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1. Introduction

The notion of metric spaces was generalized by many researchers [1-3.(7,[8,[12]. Recently, Sedghi
et al. [11] initiated S-metric spaces as one more generalization, which generated lot of interest
among researchers.

Jungck and Rhoades [6] proposed weakly compatibility as the generalization of compatibility
of mappings introduced by Jungck [4,5].

In this paper with the aid of weakly compatibility, we establish a common fixed point
theorem for four self maps of a complete S-metric space. An example is provided to validate our
result. This theorem generalizes the theorem proved by Sedghi et al. [13].
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2. Preliminaries
Definition 2.1 ([11]). Let M be a non empty set. By S-metric, we mean a function S : M3 — [0, 00)

which satisfy the following conditions:
(a) S(a',p,y)=0,
(b) S(a/,p,y)=0ifand onlyif a’' = ' =7/,
(c) S(,p,y)=<S(,a',w)+SB,B ,w)+S,y, w),
for any o', 8',y',w € M. Then (M,S) is known as S-metric space.

Lemma 2.1 ([9]). Let (M,S) be a S-metric space. Then we have S(a',a’,8')=S(f,',a’), for any
o, M.

Definition 2.2 ([[10]). Let (M,S) be a S-metric space.

(1) A sequence (a,) in M converges to a if S(a,,a,,a) — 0 as n — oo, that is, for each € >0
there exists ng € N such that for n = ng, S(a,,a,,a) < €. In this case, we denote it by
writing lim «a, = a.

n—oo
(i1) A sequence (a,) is called a Cauchy sequence if for any € > 0, there exists an ny € N such
that S(a,,a,,a,) <c for any n,m = ny.

(iii) By a complete S-metric space, we mean a S-metric space (M,S) in which every Cauchy

sequence is convergent.

Lemma 2.2 ([10]). In a S-metric space (M,S), if there exist two sequences (a,) and (,) such

that lim a, = @ and r}ilgloﬂn = B, then nlim S(an,an,Bn) =S(a,a,p).
n—oo - —00

Definition 2.3 ([13[]). In a S-metric space (M,S), a pair of self maps (E,F) is called as
compatible if lim S(EFa,,EFa,,FEa,) = 0, where (a,) is a sequence in M such that
n—oo

lim Ea, = lim Fa, =t, for some t € M.
n—.oo n—00

Definition 2.4 ([6]). In a S-metric space (M,S), the self maps E and F of M are called as
weakly compatible if EFt = FEt whenever Et = Ft, for any t € M.

Remark 2.1 ([6]). Clearly, compatible maps are weakly compatible but not conversely.

Example 2.1. Let M = [2,9]. Define S(a,B,y) = d(a,y) + d(B,y), where d(a, ) = max{a, f}.
Define two maps E and F on M such that

5 ae{slu,9],
E(a):{z {3 .

3, ae (%,4] ,

1
Taking a, =4+ —, for any n > 1.
n

1

5
4+ —
n

>

lim Ea, = lim E
n—oo n—oo
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1 5
lim Fa,=lim F|(4+—|=—,
n—oo n—o0 n 2
. . 1 ) 5 1
lim EFa, = hmEF(4+—) = hmE(—+— =3,
n—oo n—oo n n—oo 2 2n

1 5) 5
lim FEa, = lim FE(4+—) = lim F(§) =—
n—.oo

n—oo n n—oo 2"

Proving that the pair (E, F') is weakly compatible but not compatible.

3. Main Result

We now state our main theorem

Theorem 3.1. In a complete S-metric space (M,S), suppose A,B,E and F are self maps of M
such that
(i) AM)SF(M), B(IM)<EM),

(ii) the pairs (A,E) and (B,F) are weakly compatible,
(i1i)) E(M) and F(M) are closed subsets of M

and
S(Aa,AB,By)<d max{S(Ea,EB,Fy),S(Aa,Aa,Ea),S(By,By,Fy),S(AB,AB,By)} (3.1)
forany a,B,y € M with 0<d <1, then A,B,E and F have a unique common fixed point in M.

Proof. Let ag € M. We know that A(M) < F(M) then there exists a1 € M such that Aag=Fa;,
and also Ba; € E(M), we choose ag € M such that Ba; = Eas. In general, as,+1 € M is chosen
such that Aag, = Fas,+1, and ag,+2 € M such that Bag,+1 = Eas,+2, We obtain a sequence ()
in M such that B9, = Aag, = Fagn+1, Ban+1 =Bagn+1 =Eag,+2, n=0.

To prove that (8,) is a Cauchy sequence.

