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Abstract. In the present paper, we prove the existence of a common fixed point theorem with the new
structure of contractive condition in multiplicative metric space for four self maps. In this result, we
use weaker compatible conditions like weakly compatible mappings and common EA-like properties.
Furthermore, it is observed that non-compatible self-maps of multiplicative metric space satisfy
the EA properties and weakly compatible mappings. Eventually, weakly compatible mappings and
EA properties are independent of each other. Further, the outcome of this theorem will extend and
generalize the existing results of multiplicative metric space. At the beginning of this paper, we
discuss some basic definitions and examples which are useful for our main theorem. At the end of this
paper, some examples are discussed to validate our result.
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1. Introduction

In 2008, the concept of Multiplicative Metric Spaces (MMS) was introduced by Bashirov et
al. [4], and Abbas and Jungck [2] invented more generalized commuting maps called compatible
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mappings, which were more general than commuting and weakly commuting maps. Aamri
and Moutawakil [1] developed the concept of EA property and generated some results in MMS.
Further, non-compatible self-maps of MMS satisfying EA properties and weakly compatible
mappings (weakly compatible mappings) and EA properties are independent. In [14], Wadhwa
et al. established the notation of common EA-like property and generate some CFP theorems.
In this paper, Srinivas and Mallaiah [11], and Srinivas et al. [[12] developed a new contractive
condition using the concept of common EA-like property and Weakly Compatible Mappings
(WCM) in MMS to generate a Unique Common Fixed Point (UCFP) theorem. Some examples
are presented to support our outcome.

2. Preliminaries

Definition 2.1 ([2]). Let X be a non-empty set and 6 : X x X — R" holding in the conditions
below:
(2.1.1) 6(a,m=1,and 6(a,n)=1 < a=n,

(2.1.2) 6(a,n)=6(n,a),

(2.1.3) &(a,m) <8(a,P8(y,n), ¥ a,n,yeX.
Then (X, 0) is called Multiplicative Metric Space (MMS).

Definition 2.2. Let (X,6) be a MMS, then sequence {a,} is said that
(2.2.1) Cauchy sequence < 6(a,,a;) — 1, for all 1,I — oo;

(2.2.2) convergent < 3 a € X such that 6(a,,a) — 1 as 1 — oo;

(2.2.3) is complete if every multiplicative Cauchy sequence in it is multiplicative convergent.

Definition 2.3 (|2]]). We define mappings G and I of a MMS as
(2.3.1) Compatible: if Lllm 0(Gla,IGa,) = 1, whenever {a,} is a sequence in X such that
Ga,=Ia,=¢, as 1 — oo for some ¢ € X.

(2.3.2) Weak-compatible: GI¢p = IG¢p whenever G = 1¢.

Definition 2.4 ([1]). We define self maps G and I of a MMS are said to hold
(2.4.1) EA-property, if 3 a sequence{a,} € X such that

}imGa[ :}imlal =¢, for some ¢peX.

(2.4.2) EA-like property, if 3 a sequence {a,} € X such that
limGa, = Llimlal =¢, for some PpeG(X)or ¢pel(X).

I—00
Example 2.1. Let X =[0,2] and 6 : X x X — [1,00) defined as 6(a,n) = e/ where a,n€ X,
then (X,6) is MMS.
Define mappings Ga=a?-3a+2,Ia=2a’-5a+2 VY a in X.
Take sequence {a,} as a, =2 — % and € N.
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Then
. . 1) 1
limGa,=1lim<|2——-] —-3|2——[+2;=0
1—00 1—00 L L

and

1) 1
lim/a,=lim<{2|2——] —=5(2—-—[+2} =0,
1—00 1—00 ! l

IimGa, = hmIaL 0eX

1—00

which implies the pair (G, ) satisfies EA-property.

Also, I(2) = G(2) and 1(0) = G(0) = 2 and 0 are coincidence points.
Further IG(2) = GI(2) and IG(0) = GI(0).

Hence G and I are weakly compatible mappings.

Definition 2.5 ([14]). G, I, H and J are four self maps of a MMS (X, ), then the pairs (H,J)
and (G, 1) satisfy
(2.5.1) common EA-property, if 3 sequences {a,} and {n,} € X such that

hmGal—hmIal—hmHnl hme ¢ for some pe X.

