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1. Introduction

S. Banach [3]], a Polish mathematician and one of the pioneers of functional analysis, proposed a
contraction principle that laid foundation for many fixed point theorem. Further, metric space
has been generalized in a number of ways. In this process, Huang and Zhang [5]] developed the
concept of cone metric space, replacing the Banach space with an ordered Banach space over
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the set of real numbers and proved several results. Following that, Abbas et al. [2], Abbas and
Rhoades [1], Rezapour and Hamlbarani [|9] investigated some in cone metric spaces. Thereafter,
Song et al. [[11] have derived similar fixed point theorems using weakly compatibility in cone
metric spaces. Recently, Abbas and Jungck [2] generalized the finding within a normal cone
metric space using weak compatibility. In a similar way, Vetro [13] used weak compatibility to
prove some fixed point theorem for two self-maps meeting a contractive condition. Later, Jain et
al. [7] proved certain fixed point theorems for four self-maps through compatibility and weak
compatibility that met a contractive condition. Our major goal is to extend the results of [7]
by using semi-compatibility, A-reciprocally continuity, and sub sequential continuity in cone

metric spaces.

2. Preliminaries
Definition 2.1 ([5]])). Let E be a real Banach space. P c E is called a cone if and only if
(1) P is closed, nonempty and P # {0};

(i) a,beR,a,b=0and x,y€ P imply ax+ by € P,

(iii) P n(=P)={0}.
Given a cone P c E, we define a partial ordering < on E with respect to P by x < y if and only
if y —x € P. We shall write x < y to indicate that x < y but x # y, while x <« y will stand for
y—x €intP (interior of P). A cone P c E is called normal if there is a number K > 0 such that

Vx,yeE, 0<sx<y=|x|| <K|yl. The normal constant of P is the least positive value that
fulfills the aforementioned inequality. It is clear that K = 1.

Proposition 2.2 ([6]). Consider cone P is in a real Banach space. If a € P and a < ka, for some
k€[0,1) then a =0.

Proposition 2.3 ([6]]). Consider cone P is in a real Banach space E. If for a € P and a < c,
VY ¢ € PY (interior point) then a =0.

Definition 2.4 ([5]). Let X be a non-empty set and E a real Banach space with cone P. A vector-
valued function d : X x X — P is said to be a cone metric space on X with the constant K =1 if

the following conditions are satisfied:
(d1) d(x,y)>0and d(x,y)=0ifandonlyifx =y V x,y € X;
(do) (x,y)=d(y,x) V x,ye X,
(d3) (x,y)<K(d(x,2)+d(y,2)) V x,y,z€ X.

Then d is called a cone metric in X and (X, d) is called a cone metric space.

The concept of a cone metric space is more general than that of a metric space.
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Definition 2.5 ([5])). Let (X,d) be a cone metric space. We say that a sequence

(i) (xp)pen X is a cauchy sequence if for all € > 0 there exists an N. € N such that for all
n,m >N, d(x,,xn) <e, if n,”lli_r)r}rood(xn,xm) =0.
(i1)) Convergent sequence if for every c € E with 0 < c, there is an N such that for all n> N,
d(xy,x) < c for some fixed x € X.
(iii) A cone metric space X is said to be complete if every cauchy sequence in X is convergent

in X.

Definition 2.6. Cone metric space (X,d) is In a real Banach space E, let P be a cone. If u <v,
v <<w then u < w.

Lemma 2.7. Cone metric space (X,d) is a real Banach space E, let P be a cone and ki,ko, ks,
ka,k >0.If xy— x, yp— ¥, 2y~ zand Py — p in X and ka < k1d(x;,x)+kod(y,,y) +k3d(z;,2)+
k3d(Py,p), then a =0.

Definition 2.8. Two self-maps F and G of a set X are occasionally weakly compatible (OWC) if
and only if there is a point x in X which is a coincidence point of F' and G at which F' and G
commutes.

