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1. Introduction

One of the areas of interest in nonlinear functional analysis is the examination of the existence
and uniqueness of fixed points of specific mappings within the context of metric spaces. The key
accomplishment in this direction is the Banach contraction mapping principle, and numerous
metric spaces have been investigated in metric spaces. The fixed point theory has applications
in many areas including approximation theory, homotopy theory, integral, integro-differential,
and impulsive differential equations.
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Bhaskar and Lakshmikantham [8] demonstrated the existence and uniqueness of a coupled
fixed point in the setting of partially ordered metric spaces, and numerous coupled fixed point
and coincident point results have been published in the literature, since the publication of this
article. Some examples of these works are the ones listed in [[1,4-8, 10~12].

Mustafa and Sims [|16[], were introduced the idea of a G-metric space in 2006. The authors
discussed the topological characteristics of this space and demonstrated the G-metric equivalent
of the Banach contraction mapping concept by using the concept of mixed monotone property.
Following that, many authors created various fixed point results in G-metric spaces (see
[2-6,(14-17]). Khan et al. [9]] introduced and proved fixed point results by the altering distance
in metric space.

The goal of this study is to demonstrate that there is a unique common coupled fixed point
for four mappings that satisfy generalised contractive criteria in G-metric space and that
necessitate modifying the distance function. Examples of applications to homotopy theory and
integral equations are also given. These results extend and generalise a number of recent,
well-recognized, and congruent findings in the literature.

2. Preliminaries

First we will discuss the basic definitions of G-metric spaces.

Definition 2.1 ([16]). Let P be a non-empty set and let G : P x P x P — [0,00) be a function
satisfying the following properties:

Bo) G(p,q,r)=0if p=q=r;

(B1) 0<G(p,p,q) for any p,q € P with p # q;

(Bg) if G(p,p,q)<G(p,q,r) for all p,q,r € P with q #r;

(Bs) G(p,q,r)=G(Plp,q,r]), where P is a permutation of p,q,r (symmetry);

(By) G(p,q,r)<G(p,x,x)+G(x,q,r) for all p,q,r,x € P (rectangle inequality)
then G is said to be a G-metric on P and pair (P,G) is said to be a G-metric space.

Definition 2.2 ([16]]). A G-metric space (P,G) is said to be symmetric if
G(p,q,9)=G(q,p,p), forallp,qe?.
Definition 2.3. ([16]) Let P be a G-metric space. A sequence {p,} in P is called:
(a) G-Cauchy sequence if for every e > 0, there is an integer ng € Z* such that for all
n,m,l =no, G(pn,pm,p1) <e€.

(b) G-convergent to a point p € P if for each € > 0, there is an integer ng € Z* such that for all

n,m=no, G(pnapmap) <e.
A G-metric space on P is said to be G-complete if every G-Cauchy sequence in P is G-convergent
in P.

For more properties of a G-metric we refer the reader to [16].
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Definition 2.4 ([8]). Let P be a nonempty set and let F : P> — P be a mapping. If F(p,q) = p,
F(q,p)=q for p,q € P then (p,q) is called a coupled fixed point of F.

Definition 2.5 ([11]). Let F : P> — P and f : P — P be two mappings. An element (p,q) is said
to be a coupled coincident point of F' and f if

F(p,9)=fp, F(q,p)=fq.

Definition 2.6 ([10]). Let F : P2 — P and f : P — P be two mappings. An element (p, q) is said
to be a coupled common point of F' and f if

Fp,9)=fp=p, F(g,p)=fq=q.

Definition 2.7 ([1]]). Let (P,G) be a G metric space. A pair (F, f) is called weakly compatible if
f(F(p,q))=F(fp,fq) whenever for all p,q € P such that

F(p,9)=fp, F(q,p)=fq.

A new category of contractive fixed point results was addressed by Khan et al. [9]]. In their
study they introduced the notion of an altering distance function which is a control function
that alters distance between two points in a metric space.

Definition 2.8. The function ( : [0,00) — [0,00) is called an altering distance function if
the following properties are satisfied:
(i) ¢ is continuous and nondecreasing,

(1) ()=0 < t=0.