—00
(2.5.2) common EA-like property, if 3 sequences {a,} and {n,} € X such that
lim Ga, = hmIaL = l1mH17l limJn, =¢
1—00

L—00

for some p € G(X)NI(X) or p € HX) N J(X).
Now, let us discuss an example on common EA-like property.

Example 2.2. Let X = [0,%] with 6(a,n) = e'“"" then (X,6) is MMS.

Define mappings G(a) = sin(a), (@) = s> H(@) = 57524 — and J(a) = vI-cos(a),
GX)=1(X)=HX)=J(X)=[0,1].

Take two sequences {a,} = %—% and {n,} = % where 1 € N.

Then
. .. (m 1 . 1
lim G(a,) = lim sm(— - —) = lim cos (—) =1eG(X)
1—00 1—00 2 L 1—00 L
and
1 1
hmI(a)—hmI(z——)—hm T - T
2 1) meocos(g—q)+sin(3-7)
1
=lim — = 1eI(X).
t=osin () +cos (;
Further

cos (1)
hm H(m) = lim T

=1e€ H(X),
(=0 sin ( )+c0s(1) € HX)

also

1 1
lim J(n,) = lim \/1 —cos (g - —) = lim /1 —-sin (—) =1eJX).
1—00 1—00 L

! 1—00
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This gives
limGa,=limIa,=limHn,=limJn, =1,
L—00 1—00 L—00 —00

where 1e G(X)NI(X) or 1€ HX)NnJ(X).
Hence G,H,I and J satisfy common EA-like property.

Now we prove a theorem satisfying common EA-like property on MMS.

3. Main Theorem
Theorem 3.1. Suppose in a complete MMS (X, 0), there are four mappings G,H,I and J holding

the conditions:

(3.1.1) HX)<I(X) and G(X)< J(X)

(3.1.2)

0Ga,la)d6(Hn,Jn) 6(Ga,dn)d a,Hn)
1+6(a,Jn) > 1+6(JIn,Ia)

0(Ga,Jn)dé(Hn,Jn) 6(Ga,la)d(Hn,Ia)
1+6(Jn,Ia) °  1+6Ua,Jdn)

0(Ga,Hn) < {max

"

(3.1.3) the pairs (H,J) and (G,I) are satisfying common E.A-like property,

where a,ne X and 1€ [0,%],

(8.1.4) the pairs (H,J) and (G,I) are weakly compatible mappings.

Then the above mappings will have a unique common fixed point.

Proof. We Begin with using|(3.1.1), then there is a point ag € X, such that 3 Gag=Ja; =1no.
For this point a; then there 3 ag € X such that Ha; =Iag =1;.
Continuing this process, it is possible to construct a sequence {n,} € X so that

N2 =Gag, =Jag,1 and ng41 =Hag 1 =Iag o for 1=0. (3.1

Now we show that {n,} is a cauchy sequence in MMS.

6(n2,M2i+1)
5(G s, Hags1) < {max 0(Gag,Iag)6(Hag 1, Ja2l+1)’ 6(Gay, J062[+1)5(Ia2l,H062L+1)’
1+6(Iag,Jag.1) 1+6(asg,Jdag1)
8(Gag,Jag1)0(Hag,11,das 1) 6(Gag,lag)d(Hag,1,laz)])|*
1+6(Iag,Jag 1) ’ 1+6(Iag,Jag+1) }
this gives
6(M2;,M2-1)0(M2ir1,m2) 6(n2,m206(a2-1,M2:41)
OU121:1211) < {max 1+6(M2-1,m29 ~ 1+6(N2-1,m2-1)
0(n21,m208(N2.41,12.) 6<nzt,nzl_1>6<nzl+1,nzl_1>] }A
1+6(Mma,n2i-1) 1+6(n2;,M2-1)

which implies

SN2, N211) < (Max[6(ne—1,M2-1), 62— 1,M2041), 5 M2011,M20), 6 (Mo, N2ir 1)
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on simplification
52 n2i+1) < BM2-1,n2: )Y,
(2, 112:41) < 16(2:-1,120, (M2 N2 DY,
61 Mg, n2is1) < 6 M2-1,m2.),

1-1
A

A
6(n2i,N2+1) < 5( )(7]2L—1,n2t)7

SN2, N2+1) < 8" (N2i-1,M2,), where h = ( ) €(0,1).