Example 2.9. Define cone metric space (X,d) a with partial ordering < and E = R?,

P={(y,2)€E|y,z>0cR?, X=[0,00),d:X*xX —E,

in order for d(y,z) =(|y — z|,aly — z|), where a = 0 is some constant.
Define the self-mappings A,B and S,T. On X =[0,00) as

A(x)=x% VY x€[0,00)
and
S(x) = 3x2, if x €[0,00).

We see that the pair has coincidence points (A,S) at 0, 3.
Atx=3

A3)=27=8(3)
but
AS(3)=A(27)=19683 # SA(3) =S(27) = 2187.
At x=0,A0)=0=S(0) and
AS(0)=A(0)=0=SA(0)=2S(0).
This indicates that pair (A,S) is OWC, but not weakly compatible.

Definition 2.10 ([7]]). The self-mappings pair (A,S) on a cone metric space (X,d) is claimed
to be semi-compatible, if nlim ASx, = St, whenever {x,} is a sequence in X such that
—00

lim Ax, = lim Sx; =¢, for some ¢ € X.
nN—00 1n—00
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Example 2.11 ([7]). In a cone metric space (X,d), define self-mappings A,B and S,T.
On X =[1,00) as
2x—1, ifx<1,

, ifx<1,
Aw)={" o and S()={2x+2, ifxe(1,4)U400),
3x+1, ifx>1, ]
13, if x =4.
Consider a sequence x; = 1+ % for n> 1.
Then
1 1
Axp=A[1+—-|=3[(1+-|+1— 4
n n
and

an:S(1+l):2(1+1)+2—>4, as 1 — oo.
n n
Now

2

1 2

Aan:AS(1+—):A(4+—):3(4+—)+1—>13=S(4),
U n n

and

1 3 3
SAx,,:SA(1+—):S(4+—):2(4+—)+2:10, as 1 — oo.
n n n

Then ASx;, — 13 and SAx; — 10, as 1 — oo.

Hence the pair self-mappings (A,S) is semi-compatible but not compatible.

Definition 2.12 ([4]]). The self-mappings pair (A,S) on a cone metric space (X,d) is mentioned
to be sub-sequentially continuous if a sequence {x,} exists in X as well as T}im Axy = nlim Sx, =t,
—00 —00

in some cases ¢t € X as well as lim ASx, = At and lim SAx, = St.
n—00 1n—00

If the self-mappings A, S is continuous, hence reciprocally continuous mappings but not sub-
sequentially continuous as discussed below.

Example 2.13. In a cone metric space (X,d), define self-mappings A,B and S,T.
On X =[1,00) as

x, ifx<1,
Ax)=<3x-1, ifxe(1,8)u(8,00),
47, ifx=8

and

2¢-1, ifx<l,
S =4, _
x“—-1, ifx>1.

Consider a sequence x; =3 — 1—1] for n > 1.
Then
1) 3

1
Ax,,:A(3——):3(3—— ~1=8---38
U n n
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and
1 1)
an:S(3——):(3——) -1—-8, asn—oo.
n n
Now
1 1) 1\
ASxp=AS|(3-—|=A|[3-=] -1|=3||3—=| —1]-1=23#47=A(8)
n n n
and
1 3 3)2
SAx;=SA|3-—-|=8|8-—=|=|8-=| -1=63=8(8), asn— oo.
n n n
However, for a sequence xnzl—% for n =1, then
1
Axp=1--—1
n
and
1
an:1—5—>1 as n— oo.
Now
1 1
ASx,,:AS(l——):2(1——)—1:A(1):1:A(1)
n n
and

1 1

SAx,,:SA(l——) :2(1——)—1: 1=S(1).
U] U]

Therefore, the mappings A,S are sub-sequentially continuous but not continuous.