3. Main Results

Theorem 3.1. Let (P,G) be a G-metric space. Suppose { :[0,00) — [0,00) is an altering distance
function and y :[0,00) — [0,00) is a lower semi continuous function with y(t)=0 < t=0.
Moreover, suppose that R,T : P> — P and f,g:P — P be a four mappings satisfying the following:
Forall a,b,p,q in P

((G(R(a,b),R(a,b),T(p,q)) <{(AM(a,b,p,q))— x(AM(a,b,p,q))+LN(a,b,p,q). (8.1
(a) R(P?) < f(P), and T(P?) < g(P),
(b) either (R,g) or (T,f) are w-compatible,

(c) one of g(P) or f(P) is complete,
where

M(a,b,p,q) = max{max{G(ga,ga, p),G(R(a,b),T(p,q),fp),G(R(a,b),R(a,bd), [ p),
G(R(a,b),ga,fp),G(R(a,b),fp,T(p,9)),G(fp,R(a,b),ga),
G(R(a,b),R(a,b),ga),G(T(p,q),T(p,q),f ),

max{G(gb,gb,fq),GR(b,a),T(q,p),fq),GR(b,a),R(b,a),fq),
G(R(b,a),8b,fq),G(R(b,a),fq,T(q,p)),G(fq,R(b,a),8y),
G(R(b,a),R(b,a),gb),G(T(q,p),T(q,p), [}
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and
N(a,b,p,q) =min{min{G(ga, ga, fp),G(R(a,b),T(p,q),fp),G(R(a,b),R(a,b), [ p),
G(R(a,b),ga,fp),G(R(a,b),fp,T(p,q),G(fp,R(a,b),ga),
G(R(a,b),R(a,b),ga),G(T(p,q),T(p,q),fp)},
min{G(gb,gb,fq),GR(b,a),T(q,p),fq),GR(b,a),R(b,a),fq),
G(R(b,a),gb,fq),G(R(b,a),fq,T(q,p)),G(fq,R(b,a),gb),
G(R(b,a),R(b,a),gy),G(T(q,p), T(q,p),f D}
with L =0 and 0 < A <1. Then there is a unique common coupled fixed point of R,T,f and g
in P.
Proof. Let ag,bg € P be arbitrary, and from we construct the sequences {a2,}, {b2,}, {agn},
{Ba2n}, in P as
R(agn,bon) = fagn+1 = agn, R(ban,a2n) = fbon+1 = Bon,
T(agn+1,b2n+1) = 8a2n+2 = A2n+1, T(b2n+1,a2n+1) = §bon+2 = Pon+1, Wheren=0,1,2,....
Then, from (3.1), we can get
((G(agn, a2, a2n+1)) = (IG(R(agn,b2n),R(ag,, ban), T(azn+1,b2n+1))]
<{(AM(agn,b2on,a2n+1,b2n+1)) — Y(AM(a2n,b2n,a2n+1,b2n+1))
+ LN(agn,b2n,a21+1,b2n+1), (3.2)
where
M(agn,bon,a2n+1,b2n+1)
= max{max{G(gazn,gazn,fa2,+1), GR(azn,b2,), T(a2n+1,b2,+1), fa2n+1),
G(R(agn,bgn),R(agn,bon), fagn+1), G(R(agn,bon), 8a2n, fagn+1),
G(R(agn,b2n), fagn+1,T(@2n+1,b2n+1)),G(f agn+1,R(azn, b2n), 8a2n),
G(R(azn,bzn),R(asn,b2n),8a2,),G(T(a2n+1,b2n+1), T(a2n+1,b2n+1), faz2n+1)},
max{G(gb2,,8b2n,fban+1),GR(b2n,a2,), T(b2n+1,a2n+1), fb2n+1),
G(R(ban,az2n),R(ban,a2n), fbon+1), GR(bon,a2n),8b2n, fban+1),
G(R(b2n,azn), fban+1,T(b2n+1,a21+1)), G(f ban+1,R(ban,a2n),8b2n),
G(R(b2n,a2,),R(bon,a2,),8b21),G(T(b2n+1,a20+1), T(bon+1,a2n+1), fb2n+ 1)
= max{max{G(ag,-1,@2,-1,@2,), G(A2n, A2 +1, A21), G(A2n, A2, A2n), G(A2n, A2 -1, A22),
G(agn, @2n, ¥2n+1), G(A2n, A2n, A2n-1),G(A2n, A2n, X2n-1),G(A2n 11, X2n+1, A2n)},
max{G(B2n-1,B2n-1,P2n)s G(B2n, Bon+1, B2n); G(Ban, Ban, P2n)s G(P2n, Ban-1, P2n),
G(B2n, Ben, Ban+1), G(Ban, Ben, P2n-1), G(Ban, Ban, B2n-1), G(Ban+1, Bon+1, B2n )}
= max{max{G(agn-1, d2n-1, @21), G(A2n, A2n, A2n+1)},
max{G(B2n-1,B2n-1,B2n), G(B2n, Bon, Ban+1)}}-
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By similar arguments we obtain