S(B2n,Bon, Ban+1) = S(Aaz,,Aasy,Bagy+1)
<dmax{S(Eagn,Eag,,Fagy+1),S(Aagn, Aagn, Eag,),
S(Basgn+1,Basn+1,Fagni1),S(Aagn, Aag,, Bag,+1)}
= dmax{S(B2s-1,B2n-1, B2n),SBan, Ban, Pan-1),
S(B2n+1,P2n+1,B2n),S(Ben, Pon, Ban+1)}
= dmax{S(B2,-1, B2n-1,B2n), S (B2n, Ban, Pan+1)} -
Now if, S(B2n, B2n, Bon+1) > S(Bon-1,B2n-1, B2n), giving
S(B2n, B2n, Ban+1) < d S(B2n, Bon, B2n+1)

which is a contradiction.

Hence, S(B2n, Bon, B2n+1) < S(B2n-1,B2n-1,B2n)-
Therefore, by above inequality, we get

S(Ban, Bon, Pon+1) < d S(Ban-1,PB2n-1,P2n)- (3.2)
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By a similar argument, we have
S(B2n-1,B2n-1,B2n) = S(B2n, Bon, P2n-1)
=S(Aagn,Aagn,Bagn-1)
sdmax{S(Eaz,,Eag,,Fas,-1),S(Aag,,Aaz,,Eas,),
S(Bagn-1,Basn-1,Fag,-1),S(Aag,,Aagy, Bag,-1)}
= dmax{S(B2n-1,B2n-1,B2n-2),S(B2n, Pon, P2n-1),
S(B2n-1,B2n-1,B2n-2),S (Ban, Ban, Ban-1)}
= dmax{S(B2n-2, B2n-2, B2n-1),S(B2n, Bon, Pan-1)}-
Now if, S(B2n, B2n, B2n—1) > S(B2n-2,Ben-2,B2n-1), giving
S(B2n, B2n, Ban-1) <d S(B2n, B2n, B2n-1)

which is a contradiction.

Hence, S(B2n-1, B2n-1,P2n) < S(Bon-2,B2n-2, B2n-1).
Therefore, by above inequality, we get

S(B2n-1,B2n-1,Pen) < d S(Ban-2, Bon-2,B2n-1)-
Now from and (3.3), we get
S(BnsPn;sPn-1) =d S(Br-1,Bn-1,Pn-2),
where 0 < d < 1. Hence for n = 2, it follows that
S, s Bu-1) < ... <d" "1 S(B1, 1, Po)-
For n > m, we get

S(ﬁnaﬁnaﬁm) = 2S(,6ma,6ma ,Bm+1)+2s(,3m+l,ﬁm+1, ,Bm+2)+ ce +S(,6n—1,ﬁn—1,,6n)

< 2S(,Bmy,6m; ﬁm+1)+2S(ﬁm+17ﬁm+1, ,Bm+2)+ S ZS(ﬁrL—la ﬁn—la ﬁn)

Hence from (3.4), it follows that
SBn,BrsBm) < 2d™ +d™ ™ + ... +d"HS(B1, B1, Bo)

=2d™[1+d+d%+...1S(B1, b1, Bo)

2d™
= mS(ﬁl,ﬁl,ﬁo) — 0 as n— oo.

(3.3)

(3.4)

It follows that (8,) is a Cauchy sequence in complete S-metric space. Therefore, there is an 7 in

M such that

lim Aazn = lim Fa2n+1 = lim Ba2n+1 = lim Ea2n+2 =n.
n—o0 n—oo n—oo n—o0

We now establish that 77 is a common fixed point of A,B,E and F'.
As F(M) is a closed subset of M, we have

Fv=n=lim Fag,, forsomeveM.
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Keeping a = = a9, and y =v in (3.1), we get
S(Aag,,Aas,,Bv) <dmax{S(Eaz,,Eas,,Fv),S(Aag,,Aazs,,Eas,),
S(Bv,Bv,Fv),S(Aas,,Aas,,Bv)}.
On passing to the limits
S(n,n,Bv) <dmax{S(n,n,Fv),S1n,n,n),SBv,Bv,Fv),S(n,n,Bv)}
<d S(n,n,Bv),

which implies Bv = 1.
Hence Fv=Bv =n.
Therefore, BFv = FBv, which gives

Bn=Fn.
Putting a = f = a9, and y =17 in (3.1), we get
S(Aagn,Aas,,Bn) <dmax{S(Eaz,,Eas,,F'n),S(Aag,,Aas,,Eas,),
S(Bn,Bn,Fn),S(Aag,,Aas,,Bn)}.
On passing to the limits
S(n,n,Bn) <dmax{S(n,n,Bn),Sn,n,n),SBn,Bn,Fn),S(n,n,Bn)}
=d S(n,n,Bn),

which implies Bn =1.
From (3.6),

Bn=Fn=n.