Definition 2.14 ([8]). The self-mappings pair (A,S) on a cone metric space (X,d) is called
reciprocally continuous if for each sequence {x;} in X, T}im ASx, = At and 77lim SAx, = St,
—00 —00

whenever lim Ax, = lim Sx;, =¢ for some € X.
n—00 n—00

Further reciprocally continuous mappings can be divided into A-reciprocally continuous and
S-reciprocally continuous mappings.

Definition 2.15. The self-mappings pair (A,S) on a cone metric space (X,d) is called
A-reciprocally continuous if for each sequence {x;} in X, T}im ASx; = At, whenever T}im Axy =
—00 —00

lim Sx, =¢, for some t € X.
1N—00

Definition 2.16. The self-mappings pair (A,S) on a cone metric space (X,d) is called
S-reciprocally continuous if for each sequence {x,} in X, nlim SAx, =St, whenever nlim Axy =
—00 —00

lim Sx;, = ¢, for some ¢ € X.
nN—00

Reciprocally continuous implies A-reciprocally continuous and S-reciprocally continuous but
not conversely. We present a counter example as following.
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Example 2.17. In a cone metric space (X,d), define the self-mappings A,B and S,7T,
on X =[1,00) as

z if x € (—oo, 1 +2, ifxe(-oo,1
Ax=Bx={% 1x (~oo,1), and Sx=Tx= s 1x (~oo,1),
4x -3, ifxe[l,o00), 3x—2, ifxe[l,00).
Consider a sequence {xn}:{1+%},n€Nin X.
Then
1 1 4
limAxn:limA(1+— =4(1+—)—3:(1+— =1,
=00 =00 n n n
. . 1 1 3
thxn:th(1+—):3(1+—)—2: 1+—):1, as 1 — oo.
=00 =00 n n n
Also,
) . 1 3
lim ASx, = 11mAS(1+—): hmA(1+—):4 1+—)—3—>1:A(1),
n—00 n—00 n) n—oo n n
. . 1 . 4 4
lim SAx, = 11mSA(1+—): 11mS(1+— :3(1+—)—2—>1:S(1), as n— oo.
=00 =00 nj n—ee n n
Consider another sequence {xn}:{%—3},n€N in X.
Then
1
lim Ax, = lim (——1):—1 as 1 — oo.
n—o0 n—oo\3n
1 1 1
lim Sx; = lim (——3):——3+2:——1—>—1, as 1 — oo.
=00 =oo\n n U]
Next,
1 1 1 1(1 1
lim ASx, = limAS(——3) = limA((——3)+2) = limA(——l) :—(——1)—>——
n—00 n—00 n n—00 n n—oo \n 3\n 3
-1
=—=A(-1
3 (=1,

1 1
lim SAx, = lim SA (— —3) =1lim S (—1 + —) =
n—00 1n—00 n n—00 3n

1
—1+—)+2—> 1=1=S(-1), as n — oo.
3n

Thus, the self-mappings pair (A,S) is A-reciprocally continuous but neither continuous nor
reciprocally continuous.

Now we present a theorem by Jain et al. [[7].

Theorem (a). Let (X,d) be a complete cone metric space with respect to a cone P contained in a
real Banach space E. Let A,B and S, T be self-mappings on X satisfying:

(i) AX)cTX), B(X)cS(X),
(i1) the pair (A,S) is compatible and the pair (B,T) is weakly compatible;
(iii) one of A or S is continuous;
(iv) d(Ax,By) < Ad(Ax,Sx)+ud(By,Ty)+6d(Sx,Ty)+yld(Ax,Ty)+d(Sx,By)].
for some A,y,0,uel0 D) with A+u+d+2y<1, Vx,yeX.

Commaunications in Mathematics and Applications, Vol. 13, No. 5, pp. [1413H1426| 2022



Some Results in Cone Metric Space, Using Semi-Compatible and Reciprocally. . . : C. Perala and V. Srinivas 1419

Then A,B,S and T will be having a single common fixed point in X.