N(agn,b2n,a2,+1,b2,+1) = min{min{G(ag,—1,@2,-1,a2,),0,G(a2,, a2, A2,+1)},

min{G(ﬁQn—l, ﬁ2n—19 ,62n),07G(,32n, 1627L7 ,62n+1)}} = 0

Now, we want to show that
G(agn-1,a2,-1,a2,) = G(agy, X2n, X2,+1)
and

G(B2n-1,P2n-1,P2n) = G(B2n, Bon, Pon+1)

for each ne N.
Assume that

G(agn-1,a2n-1,@2n) < G(agn, a2n, A2n+1)
and

G(B2n-1,P2n-1,B2n) < G(Ban, Bon, B2n+1)
for some n € N, then we have

M(azn,bon,a2n+1,b2n+1) = max{G(azgn, A2n, ¥2n+1), G(B2n, B2n, Bon+1)}
Then from (3.2), we can get

((G(agn, agn, a2n+1)) < ((Amax{G(ag,, @2n, @2n+1), G(B2n, Bon, Pon+1)})

— x(Amax{G(ag,, @2,, @2n+1), G(B2n, B2n, B2n+1)})
< {(Amax{G(azn, @27, @2,+1), G(B2n, B2n, Bon+ D).

Since ( is increasing, we get

G(agn, agn, a2n+1) < Amax{G(agn, @2n, ¥2n+1), G(B2n, P2n, Bon+1)}-
By similar arguments we obtain

G(B2n; Ban, Pan+1) < Amax{G(agn, Agn, ¥2n+1), G(B2n, Pon, Bon+1)}-
Combining and (3.4), we can get

(3.3)

(3.4)

max{G(agn, ¥2n, ¥2n+1), G(B2n, Ban, Pon+1)} < Amax{G(az,, a2, a2n+1), G(B2n, Bon, Pon+1)}

which is a contradiction, because 0 < A < 1. Thus, G(ag,_1, @on—_1, @on) = G(ag,, don, a9, +1) and

G(B2n-1,B2n-1, B2n) = G(Ban, Bon, Bon+1)-
Therefore by above inequality we get

max{G(azn, A2n, ®2n+1), G(B2n, Bon, Pon+1)}
< Amax{G(agn-1, ®2n-1, 2n), G(B2n-1, Ban-1, Ban)}-
By similar arguments we obtain
max{G(agn-1,@2n-1, @2n), G(B2n-1, B2n-1, Pon)}
< Amax{G(agn-2, @2n-2, ®2n-1), G(B2n-2, B2n-2, B2n-1)}-
From and (3.6), we have

max{G(an,, &y, an-1), G(ﬁn;ﬁn:ﬁn—l)}
=< /'LmaX{G(an—ly an—lyan—2)9G(IBn—17 :671—17 :671—2)} Vnz2,
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where 0 < A < 1. Hence, for V n =2, it follows that
max{G(ap, A, An-1),G(Bn, Bn, Br-1)} < A" T max{G(a1, a1, @), G(B1, 1, Po)}.
Thus, we have
G(&n, @, @p-1) < A"~ max{G(az, a1,20),G(B1, B1, fo))
and
G(Bu Bn»Br-1) < A" Tmax{G(az, a1, a0),G(B1,B1, Bo)}-
By use of the rectangle inequality, for n > m, we get
G(an, an,am) = G(am, Am+1, Am+1) + G(Amt1, An, An)
<G(Um, Am+1, Am+1) + G(Am 42, Am+2, Am+1) + G(Am 42, An, )
= G(am, Om+1, Am+1) + G(Am12, A2, Ams1) + - + GAn-1, A, An)
<A™+ A" 4+ A" Y max{G(ag, a1, a0), G(B1, B1, Bo)}
<A™+ AL A2 1 ymax(Glay, a1, @), G(B1, 1, Bo))

m

= 1_/1maX{G(“laalaao),G(ﬁl,ﬁl,ﬁo)} — 0 as m — oo.

