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1. Introduction

Let M be a connected manifold of n-dimension. We endow M with a Riemannian metric
g = (gjz), the pair (M, g) is called Riemannian manifold. In this paper, we present some
important theorems in Spectral theory of Schrodinger operator P = _Tthg +V. P is a linear
unbounded operator on the set of smooth compact supports real valued functions C°(M) c
L2(M), where h denotes the Planck constant, let # = v2 and V is a potential function on M.
In Riemannian geometry, we use Laplace Beltrami operator A, which is the generalization of
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Laplace operator Agn:

Lo aof

where (x1,x2,...,x") are local coordinates, g = det(g 1), g/* is the inverse matrix to (g,;) and
f : M — R a smooth function.

The main object of our paper is the Schrodinger operator
P=-Ag+V. (1.2)

We describe the analytic and geometric aspects of spectrum of several classes of Schrodinger
operator. Let us give here some classes of by giving different potentials:

Free motion potential V =0 the operator is just the Laplace-Beltram operator which is used in
Riemannian geometry.

The hydrogen atom potential V = =% (& > 0).

llcl
The harmonic oscillator V = @
We define the discrete spectrum of self adjoint operator A as 04;s.(A) the set of eigenvalues
(Ap) of A having finite multiplicity and being isolated points of the spectrum. The essential
spectrum of A is the set gess(A) = 0(A) \ 04isc(A). The spectrum behaviour on Riemannian
manifold (M, g) under topological perturbation has been the subject of a vast literature over
the last two decades. Kac [16]], Rauch and Taylor [22] were the first who studied the spectrum
of Agr; they showed that the spectrum of Ag» in a compact set M of R” is invariant under
topological excision of a compact subset with a Newtonian capacity zero. Chavel and Feldman
[5,6] dealt with Riemannian manifold case. In [13]], Gesztesy and Zhao investigated the case of a
Schrodinger operator in R with Dirichlet boundary condition. Lablée (El) focused on Eigenvalues
for a Schrodinger operator on a closed Riemannian manifold with holes.

This paper is organized as following: In Section [2| we start the paper from the spectral theory
background for Multidimensional Schrodinger operator P = —Ag: + V. In Section (3| we give
the concept of Sobolev space on Riemannian manifold and describe in details the spectrum
properties of Schrodinger operator on Riemannian manifold. The way to discover the geometry
of Riemannian manifold from spectral data is detailed in Section 4} We refer to [4]], [18]] for more
details of self-adjointness of Schrodinger operator. The references [5,6,10,/13,/16,[22] covers
many results of spectral theory on manifolds. In this paper, we will assume that (M, g) is a
manifold of bounded geometry. We mention that a closed manifold means compact manifold
without boundary.

2. Spectral Problem Background for Schrodinger Operator

Definition 2.1. In order to state the results we have to define some spaces:

CU)={u:U — R|u is continuous},

10. Lablée, Eigenvalues for a Schridinger operator on a closed Riemannian manifold with holes, arXiv preprint,
arXiv:1301.6909 (2013), URL: https://arxiv.org/pdf/1301.6909.pdf.
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CtU)={u:U—R | u is k-times continuously differentiable},
C®WU)={u:U — R| u is indefinitely differentiable},
Cf(U) ={fe C*(U) with compact support}.
We said that V is compactly contained in U if there is a compact set K suchthat Vc K cU,
we denoted it by V € U.
LY U)={u:U—-R|uecL?(V)for VeU).

We define —Apr as a positive self adjoint operator on the Sobolev space
H%R™) = {f e L*(R") : 0°f € L*(R") for all |a| < 2}.
For multidimensional Schridinger operator, consider P = —Apr +V as a perturbation of —Ag=
by the potential V with domain D(P) = H2(R") N {f € L?(R"): fV € L>(R™)} such that V is locally
bounded on R”, real valued function. We will discuss two classes:
(1) V(x) — o0 as x — oo,
(i) V(x) — 0 as x — co.