The aforementioned result can be generalized in the following way.

3. Main Result

Theorem 3.1. Complete cone metric space (X,d) is with respect to a cone P contained in a real
Banach space E. Let A,B and S, T be self-mappings on X satisfying:
(1) AX)cTX), BX)cSX);

(ii) the pair (A,S) is semi-compatible and A-reciprocally continuous and the pair (B,T) is
weakly compatible;
(iii) d(Ax,By) < Ad(Ax,Sx)+udBy,Ty)+6d(Sx,Ty)+v[d(Ax,Ty)+d(Sx,By)]

for some A,y,0,u€l0,1) with A+ pu+5+2y<lwithV x,yeX.
Then A,B and S,T having a single common fixed point in X.

Proof. Consider xo € X be any arbitrary point. Using (3.3) assemble sequences {x,}, and {y,} in
X in order for
Axgp =Txoy41=yon and Bxgjs1 = Sxop+2 = Yop+1, N=0. (3.1)

We show that {y;} is a cauchy sequence.
Substitute x = x9;, ¥ = x2,+1 in (3.3) we get

d(Axoy,Bxop:1) = Ad(Axay,Sxoy) + pd(Bxgy i1, Txon+1) + 0d(Sxoy, Txon:1)
+yld(Axgy, Txons1) + d(Sxg,, Bxoyi1)l.
Using (3.1), we get
d(y2y, yon+1) = Ad(yay, y2n-1) + pd(yon+1, y2n) + 6d(yoy-1, you) + YId(y2y, yon) + d(y2n-1, Y25+1)]
= Ad(yap, y2y-1) + pd(y2n+1,¥Y2n) + 0d(yen-1, y2n) + vId(yey-1, yon) + d(y2y, yen+1)].
Writing d(yy, yy+1) = dy, we have
dop < Adgy-1+ pday +6doy-1 +ylday +doy-11.
That is (1 -y —u) dg; = (A +7y +6)dgy-1 which implies

dop =hdgy-1, (3.2)
where h = Eﬁﬁﬁ;

In view of (3.3), A < 1.
Now substitute x = x2,42, ¥ = X241 in (3.3) we get

d(Axoyi2,Bxon1) = Ad(Axapi2,Sxop12) + ud(Bxgyy1, Txop1) +0d(Sx2,42, Txon 1)
+ y[d(Axgy 2, Tx25+1) + d(Sx2y12,Bxo, 1)l
Using (3.1), we get
d(y2n+2,Yen+1) = Ad(yen+2, yon+1) + ud(yen+1, yon) + 6d(yen+1, y2r,)
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+yld(yon+2, y2n) + d(¥2n+1, Yon+1)]
= Ad(yan+2, yon+1) + ud(y2n+1, Y25) + 6d(y2n+1, Y2n)
+yld(yen+2, y2n+1) + d(yap+1, yop)l.
So, we have
dop+1 < Adop1+ udoy +6day, +yldapi1 +dayl.

That is (1 -y — u) d2y+1 = (A +7y +6)d2, which implies

dop+1 = kday,
where & = &%Z;.

