set in (U,c,M) with fv_ql(FE) c Gy, then fup(GJCW) is an So-closed set in (V,v,E). Now take
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Hg = [fup(G$pI° which is an Sd-open set, then £, }(Hg) = £, (fup(G5)1) = [f} (Fup(G4I° E
fin (fup(Gap) = Gayr. The result holds.
Conversely, let Fj; be an S-closed in (U,c¢,M), then fl;}([fup(FM)]c) C F}, which is S-

open. From hypothesis, there is an Sd-open set in Hg in (V,0,E) such that (f up(FM))c EHg

and £, (Hg) £F5,. Thus, Fyy € (f,;(Hg)) and so, Hg E fu,(Fy) E fup(fi 7 (Hg))*) € Hy, this

implies that f,,(Fy) = Hy,. This means that f,,(F) is an Sd-closed set. Hence the proof is
complete. O

Based on the previous results, one can to verify the subsequent proposition.

Proposition 3.11. For the SC-spaces (U,c,M), (V,0,E), and (W,u,K). Let f,, : (U,c,M) —
(V,0,E) and f,q:(V,0,E)— (W,u,K) be S-maps, we have:

(i) If fup is S0-closed and f,q is S-closed, then fyq o fup is S0-closed.

(ii) If fugo fup is S0-closed and f,p is S-continuous and onto, then f,4 is S-closed.

(iii) If fuq o fup is S-closed and f,q is S0-continuous and one-to-one, then f,, is S0-closed.

4. Two New Types of Soft Separation Axioms

Here, we apply the notion of Sd-closed sets to introduce two types of separation properties

called, soft 0T 1 and soft 07"} spaces and investigate some of their properties.
2

Definition 4.1. An SC-space (U, ¢, M) is said to be:
(1) Soft OT% (briefly, SO-T%) if any So0-closed set is S-closed in (U, ¢, M).

(ii) Soft 0T (briefly, S0-T';) if any Sg-closed set is Sd-closed in (U, ¢, M).
2 2

Example 4.2. Consider Example the S-closed sets in (U, ¢, M) are:
{8,U,F1m,Fsm, Fasr, Forr, Fru, F1in, Fisu}

which are equal to the Sd-closed sets and the Sg-closed sets. So that the SC-space (U,c¢,M)
is an SO-T% and S0-T'} space. because, every Sg-closed set in (U, ¢, M) is Sd-closed and every

So-closed set is S -closezzd.

Remark 4.3. Clearly, every ST 1-space (U,c,M)is an So-T 1 space but not conversely. This fact
can be shown by the next example.

Example 4.4. Let U ={a,b} and M = {m1,mq}. Define an SC-operator ¢ on U by:

&(@) =@ and é(Fy) = U for all other Fr € SS(U). Then (U, ¢, M) is an SC-space. one can verify
that (U,¢,M) is an Sa-T% space but it is not ST% because, {(m1,{a})} is an Sg-closed set in
(U,c,M) but it is not S-closed set.

Remark 4.5. Clearly, every ST 1-space (U,¢,M) is an S3-T' space but not conversely. This fact
can be shown by the next example. ’
Example 4.6. Consider Example Define the SC-operator ¢: SS(U) — SS(U) by:

A@)=9, c(F1y)=cFsy)={(m1,{a}),(m2, b))}, c(Fopy)=1{(m1,U)},

c(Fsy) = c(Fop) = c(F13py) ={(m1,U),(mg,{a})}, c(Fay)={(mg,{a})},
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c(Fem) = c(Fspy) = c(F1im) = {(m1,{a}),(m2, U},

c(F7p) ={(m1,{a}),(mo,{a})}, c(F1om)={(m1,U),(m2,{b})},
and

c(F1om) = €(F1ap) = 0) =T
Then (U, ¢, M) is an SC-space. One can verify (U,c¢,M) is an So- T space but not ST 1. Indeed,
for Fpr ={(mg,U)} € SS(U), we have F; is an Sg-closed set in (U, c. M) but it is not S- closed set.

Proposition 4.7. An SC-space (U,c,M)is ST 1 if and only if it is both S0-T 1 and S0-T7 space.
2

Proof. 1t is obvious. O

Remark 4.8. The notions of S0-T 1 and S0-T'; spaces are independent.
2

Example 4.9. From Example 4.6, we have (U,c¢,M) is an So- T* space but it is not So- T1.
Clearly, the S-set Fj; = {(m9,U)} 1s an S0-closed set in (U, ¢, M) but it is not S-closed.

Example 4.10. From Example one can verify that (U,c¢,M) is an S0-T 1 space but it is not
S0-T7. Indeed, for the S-set F; = {(m1,{b})}, we have Fy is an Sg-closed set in (U, ¢, M) but it
is notZS 0-closed.

Proposition 4.11. For an SC-space (U,c,M). If (U,c,M) is SO-T%, then the closed SC-subspace
Y,cy,M) of (U,c,M) is SO-T%.

Proof. It follows from Proposition and Definition O

Proposition 4.12. For two SC-spaces (U,c,M) and (V,0,E) such that (U,¢,M) is an S0-T;
2
space. If fup, :(U,c,M)— (V,v,E) is Sg-continuous, then f,, is S0-continuous.

Proof. Let Hy be an S-closed set in (V,v,E). Clearly, f,, is Sg-continuous, we have fu_pl(H M)
is an Sg-closed set in (U, ¢, M) which is an So- T* space, Thus £, 1(HM) is an Sd-closed set in

(U,c,M). Therefore, f,, is S0-continuous. O

Proposition 4.13. For the SC-spaces (U,¢c,M), (V,v,E), and (W,u,K) such that (V,0,E) is ST%.
Then if fup :(U,c,M)— (V,0,E) is Sg-continuous and f,q:(V,0,E) — (W,u,K) is S0-continuous,
then fygofup:(U,c,M)— (W,u,K) is SO-continuous.

Proof. Let Hys be an S-closed set in (W, u,K). Since fy4 is Sg-continuous, we have [, L(H ) is
an Sg-closed set in (V, v, E). By hypothesis (V,0,E) is ST1 we have qul(HM) is an S-closed set

in (V,7,E). Since f,, is Sg-continuous, then (fup (foq (HM)) =(fugofup)” L(Hy) is an Sd-closed
set in (U, c,M). This completes the proof. O

Proposition 4.14. For the SC-spaces (U,¢,M), (V,v,E), and (W,u,K) such that (V,0,E) is
SO-ST%, then if fup :(U,c,M)— (V,0,E) and f,q:(V,0,E)— (W,u,K) are S0-continuous, then
fogofup:(U,c,M)— (W,u,K) is also S0-continuous.
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Proof. By similar way of that in the above proposition. O

5. Conclusion

In this paper, we defined and studied the concept of soft So-closed sets in soft closure
spaces, which are lying between S-closed sets and Sg-closed sets. We investigated the basic
properties for them and examined their implications in the context of soft closure spaces.
Further, we introduced the concepts of S0-continuous and Sd-closed maps and present their
various properties with the help of supported examples. Moreover, we defined and studied two
separation properties, namely So-T 1 and S0-T'7, which utilize the notion of Sd-closed sets. Our

study provides a deeper understandlng of the topologlcal properties of soft closure spaces and
contributes significantly to the ongoing exploration of this field of research.
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