1-1
Now it gives
2 L
8M,n41) < 6" Mi-1,m) < 8" (2, M) < -+ < 8" (o, M)
By using the multiplicative triangle inequality ( </ we get

f ' l_
8(n,m1) < 6™ (10,1m1) < 67 (o, m1) < -+ <8 Lno,n1),

8(n,m1) < 57 (o, 11).
{n,} is a Cauchy sequence in MMS.
Now X being complete in MMS 3 ¢ € X such that }l%‘o 1, — ¢.
Therefore, the sub sequences {Gag,}, {{ag}, {Jag+1} and {Hag, 1} of {n,} also converges to the
same point ¢ € X.
Since on using the pairs (H,J) and (G,I) are satisfying common EA-like property 3
sequences {«,} and {n,} € X such that

}imGatz}imIaL:}imHnL:}im Jn, = ¢, (3.2)

where ¢p € (X)NJ(X) or p € G(X)NH(X).
Suppose ¢ € I(X) N J(X) we have

limGa,=¢el(X)then ¢p=1(v) forsomevelX.
[—00

We claim that Gv =1v.

Now let us consider that

limGa,=¢ for all veI(X) such that Iv=¢.

L—00

Put a =v and =, in|(3.1.2)|we get
Iv)6(H Iv,H
5(Gv. Hryy) < {max [6(Gv, v)6(Hn,,Jn) 6(Gv,Jn)6v,Hn,)

1+6v,Jn) = 1+6dv,Jdn)
5(Gv, Jn)5(Hn,,Jn,) 6(Gv,Iv)§(Hn,,Iv) }A
1+6Iv,dJn,) T 1+6Uv,dn)y)

this implies
0(Gu,P)o(p,p) 6(Gu,P)o(p,p) 6(Gu,P)d(p,p) 6(Gu,d)d(p,p)
1+6(,) ~ 1+6(p,p) ~ 1+8(p,p) T 1+8(¢,¢)

;

0(Gu,p) < {max[

which gives
0(Gv,¢) < {max[d6(Gv,),6(Gv,P), 6(Gv,(,b),6(Gv,gb)]}A,
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5(Gv, ) <[6(Gv,$)]* implies Gv = ¢

which gives
Gv=I1v=9¢. (3.3)
Since the self maps G and I are weakly compatible mappings then Gv = Iv and this gives
GIv=IGv
= Go=1I¢. (3.4)

Now let us assume that

lim Hn, = ¢ for some ¢ € X and p € J(X) such that Ju = ¢.

=00

Put a = @, and = p in[(3.1.2)| we get
0(Ga,la)o(Hu,Ju) 6(Ga,Ju)d(la,H
5(G“L,H,U)S{max (Ga,Ta)o(Hy,Jp) 6(Ga,Jwol e, Hp)

1+6(Ia,,Jv) ’ 1+6Ua,Jw ’
0Ga,JuW)oOHu,Juw) 6(Ga,la)sHu,Ia,) }’l
1+6Ua,Ju) 1+6Ua,,d w)

this implies

6(p, P)S(Hpu, ) 6(p,p)o(p, Hp) 6(p,p)6(H i, p) 5(¢,¢)5(Hu,¢)]}l

5‘¢’H“)S{ma"[ 1+0.9)  1+0@.9) ~ 1+0g) 1+

this gives

8(¢p, Hw) < (max[6(H , §), 6(Hp, ), 6(H , ), 5(H pr, p)}*
<[6(Hu,$)1* which implies Hyu = ¢.