We have Eu =n= lim Eag, 2, for some u € M as E(M) is a closed.
n—oo
Putting a = f=u and y = ag,+1 in (B.1), we get

S(Au,Au,Bag;, 1) <dmax{SEu,Eu,Fas,.1),S(Au,Au,Eu),

S(Bagn+1,Bagn+1,Fagn+1),S(Au,Au,Bag,+1)}.

On passing to the limits
S(Au,Au,n) <dmax{S(n,n,n),S(Au,Au,n),Sn,n,n),S(Au,Au,n}
<d S(Au,Au,n),

which gives Au =1.
Hence Eu =Au =n.
Therefore, AEu = EAu, which gives

An=En.
Putting a = =1 and y =v in (3.1), we get

S(An,An,Bv) < dmax{S(En,En,Fv),S(An,An,En),S(Bv, Bv,Fv),S(An,An,Bv)}

S(An,An,n) <dmax{S(An,An,n),S(An,An,An),S(n,n,n),S(An,An,n)}

Commaunications in Mathematics and Applications, Vol. 13, No. 5, pp. [1405H1412] 2022

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)



1410 Common Fixed Point Theorem for Four Weakly Compatible Self Maps. .. : A. Srinivas

S(An,An,n) <d S(An,An,n),
which implies An=17.

From (3.10),

An=En=n. (3.11)
From and (3.11), we get

An=En=En=Fn=n. (3.12)

Therefore 7 is a fixed point of A,B,E and F.
We now prove 7 is unique, for if {({ # 1) in M is such that

A{=B{=E{=F(=C.
Keeping a = =7 and y =( in (3.1), we get
S(An,An,B{) < dmax{S(En,En,F{),S(An,An,En),S(B{,B{,F{),S(An,An,B{)}
S1,1,¢) < dmax{S(n,n,¢),S1n,n,m,5,{,0,S0,n,0}
S(n,n,0)=d Sn,n,0),

showing { =7, proving the uniqueness of common fixed point of A,B,E and F. O

As an illustration, we have the following example.

Example 3.1. Let M = 3,9] and S(a, B,y) =d(a,y)+d(B,y), where d(a, f) = max{a, 8}. Define
mappings A,B,E and F on M such that

Aw={? “1 LR
3, ac(3,4], 4, ace(3,4],
g’ a:g’ g’ a:g’

E@=13+a, ac(34], F@=47, ae(3,4],
el ae(4,9], ol ae(4,9]

Clearly, A(M)={5,3}, BMM)={5,4}, E®M) = [3,5) U (L},7] and F(M) = [3,5]) u{7}.
We observe that A(M) < F(M) and B(M)< E(M) and (A,E), (B,F) are weakly compatible.
Conditions (i) anld (ii) of Theorem are satisfied.

Taking a, =4+ —, for any n > 1.
n

-

1
lim Aa,, = lim A (4+ —) =
n—oo n—oo n
. . 1
lim Ba, = lim B4+ —

n—o00 n—o0o n

NIt N OT N U | o

1
lim Ea, = lim E |4+ —

n—oo n—o0o n

1
lim Fa, = lim F |4+ —
n—o0 n—o0 n

-

-
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1 5 1
lim AEa, = limAE(4+—) (—+—):3,
n—oo n—oo n 2 2n
1 5 5
lim EAa, = lim EA (4+—) (—) =—,
n—o0 n—0o0 n 2 2
. . 1 5 1
lim BFa,=1lim BF |4+ —|=1lim B|(-+—|=7,
n—oo n—oo n n—oo 2 2n

hmFBan—hmFB(4+ ) hmF(g 5.
n

n—.oo n—oo n—o0

Therefore, (A,E) and (B, F) are weakly compatible but not compatible.

Now we check the condition stated in inequality (3.1) of Theorem in different cases.

Case (i): If a, B,y € (5,4].
Then, Aa =3, Af=3,By=4,Ea=3+a,EBf=3+B,Fy=17,S(Aa,AB,By) =
SEa,EB,Fy)=14, S(Aa,Aa,Ea) =14, S(By,By,Fy)=14, S(AB,AB,By) =8

From (3.1), 8 < d max{14, 14,14,8}, which shows 7 <d < 1.
Case (ii): If a, B8,y € (4,9].

Then, Aa=3,Af=3,By=5 Ea=%1 Ep=L2 Fy="1 S(Aa,Ap, B)/)
SEa,EB,Fy)=10, S(Aa,Aa,Ea) = 10, S(B)/,By,Fy) = 10, S(AB,AB,By) =

From (3.1), 5 < d max{10,10, 10,5}, which shows 3 <d < 1.

Similarly, the other cases can be checked with suitable modifications wherever they are

necessary. Clearly, g is a unique common fixed point of A,B,E and F in M.
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