For the case | llim V(x) = oo the most important example is the harmonic oscillator for which
X|—00

V(x) = |x|%*, k € N*. We also give some important spectral results for Schrédinger operator in
the case of IhlmO V(x) = oo, we focus in particular on the Coulomb potential.
xX|—

Lemma 2.1. If V =0 is a non-negative potential and W is multiplication by a bounded function

of compact support, then W is P-compact, i.e., W(I +P)~! is compact operator on L%(R").

Proof. We have —Ag- is positive self adjoint operator on H2(R"*) thus I + P is positive operator,
then (I + P)~! is bounded on L2(R™).

_ 1 1 _
Furthermore, W(I +P)2 = W(I+PZ) (I +P2Z)I+P)7 , Py = —Ag:. We know that the product of
two factors one is compact and second is bounded. So, W(I +P)_T1 is compact. Now, if we multiply
by the bounded operator (I +P)_T1 on the right, we conclude that: W(I +P)_71 is compact. O

Theorem 2.1. Let V : R" — R such that V(x) — oo as |x| — oo, then 0ess(—Arn + V) is empty.

Proof. For any E € R, write V-FE = f — g where f = 0 and g has compact support. By
Lemma g is (—Agn + f)-compact, so by virtue of perturbation theorem of Weyl, we
have Oegs(—Apn + f) = Oess(P — E). Since f = 0, we know that oes(P — E) < [0,00[ and then
Oess(P) c [E,00[. Since this is true for all E, we get that g.s(P) is empty. O

Theorem 2.2. Let V : R" — R be continuous with V(x) — oo as |x| — oo then the spectrum o(P) of
P is an increasing sequence (A1) < R of eigenvalues of finite multiplicity and A, — oo for k — oo,
i.e. 0(P) = 0gisc(P) and 0ess(P) = ¢p. The associated eigenfunctions form an orthonormal basis of
the Hilbert space L2(R").
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Proof. (P +1I):D(P)— L%(R") is bijective with compact inverse (P +I)~1. We conclude that o(P)
is either empty or ogisc(P) contains countably many eigenvalues Aj. The results in this theorem
is due to [12]. If o(P) is infinite, then 1, is an increasing sequence of eigenvalues of finite
multiplicity and |Az| — oo as & — oo. For all 1, € o(P) the range R(A; — P) of A — P is closed,
dimN(Ap — P) = codimR(A;, — P), the eigenfunctions of (P +I)~! form an orthonormal basis of
L2(R"™), where N(A;, — P) denotes the kernel of (1;, — P). Clearly, gess(P) = . O

For the case V(x) — 0 as |x| — oo, we show that under certain conditions, the essential
spectrum of P = —Agn +V : D(P) — L%(R") is in fact exactly the set of non-negative real numbers.

For example Schrodinger operators with Coulomb potentials V(x) = ¥ > 0.

le >

Theorem 2.3. Let V : R" — R is locally bounded and V(x) — 0 as |x| — 0o. Then gess(P) =10, 00l.

Proof. Theorem allows to show that P can have only isolated eigenvalues of finite
multiplicity on ]—o00,0[. It remains for us to show that [0,00[ < o(P). Let A = 0 be fixed.
We shall construct a Weyl sequence (¢p,) c H2(R") of P and A. We have —Agne** = 1e’*, where
{ €R™, |{| = VA. Moreover, lety € C°(R") such that ¢ =0, w(x) = 1 for |x| < % and w(x) =0 for
lx| = 2.