Since the pair (H,J) is weakly compatible mappings, Hu = Ju since H(J u) = J(Hp), this gives
Hp=J¢. (3.6)

Put a = ¢ and n=v in[(3.1.2)|then we get
5(G¢,Hv) < {max [‘“G‘/”I P)OHV,Jv) 5(Gp, TV)OIH,HY)

1+6dp,dv) ° 1+06(Jv,I¢)
8(G, IVIS(Hv,Jv) 8(G,I$)5(Hv,Ip) }ﬂ
1+0(Iv,I¢)  ° 1+0Up,dv)

this implies
- 0GP, GP)o(p,p) 6(GP,Pp)5(G,P)
5(G¢,¢>_{max[ AR s
5(Go,P)5(p, ) 6(Gp,GP)o(P,GP)

1+6(p,GPp) ~  1+6(Go, )

}l
and this gives

5(G, ) < (max[6(Gp,GP),5(p,d),5(p,p),5(Gd, G,
0(Gop,p) <1, thisimplies G¢ = .

Gop=Ip=o. (3.7)
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Put a =p and n = ¢ in[(3.1.2) we get
§(GuHb) < {max [5(G,LL,I/J)5(H</>,J(P) 6(Gu,Jp)6(Iu, Hp)

1+6Uu,Jp) ~ 1+6WJp,Ip)
SGu, JP)SHP,J ) 8(Gu,ISEHp,Ip) })‘
1+6(Jp,Ip)  ~ 1+6Up,J¢)
which gives
SGu,IWSHP,IP) (G, J )5, Hp)
0(Gp,He)= {max [ 1vodmde)  1+oWplm
(G, JP)s(Hp,Jp) 6(Gu,Iw)b6(HP,In) }"
1+6Jp, )  ° 1+6UTu,J¢)
consequently
o(p,P)o(HP,Hp) 6(p,Hp)o(p, Hep)
6(¢p,Hp) < {max [ 1+6(p,HP) ~  1+6Hp,p)
8(p, HP)S(H, Hp) 5(¢p, p)SHp, P) }’L
1+8Hp, ) ° 1+6Hp,P)
which gives
1 A
o(p,Hp) < {maXm,5(<P,H(I)),5(H<P,H<P),5(H¢,¢>)} )

5(p, Hp) < (6(Hp,p)Y* this implies S(Hp,p) <1,
which gives Hp = ¢.
Hp=J¢p=¢.
By using (3.7) and (3.8) we have
Gop=Hp=Jp=1¢p=1.
Therefore ¢ is a common fixed point of G,I,J and H.

Uniqueness: Let ¢ and p be two common fixed points of G,H,J and I.

If possible ¢ # p, put a = ¢ and n = p in[(3.1.2) we get
5(p,0) = (G, Hp) < {max [‘“G‘/”I $)O(Hp,JTp) 8(G,Jp)dUIp,Hp)

1+6Up,Jp) ~  1+8(Jp,I¢p)
8(Gp,dp)S(Hp,Jp) G, Ip)S(Hp,IP) }*
1+8(Jp,Ip) ~  1+6Up,Jdp)

this implies

o(p,p) < {max [
which implies

8(, ) < tmax[1,8%(e, ), 5(h, 0), 5(eb, P},

8(,p) < {6(¢, p)Y!, which gives 6(¢,p) <1
and this implies ¢ = p.

5(p,p)o(p,p) 6(p, p)6(,p) 6(¢p, p)5(p,p) 8(p,P)5(p,P)
1+68(p,p) ~ 1+6(p,p) = 1+68(p,¢) ~ 1+6(¢,p)

Therefore ¢ is the unique common fixed point of G, H, I and J.

Commaunications in Mathematics and Applications, Vol. 13, No. 5, pp. [1363H1372| 2022

;

(3.8)

(3.9)



1370 A Fixed Point Theorem in Multiplicative Metric Space Based on Common...: M. Katta and S. Veladi

Now we present an example to validate our theorem.

Example 3.1. Let X = [0, 7] be define in MMS with 6(a,n) =/ V a,ne X.
Consider four self maps G, I, J and H as shown below:

i if0<a<2Z;

H@=Ga)= """ Ho=a=s
necos(a) ifg<a<m,

2 if0<a<Z;
J(a):I(a):{ © o TU==
@@ 1z <@ST.

Then G(X)=H(X)=[0,7]u(0, 7] while I(X)=J(X) = [0,%] U(—m,m]
— HX)cJ(X) and GX)cI(X).