By condition (3.3), &£ < 1.
In view of (3.2) and (3.3) we have,

don+1 = kday = khda,-1=k*hde;—9=---=k""'hdy, where do=d(yo,y1)
and

doy =hdoy-1 = hkdgy-s =h>kds,_5=---=h"k"dy, where do=d(yo,y1).
Therefore,

doge1 = k" h"dy and dg,=h"k"d,.
Also,

d(Yn+1,yn) = AWyp+1 Yn+i-1) + AYye1-1, Ype1-2) + - + d(Yp+1, yn)-
That is,
d(yn+1,yp) =dpri-1+dpsi—2+-+dy.
If n+1 -1 is even then by we have
d(yn+l,yn) — (h(n+l—1)/2k(n+l—1)/2 + h(n+l—1)/2k(n+l)/2 +eee +)d0
= p M+ =D2p0=D211 L by B+ hEZ+ B2E2 + .. 1d
= V2RO =D21) L k4 R2E2 4 )+ (R +REZ+R2R3 + .. )1d
= p D20 D211 L p + B2E2 4 )+ E(L+hE +R2E2 + .. )1d
= p D20 =D2(1 4 pY (1 + hE+R2E2+ .. )d
— h(n+l—1)/2k(n+l—1)/2(1 +k)(1 _ hk)do.
As hk <1, P is closed, then
Aty yn) = R =D (0411121 4 py(1 — hE)d,.

Now for ¢ € P?, there exists r > 0 such that ¢ —y € PO if ||y|l <r.
Choose a positive integer N, then V n=N_, then

”h(n+l—1)/2k(n+l—1)/2(1 +k)1-hk)doll <r
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which implies ¢ — AT =D2E0+=D2(1 4 kY1 - hE)dg € P° and
ROHD2pMH=D2(1 4 Y1~ hE)do — d(yy+1,yy) € P on using (3.5)
So, we have ¢ —d(yy,47,yy) € P% V=N, and V p by Proposition
The same thing is true if n+/ -1 is odd.
This implies d(yy+1,y,) <c¢, V>N, V p.
Hence {y;} is a cauchy sequence in X, which is complete.
As {yp} — u € X implies as
{Axgn} — u and {Bxop+1} — u,
{Sx2y} — u and {T'xg;+1} — u,
lim Axg, = lim Sxg; = u.
1n—00 1n—00
Because the self-mappings pair (A, S) is semi-compatible

lim ASxg, =Su and lim Axg, = lim Sxg, =u for some u € X.
n—o0 n—oo n—oo

Also the self-mappings pair (A,S) is A-reciprocally continuous

lim ASxg, =Au.

1N—00

From (3.9) and (3.10) we get
Au=Su.

Now

d(Su,u) <d(Su,Axg;) + d(Axg,,Bxg, 1)+ d(Bxay.1,u)
=d(Su,ASx2;) +d(y2y+1,u) + d(ASx2;,Bxay 1)
Using with x = xg9, and y = x2,+1 we have
d(Su,u) < d(Su,ASxoy) +d(yen+1,u) + Ad(ASxg,,Sx2;) + ud(Bxay. 1, Tx9p11)
+ 6d(Sxay, Txgy 1) + Y[d(ASxay, Txon+1) + d(Sxgy, Bxoy+1)
< d(Su,ASx9;) + d(yan+1,u) + Ad(ASxay, u) + pd(yon+1, y2n)
+ 6d(u, y2,) + YId(ASx2y, yon) + d(u, yop+1)]
=d(Su,ASx2;) +d(y2p+1,u) + Ald(ASx2,,Su)+d(Su,u)]
+pld(yon+1,u) +d(u, yo)l + 6ld(w,Su) + d(Su,u) + d(yz,, u)]
+ v[d(ASx2;,Su) +d(Su,u) +d(u, y2;) + d(u, y2;+1)]

this implies

(3.6)
(3.7
(3.8)

(3.9)

(3.10)

(3.11)

(1-A—26—-7)d(Su,u) < (1+A+Y)d(ASxay, Su)+ 1+ p+7)d(yays1,u) +(u+6+1)d(w, yo)

as ASxgop — Su, {y2;,} — v and {yg;+1} — u.
Then by Lemma [2.7 we have

d(Su,u)=0 and hence Su=u.