Let y(x) = w(f) k €N*, then:

suppyr ci{xeN,|lx—k| < VE} and lim sup Vi(x)=0.

k—o00 xesuppyy,
Suppose ¢ = ye’**, ke N*
lout?= [ lpn@Pdx=kEIvi?. @.1)
Then Py, = (—=Agewy,)es™ — (Vi) (= Vels™) + {12y (x)e™* + V (x)y (x)ei*™, and
(P — Dy = e (Pyy, — il Vrp). (2.2)
We have |Vy,| < IIU/II , Ay | < ”w” , k € N*. We conclude from klirgo :;Ju.le(P M@l =0, we get
kh—»IEo MP_:%’@”Q =0 and then we deduce kh_g)lo IIU‘E’% =0 implies that gess(P) =[0,00[. O

Theorem 2.4. Let V : R" — R be piece-wise continuous with V(x) — 0 as x — co. Assume that
the multiplication operator by V is relatively bounded with respect to —Arn with relative bound
<1. Then P = —Agn +V : D(P) = HX(R") — L?(R") is self-adjoint and Oess(—Apn) = Tess(P) =
[0, ool.

Example 2.1. We focus in particular on the Coulomb potential V(x) = le , x € R3\{0}. P =

—Aps — H in L2(R?) is the Schrédinger operator of the hydrogen atom. Hardy’s inequality
implies that the Coulomb potential in R? is relatively bounded with respect to —Ags with
relative bound 0 and the perturbation theorem of Kato and Rellich shows that P is self-adjoint

on H%(R3), we have also 0egs(P) = T ess(—Ags) = [0,00].
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For all v € H%(R3) we first prove that Vy € L2(R3). Let ¢ = F "1y € L2(R3), so w = F ¢ where
F and F~! are the Fourier transform and inverse Fourier transform, respectively on L2(R3).
As the functions of H2(R?) are continuous and tend to zero at infinity, we deduce that v is

essentially-bounded on R3:

l¥lloo = esssup [y (x)]

xeR3

en? [ o0

= sup
xeR3

<@mn? f HOIE + (@) T f 1E172(E21O)).
438 [é]>1

Hence, by applying the Cauchy-Schwarz inequality we obtain:

1l ooqgs) < 1Yl 2s) + c2l1E P19 2s),

-3 1 -3 3

where ¢1 = (2n)2 (%”)2 , co=02m)72 (f|6|>1 E_ﬁl)z
F~Y(~Agsw) e LA(R3).

We know that Fourier transform is unitary operator on L2(R?), we obtain

, ¥ € HXR®) then Agsy € L2R?), and [{|%¢ =

”W”LOO(H@) =cC1 ||1V||L2(|Rg3) +c1 ||AR31V”L2(R3) (2.3)
forall e>0

IV llos) = f 2y (o)2dx + f 2y oPda

r=lx|<e r>¢

or

||VU/”L2(R3) = ||U/||Loo(qu3) [ 7'_2dx+5_1||1//||[,2([|qz3),

\/ r<e

we have by using (2.3)

||V1//||L2(R3) < a||A[R31/J||L2(R3) +b ||1//||L2(R3) , 2.4)

where a = 02\/fr58 r2dx and b=¢1+ Cl\/frsg r~2dx. Thus, V is A-bounded with relative

bound @, make a small enough by choosing £ — 0. For the Coulomb potential in R? one obtains

an infinite sequence of negative eigenvalues. As V(x) = —% is spherically symmetric, V(x) =V (r),

with |x| = r, the main idea is to separate P = —Aps — ﬁ

the negative eigenvalues and the associated eigenfunctions. For any x € R3\{0}, x = row where
w= Iz_l € S? the unit sphere of R3.

The operator —Ags on S?, has compact resolvent and purely discrete spectrum 0 = vy <

in spherical coordinates to obtain

v1 <...<vp — oo as k — oo, the associated eigenspaces to vy have a basis of C*®-functions
Yk :82 - R, 1 =1,...,m}, called the spherical harmonics, where mj, = k(k + 1), k € N*, is the
dimension of the eigenspace.