Consider sequences {a,} as a, = % -= and ntasn, =m— l ast>0.
Now
1 1 1
11m Ga) = 11mG (z - —) = lim nsm(z - —) =limmcos(—)=n
2 1 1—00 2 1—00 l
and

1 1 2
lim I(a,) = hmI(z——) = hmZ(z——) =limn-—-=um,
1—00 I—oo \2 1 —oo \2 1—00 L

limGa,=limla,=n

L—00 L—00
Also
9 1 ) 9(1
11mH(nL)—hmH(n——)—[hmncos m—— :Lhmncos —|=n
—00 L —00 L
and
1 -7
hmJ(nl)—hmJ(n——)—hm T =7,
v) t=oosin(m—1)+cos (- ;)

hmHm hm Jm =7
which implies
limGa,=limIa,=limHn, =limJn, =n
1—00 1—00 1—00 1—00
where te G(X)NI(X) or 1€ HX)NnJ(X).
Therefore the self maps G and I satisfy the common EA-like property
so that the condition [(3.1.3)|is satisfied.
Moreover G(0) = 1(0), G(n) = I(x) and G (§) =1 (5) therefore 0, 7 and % are coincidence points.
Also
GI (g) =1G (g) , GI(m) = IG(r) and IG(0) = G1(0).

Hence the pair (G, ) satisfies weakly compatible mappings.
Now we prove the contractive condition in various cases.

CaseI: If a and n are in [0,%], then we have §(Ga,Hn) = o|Ga—Hn|

Put a =0, n =7, in|(3.1.2)|implies
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G(a)=0,H(n)=mn,I(a)=0 and J(n) = 7.
6(0,0),6(m, ) 6(0,7),6(m,0) 6(0,7),6(m, ) 6(0,0),6(,0)
1+60,7) ° 1+60,7) ° 1+60,7) ~ 1+6(0,m)

;

0(0,m) < {max[

this implies
e” < {max[e®,e?",e”, e"}* which gives e” = 2™,
Therefore A = 0.5, where A € [0, %]

Case II: If a,n € 7], then we have §(Ga,Hn) = elGa—Hnl

Put =35, n=m,in implies

G(a)=0,H(n) =0, I(a)=nm and J(n) = .

0(0,7),56(0,7) 6(0,7),6(m,0) 6(0,7),6(0,7) 6(0,7x),5(x,0)
1+6(r,n) > 1+6(,m) ~ 1+6(m,n) °~ 14+6(m,m)

;

0(0,0) < {max [

this implies

21

2 027 027 o2 which gives e” = 2™,

% < (max[e?”, %",
Therefore A = 0.5 ,where A€ [0, %]
Case III: If a € [0,2], n € (%, 7), then we have 6(Ga,Hn) = e!¢a~1l,

Puta=7%,n= %’T, in|(3.1.2)/implies

G(Oé)=%,H(77)=%,I(a):’2—’andJ(n):%
(755 ={ma 5(&3)0(53) 2 (53050 (& oo ) o[ 3)o 0|
ve'2)” 1+0(Z,2) T 1+8(L,2) T 1+6(L2) T 1+6(%,2)
this implies
S {e? \@51)”}1 which gives e” = 2™,

Therefore A = 0.5, where 1€ [0,3].
Hence the condition holds.
We observe that 7 is the unique common fixed point for the four self mappings.

4. Conclusion

In this paper, we established a common fixed point theorem in MMS by using the concept of
weakly compatible mappings and common EA-like property. Further, we also substantiated our

result with an appropriate example.

Competing Interests
The authors declare that they have no competing interests.

Authors’ Contributions
All the authors contributed significantly in writing this article. The authors read and approved

the final manuscript.

Commaunications in Mathematics and Applications, Vol. 13, No. 5, pp. [1363H1372| 2022



1372 A Fixed Point Theorem in Multiplicative Metric Space Based on Common...: M. Katta and S. Veladi

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

References

M. Aamri and D. El Moutawakil, Some new common fixed point theorems under strict
contractive conditions, Journal of Mathematical Analysis and Applications 270 (2002), 181 —
188, DOI:10.1016/50022-247X(02)00059-8.

M. Abbas and G. Jungck, Common fixed point results for noncommuting mappings without
continuity in cone metric spaces, Journal of Mathematical Analysis and Applications 341(1) (2008),
416 — 420, DOI:10.1016/j.jmaa.2007.09.070.