Commaunications in Mathematics and Applications, Vol. 13, No. 5, pp. [1413H1426| 2022
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Now
d(Au,Su) < d(Au,Bxgy1) + d(Bxgyi1,Su)
=d(y2p+1,Su) +d(Au,Bxg;1).
Using with x = u and y = x9,+1, we have
d(Au,Su) <d(y2;+1,Su) + Ad(Au,Su) + pud(Bxgy.1, Txgy1) +6d(Su, Txop.1)
+vld(Au, Tx2y41) + d(Bxg,41,Su)]
<d(y2;p+1,Su) + Ad(Au,Su) + ud(y2,+1,y2n) + 6d(Su, y2;,)
+vld(Au,y2;) +d(yep+1,Suw)l
< d(y2p+1,Su) + Ad(Au,Su) + pld(y2,+1,Su) + d(Su, y2,)1 + 6d(Su, y2,)
+vld(Au,Su)+d(Su, y2,) + d(y2;+1,Su)l.
So
(1-A-y)d(Au,Su) <(u+6+y)d(yey,Su)+ 1+ p+y)d(yey+1,Suw).
Using Su =u, we have
Q1-A-y)dAu,u)<(u+0+y)du,u)+1+p+y)du,u).

As {y2y} — u and {yg,1} — u.

By Lemma [2.7| we get

d(Au,u)=0
and we get

Au=u (3.13)
From and (3.12), we get

Au=Su=u.

Thus u is a coincidence point of intersection (A,S).
As AX)cT(X),dveX with u =Au =Tv, then

u=Au=Su="Tv. (3.14)
Substitute x =u and y =v in we have
d(Au,Bv) < Ad(Au,Su) + pd(Bv,Tv)+6d(Su,Tv) +yld(Au,Tv) + d(Su,Bv)].
Using we have
d(u,Bv) < (u+7y)d(u,Bv)
As p+7y <1, by Proposition [2.2] it gives and hence d(Bv,u) =0 and we get
Bv=u
thus Bv = Tv = u as the self-mappings (B, T) is weakly compatible we get
Bu=Tu.
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Substitute x =u, y=u in and using Au =Su, Bu =Tu we get
d(Au,Bu) < (6 +2y)d(Au,Bu).
Hence Au = Bu, by Proposition as 6 + 2y <1 and we have
u=Au=Su=Bu=Tu.
In this case, Thus u is common fixed point between the four self-maps A,B and S,T.
Uniqueness:
w is another common fixed point.

Let w=Aw=Bw=Sw=Tw.
Taking x =u and y = w in (3.3) we get

d(Au,Bw)=Ad(Au,Su) + ud(Bw,Tw) +6d(Su,Tw) + yld(Au,Tw) +d(Su,Bw)].
Hence d(u,w) = (6 +2y)d(u,w) by Proposition [2.2] as § +2y < 1,
d(u,w)=0, u=w.

Thus u is such required common fixed point for four self-maps A,B and S,T'.
Our theorem validated by discussing a relevant example.

Example 3.2. In cone metric space (X,d), the self-mappings A,B and S,T.
On X =[0,00) define

(V2)x, ifxel0,2)
2 .f E 0 2 b ) b
Ax=Bx=1{"" 1x [0,2], and Sx=Tx=<4, if x €[2,4),
0, ifxe(2,4] .
0, if x = 4.
Consider a sequence x; = ?, neN in X. Then x =0, v/2 are coincidence points of B, T
At x=0,
B(0)=T(0)=0 and BT(0)=TB(0)
At x =2,

B(vV2)=2=T(V?2),
BT(V2)=B(2)=4, TB(V2)=T(2) =4,
B(V2)=T(V2)=BT(V2)= TB(V?2).

That implies the pair (B, T) is weakly compatibility. Now

2
2 2
lim Ax, = lim A (i) = lim (i) =0,

1—00 17—00 n n—ool| 7
2 2
T}Lrglonn :171L1£108 (g) = (\@)(%) =0, asn—oo

Commaunications in Mathematics and Applications, Vol. 13, No. 5, pp. [1413H1426| 2022



1424 Some Results in Cone Metric Space, Using Semi-Compatible and Reciprocally. . . : C. Perala and V. Srinivas

and

V2 2 2\2
lim ASx; = lim AS (—) =lim A (—) = lim (—) =0=.S(0),
n—o00 n—0o n n—oo \n) n—ooln

1—00 1n—00 n n—oo \n) n—oo\n
Consider another sequence {x;} = {V2- Tl)}, neN in X. Then x =0, V2 are coincidence points of
A,S.