Using separation of variables u(x) = f(r)y},; for the eigenfunctions u and eigenvalues A of
P=—Aps— % in the Hilbert space L2(R3) = L2(]0,00l, r2dr) @ L%(S?,d o), leads to the Bessel
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differential equation for f:
2 1
—FP) = 2f ) - =F(r)+ 2 () = Af(r), T e 10,00l
r || r

We remark that one can show by power-series methods that for any 2 € N*, there exists a
solution f = f3 € L2(10,00[, r?dr) and an infinite sequence A; of negative eigenvalues of P,
Ap = jlz, k € N* (see Landau and Lifshitz [19]). So, we see that the hydrogen atom has an
infinite number of bound states below the essential spectrum oess(P) < [0,00[, which accumulate

at zero.

3. Spectrum of Schrodinger Operator on Riemannian Manifold

Let (M, g) be a smooth, connected compact Riemannian manifold with boundary 0M. For a
function f € C2(M), we define the Laplace Beltrami operator by Agf :—divgrad f.
In local coordinates {x}, the Laplace Beltrami reads

1 & 0 ik Of)
A = — e .
=% L (vas" 3%

We present a class of eigenvalue problems as follows:
Closed problem Agf =AfinM oM=¢
Dirchlet problem Agf =Af in M flane=0
Neumann problem Agf =Afin M gT':, | =0
where N is outward oriented unit vector field normal to boundary. Let us motivate the paper by

introduce the definition of Sobolev space on Riemannian manifold (M, g).

Definition 3.1. The space of all smooth functions u € C*°(M) such that |V*u| € L?(M) is denoted
by C, (M)

CZ(M):{LLECOO(M)'[ IVkulpdVg<oo}
M

dVg = y/det(g;j)dx, dx is the Lebesgue’s volume element of R".
The completion of C‘Z (M) with respect to the norm

1

k p
IIuII=(;) Jv[IVkuI‘“dVg) , 1=sp<oo
=

is called Sobolev space H*?(M) on Riemannian manifold. Note that we use covariant derivative
as the case when use weak derivative for Sobolev space over R". In particular, in the case of
P =2 we denote to Sobolev space by H*(M).

Theorem 3.1. H*P(M) is reflexive Banach space (1< p < oo).

Proof. The closed subspace of a reflexive Banach space is also reflexive. H*?(M) is closed
subspace of LP (M) x L?(M) and since L?(M) is a reflexive Banach space for (1 < p < 00), thus
the finite Cartesian product space is reflexive space. Hence we get H*P (M) is reflexive space. [

Commaunications in Mathematics and Applications, Vol. 13, No. 5, pp. [1475H1487| 2022
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Corollary 3.1. H*(M) is Hilbert space with the norm

1F 0 = J go(fMIkaIZdVg) |

Proof. We can easily check the following conditions:
1) (u+v,w) = (u,w)+v,w),

(i) (au,w) = alu,w),
(i) (u,w) =<(w,u),

@iv) (uw,u)y=0ifu =0,
for u € H®, if (u,u) = 0 then,

(u,uy = ZO M(gl”---g“’”’”(Vmu)il...im(vmu)jl...jm)dVg =0
m=

for m =0, we get fM(U)2dVg =0. Hence, u = 0 a.e. on M. We get that H*(M) is inner product
space.

In general, let us prove that H k.p(M) is complete space, the scalar product (-) associated to
|-l is defined by

<u,v> = Z (gll‘] .. .glm']m(vmu)il...im(vmu)j1-~~jm)dVg :
m=0JM

Any Cauchy sequence in (Cj;eJ (M), Il - llgrp) is a Cauchy sequence in the Lebesgue space
(LPVD, - 1Ip). We can look at H kP as a subspace of LP(M) made of functions u € L?(0) which
are limits in (LP(M), || - | ;) of a cauchy sequence (u,,) in (CZ(M), I - lgx.0) and define ||l gz as
before, where (V/u), 0 < j <k, is now the limit in (LP(M), || - |,) of the Cauchy sequence (V/u,,)
so H*P (M) is complete space. So, H* is Hilbert space. O