A. A. N. Abdou, Common fixed point results for compatible-type mappings in multiplicative
metric spaces, Journal of Nonlinear Sciences and Applications 9(5) (2016), 2244 — 2257,
DOI:/10.22436/jnsa.009.05.28.

A. E. Bashirov, E. M. Kurpinar and A. Ozyapici, Multiplicative calculus and its applications, Journal
of Mathematical Analysis and Applications 337(1) (2008), 36 — 48, DOI:|10.1016/j.yjmaa.2007.03.081.

S. M. Kang, P. Nagpal, S. K. Garg and S. Kumar, Fixed points for multiplicative expansive mappings
in multiplicative metric spaces, International Journal of Mathematical Analysis 9(39) (2015), 1939
— 1946, DOI: 10.12988/ijma.2015.54130.

K. Mallaiah and V. Srinivas, A result on multiplicative metric space, International Journal of
Advanced Science and Technology 29 (2020), 11760 — 11770, URL: http://sersc.org/journals/index|
php/IJAST/article/view/29846.

M. Ozavsar and A. C. Evikel, Fixed points of multiplicative contraction mappings on multiplicative
metric spaces, Journal of Engineering Technology and Applied Sciences 2(2) (2012), 14 pages,
DOI: 10.30931/jetas.338608.

R. P. Pant, R. K. Bisht and D. Arora, Weak reciprocal continuity and fixed point theorems, Annali
Dell’ Universita’ di Ferrara 57 (2011), 181 — 190, DOI:/10.1007/s11565-011-0119-3

W. Sintunavarat and P. Kumam, Common fixed point theorems for a pair of weakly compatible
mappings in fuzzy metric spaces, Journal of Applied Mathematics 2011 (2011), Article ID 637958,
DOI:10.1155/2011/637958.

V. Srinivas and K. Mallaiah, A result on multiplicative metric space, Journal of Mathematical and
Computational Science 10(5) (2020), 1384 — 1398, DOI: 10.28919/jmcs/4628.

V. Srinivas and K. Mallaiah, Some results on weaker class of compatible mappings in S-metric
space, Malaya Journal of Matematik 8(3) (2020), 1132 — 1137, DOI:/10.26637/MJM0803/0068.

V. Srinivas, T. Tirupathi and K. Mallaiah, A fixed point theorem using E.A property on
multiplicative metric space, Journal of Mathematical and Computational Science 10(5) (2020),
1788 — 1800, DOI: 10.28919/jmcs/4752l.

B. Vijayabaskerreddy and V. Srinivas, Fixed point results on multiplicative semi-metric space,
Journal of Scientific Research 12(3) (2020), 341 — 348, DOI:|10.3329/jsr.v1213.44754.

K. Wadhwa, H. Dubey and R. Jain, Impact of “E.A. Like” property on common fixed point
theorems in fuzzy metric spaces, Journal of Advanced Studies in Topology 3(1) (2022), 52 — 59,
URL: http://www.m-sciences.com/index.php/jast/article/view/43.

Commaunications in Mathematics and Applications, Vol. 13, No. 5, pp. [1363H1372| 2022


http://doi.org/10.1016/S0022-247X(02)00059-8
http://doi.org/10.1016/j.jmaa.2007.09.070
http://doi.org/10.22436/jnsa.009.05.28
http://doi.org/10.1016/j.jmaa.2007.03.081
http://doi.org/10.12988/ijma.2015.54130
http://sersc.org/journals/index.php/IJAST/article/view/29846
http://sersc.org/journals/index.php/IJAST/article/view/29846
http://doi.org/10.30931/jetas.338608
http://doi.org/10.1007/s11565-011-0119-3
http://doi.org/10.1155/2011/637958
http://doi.org/10.28919/jmcs/4628
http://doi.org/10.26637/MJM0803/0068
http://doi.org/10.28919/jmcs/4752
http://doi.org/10.3329/jsr.v12i3.44754
http://www.m-sciences.com/index.php/jast/article/view/43

	Introduction
	Preliminaries
	Main Theorem
	Conclusion
	References