2
lim Aan = lim AS (E) =lim A (g) = lim (g) =0=A(0).

At x=0,
1 2
lim Ax, = limA(\/_——):(\/ﬁ) =2 as 17— oo,
1—00 17—00 n
. . 1 1
lim Sx, = th(\@——) :(\/5)(\/_——) =2asn—oo
=00 =00 n n
and
1
lim ASx, = lim AS V2-—|=1im A(2)=(2)?=4=S8(2),
n—00 1n—00 n n—o00
1
lim ASx, = lim AS V2-=|= lim A (2) = 22 =4=A(2),
—00 —00 n —00

lim SAx, = lim SA(v2- 1) - lim 5@ =4 %50,
7—00 n—00 n 17—00

Thus, the self-mappings (A, S) is semi-compatible as well as A-reciprocally continuous. Further

the pair (B, T) is weakly compatible. Moreover, at x =0, A(0) =S(0) =B(0)=T(0)=0.

But the pair of mappings (A, S) is neither compatible nor reciprocally continuous.

Now we proved contractive condition different cases as the following.

CaseI: If x €10,2)
d(Ax,By) < Ad(Ax,Sx)+udBy,Ty)+6d(Sx,Ty)+yld(Ax,Ty)+d(Sx,By)],
d(Ax,Bx) < Ad(Ax,Sx)+ ud(Bx,Tx)+6d(Sx,Tx) +yld(Ax,Tx)+ d(Sx,Bx)],
d(x?,x%) < Ad(x%, V2x) + pud (x%, V2x) + 5d(vV2x, V2x) + y[d(x?, V2x) + d(V2x,x%)],
0 < Ad(x2,V2x) + pd(x?, V2x) + 5(0) + yId (x2, V2x) + d(V2x,x2)],
0<A+pu+2y)d(x%,v2x).

0 <(A+ pu+2y) so that contractive condition is satisfied.

CaseIL: If x =2
d(Ax,By) < Ad(Ax,Sx)+udBy,Ty)+5d(Sx,Ty)+yld(Ax,Ty)+d(Sx,By)],
d(Ax,Bx) < Ad(Ax,Sx)+ pud(Bx,Tx) +6d(Sx,Tx) + y[d(Ax,Tx)+ d(Sx,Bx)],
0<0.

So that inequalities satisfied.
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Case IlI: If x € (2,4)
d(Ax,By) < Ad(Ax,Sx)+udBy,Ty)+06d(Sx,Ty)+y[d(Ax,Ty)+d(Sx,By)]l,
d(Ax,Bx) < Ad(Ax,Sx)+ pd(Bx,Tx) +5d(Sx,Tx) + y[d(Ax,Tx) + d(Sx,Bx)],
d(0,0) < 1d(0,4) + ud(0,4) + 6d(4,4) +y[d(0,4) + d(4,0)],
0<4A+4u+06+8y,
0<4(A+pu+2y),
0<(A+u+2y).

CaseIV:Ifx=4
d(Ax,By) < Ad(Ax,Sx)+ ud(By,Ty)+6d(Sx,Ty)+yld(Ax,Ty)+d(Sx,By)l,
d(Ax,Bx) < Ad(Ax,Sx)+ pd(Bx,Tx) +5d(Sx,Tx) + y[d(Ax,Tx) + d(Sx,Bx)],

0=<0.

Ifwetake/lzi,,u:%,yzl—l(;and6:%.

The contractive condition (3.3) of above said Theorem holds true and 0 is the only common
fixed point for the four maps A, B and S,T'.
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