The main question about spectrum is self-adjointness of the Schrodinger operator P =
—Ag +V, recall that an unbounded linear operator P essentially self-adjoint if its closure P is
self-adjoint. In the case of M = R" with standard metric, Cartier [4] showed that if the function
V is locally bounded and if there exists C such that V = C on M, then the Schrodinger operator
H is essentially self-adjoint. Later, Kato [[18] proved that it is possible to replace the hypothesis
VeLP R") by Ve LIZOC(IR{’L). Next, in the works of Oleinik [21]] we can find a general theorem
with complex hypotheses on V as following:

Theorem 3.2. Let (M, g) be a complete connected manifold of dimension n=1and V € Li’(‘)’C(M)
be a potential such that for all x e M, V(x) = C, where C is a real constant. Then the operator
P =-Ag+V(x) on (M, g) is essentially self-adjoint.

Determination of spectrum under topological perturbation has been studied by Kac [16]
later, for the case of Ag», Rauch and Taylor [22]] proved that spectrum is invariant in a compact
subset of R". Then, Chavel and Feldman [5,/6] used the technique of complex probabilistic for
Riemannian manifold. Courtois [10] dealt with Az on (M, g).
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The following theorem deals with discrete spectrum in case of compact setting for (M, g) be
a compact connected manifold of dimension n = 1.

Theorem 3.3. Let (M, g) be a compact connected manifold of dimension n =1, V € L{> (M)
the spectrum of P = —Ag +V(x) is discrete. Not only that it consists of an infinite increasing

sequence of eigenvalues with finite multiplicity,

nfVx)sAlisdg<...<Ap<...+00
xeM
associated with eigen functions (ey) which forms a Hilbert basis of the space L?(M).

For non-compact case we have the theorem:

Theorem 3.4. Let (M, g) be a complete connected Riemannian manifold of dimension n =1 and

let V € L‘l’;’C(M) be a potential such that |llim V(x) = co. Then, the spectrum of P = —Ag +V(x)
X|—00

is discrete. Specifically, its a set of an infinite increasing sequence of eigenvalues with finite

maultiplicity
ian(x)S/ll Sﬂz <... Sﬂk <...+o0.
xeM

Moreover, the associated eigenfunctions (e) which forms a Hilbert basis of the space L2(M).

The most important example in the case of | l|im V(x) = oo is Harmonic oscillator.
xX[—0o0

Example 3.1. The one-dimensional harmonic oscillator is the Schrodinger operator ;;:g + 12

on the manifold R. Consider the set Y :={f € H(R), xf € L?(R)} this set is subset of HX(R) and
equipped with the scalar product
o8y = (@) 2+ {f &)z + xf 22
Y is dense in L2(R). Moreover, by a classical argument of functional analysis, the canonical
inclusion of Y in L2(R)is compact. Consider the unbounded operator A : D(A) — L%(R) with
domain D(A)=Y.
Ais defined by Af := f +xf.
Using the integration by parts formula (and the fact that if f €Y then |x1|i—1»noox| F)I12 =0 we
getforall feY
AR, = =IF 12+ £ 120+ llxf 17
For all f €Y, thus we obtain
2F 17, +IAFIZ. = If 1.
Consequently, the norms |- ||4 and || - ||y are equivalent on Y. Therefore, the set Y =D(A) is
complete for the norm | - || 4. It follows that the operator A : D(A) — L2(R) is closed.

A*:D(A%) — L (R),
A'f =~f +xf,
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we called A* the creation operator. Now we consider the operator
P=AA"+1]

with domain D(P)={f €Y : Af € Y}. In fact, we have
D(P)={f € HA(R), x*f € LA(R)}

and for all f € D(P)
AA*f =—(Af) +x(Af)=—f"+x%f - f.

Hence
Pf=—f"+x*f.

In particular, we have for all f € D(P) such that ||f II%2 =1
PFf.frrz=(AAF, Az +fl3 = 1AfI2, +1=1.

Let O(P) be the numerical range, we have O(P) c [1,00[. We see that the set C — O(P) has just
one connected component and the map

{C —NUoo

A — dim(ker(P* — AI))

is constant on C — ©(P) i.e. for all A € C — O(P)
d(1)=d@)=d(-1)

(because i,—i € C— O(P)). But since P is self-adjoint
(ker(P* - A1))=0

thus d(i) =d(-i) =0, and so d(1) =0 for all 1 € C—-O(P). In other words, C — O(P) c p(P) so we
get Spec(P) c p(P) < O(P) because the spectrum of P is discrete. We conclude that

spec(P)c[1,o00].
By a simple computation
[A,A*1f =AA™f-A"Af =2f.
For all f € D(P). Next, if a vector ¢ = D(P) satisfies P¢ = A¢p (where A is a scalar), then
ApeD(P),A*p e D(P), and we have
P(Ap)=A"AAp+ Ay
=AATAp-2A¢p+A
=APp-p)—Agp
=Adp-¢)-Ag
=(1-2)Agp.
On the other hand,
1A@l?, = (Ap,Ap) s
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=(A"A@,p) 2
=Py-9,p)12
= AlglZ, — llgl2,
=(A-DlglZ,.
Similarly,
PA*p)=(A+2)A%p, IA*¢l2, =(A+Dllgll2,.

Now, we want to show that spec(P) c {(2n + 1), n € N}. For the moment we only know that
spec(P)c[1,00[. If A is an eigenvalue of P in the interval ]1,3[ there exist ¢ # 0 in D(P) such
that Py = A thus we have P(Ap)=(1—-2)Ap and

lA@I7; = (A= Dlgl?; >0
hence A # 0. Consequently A —2 € spec(P) therefore A —2 €]—1,1[ which is a contradiction. So
spec(P) < {1} U[3,00[.
Using the same argument by induction we get easily that
spec(P)c {(2n+1),n e N}
as claimed. To finish, using the Hermite family {e,},en
enlx) = (2"n) = (@' nyVD F e H, (),
where P, (x) = (—1)ne"2 %(e'ﬂ) which form a Hilbert basis of the space L2(R), we have
A*e, =V2n+2e,.1
and for any n
Ae, = V2ne n-1
so for any n
Pe,=2n+1e,.
Consequently, the spectrum of the operator P is
spec(P)={2n+1),n e N}

and the associated eigenvectors are given the Hermite’s family.

4. Application in Spectral Geometry

In the past decade, there has been a flurry of work at intersection of spectral theory and
Riemannian geometry. In this section, we will briefly present some of recent results in abstract
spectral theory depending on Laplace-Beltrami operator on compact Riemannian manifold.
Also, we will emphasize the interplay between spectrum of operator and geometry of manifolds
by discussing two main problems (direct and inverse problems) with an eye towards recent
developments.
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Definition 4.1. The relationship between geometric structure of manifolds and spectrum of
differential operators created a new concept which is spectral geometry. In the case of Laplace-
Beltrami operator on closed Riemannian manifold this field sets two problems:

(i) Direct problem.

(i1) Inverse problem.

Direct problem. Given a compact Riemannian manifold (M, g) can we find the spectrum
{Ar (M)} r>0p of M, this question comes under Direct problem. In fact, we can discern that the
explicit computation of spectrum is not easy task, there are few examples where the spectrum
of manifold is known, like (sphere, flat tori, balls), for this reason some of estimates of spectrum
is introduced (we refer to Cheng [/7]]).

Inverse problem. Inverse problem seeks to identify features of geometry from information
about Laplace’s spectrum, some results are appeared when Milnor [20]] answer of the question
that Kac posted (see [15]), the analogy of this question is “Is the spectrum of associated on
smooth function Laplacian determine the shape of manifold?”. Sunada rise to give examples
which clarifies iso-spectral manifolds (see [25]). In general, the data of spectrum does not
determine the shape of manifold however, some of positive results as the geometric effect that
we can take out from spectral invariant is shown in [14]].

5. Conclusion

We covered most important analytic theorems of Schrodinger operators on manifold.
The geometric aspects of spectrum also play a very significant role in mathematical physics and
still a very active field of research till now.
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