By similar arguments, we obtain G(8,, B, Bm) — 0 as n,m — oco. This shows that {a,},{8,} are
Cauchy sequences in the G-metric space (P,G). Suppose g(P) is complete subspace of (P,G),
then the sequences {a,},{f,} are convergence to 7,x respectively in g(P). Thus, there exist

a,b € g(P) such that
lim a9, =1=ga, lim fo,=x=gb.
n—oo n—oo

We claim that R(a,b) =7 and R(b,a) = x.By using (3.1I), we have
({(G(R(a,b),R(a,b),7)) = r}i_%lo((G(R(a,b),R(a,b), @2n+1))

< (A lim M(a,b,a5041,b90+1)) - 1 (A lim M(a,b,a20+1,b2n+1))

n—oo n—oo

+L lim N(a,b,a2,+1,b2n+1)

n—oo

< {(Amax{GR(a,b),7,7),G(R(b,a),x,x)})
— y(Amax{G(R(a,b),1,7),G(R(b,a),x,x)}) + L(0)
< {(Amax{G(r,R(a,b),R(a,b)),G(x,R(b,a),R(b,a))}).
Because of
lim M(a,b,azn+1,b2n+1)

= lim max{max{G(ga, ga,as,),G(R(a,b),as,+1,x2,),G(R(a,b),R(a,b),az,),

n—oo

G(R(a,b),ga,az,),G(R(a,b),as,, as,+1),G(az,,R(a,b),ga),
G(R(a,b),R(a,b),ga),G(agn+1,x2n+1,q2n)},

max{G(gb,gb, f2n), G(R(],a), P2n+1,P2n), G(R(b,a),R(b,a), B2n),
G(R(b,a),8b, B2r), G(R(b,a), Ban, Pon+1), G(P2n, R(b,a), gb),
G(R(b,a),R(b,a),gb),G(B2n+1, B2n+1,Pon)}}

Commaunications in Mathematics and Applications, Vol. 14, No. 2, pp.[611 , 2023



Some Applications via Common Coupled Fixed Points in G-Metric Spaces...: G. U. Reddy et al. 517

= max{max{G(ga,ga,1),G(R(a,b),7,7),G(R(a,b),R(a,b),1),G(R(a,b),ga,T),
G(R(a,b),7,7),G(1,R(a,b),71),G(1,7,1)},
max{G(gb,gb,x),G(R(b,a),x,x),G(R(b,a),R(b,a),x),G(R(b,a),gb,x),
G(R(b,a),x,x),G(x,R(b,a),x),G(x,x,x)}}
=max{G(R(a,b),7,7),GR(b,a),x,x)}
and

llm N(a,b,a2n+1,b2n+1)

n—oo

= lim min{min{G(ga, ga, as,),G(R(a,b), a2, +1,a2,),G(R(a,b),R(a,b),as,),

G(R(a,b),ga,a2,),G(R(a,b),agn,asn+1),Glagy,R(a,b),ga),
G(R(a,b),R(a,b),ga),G(az,+1,A2n+1, 20},
min{G(gb, gb, B2,),G(R(b,a), Ban+1,P2n), G(R(b,a),R(b,a), f2n),
G(R(b,a),8b, B2n),G(R(b,a), Ban, Pon+1), G(P2n,R(D,a),8D),
G(R(b,a),R(b,a),gb),G(B2n+1, B2n+1,P2n)}}
= min{min{0,G(R(a,b),7,7)},min{0,G(R(b,a),x,k)}}
=0
which follows that G(R(a,b),7,7) < Amax{G(R(a,b),7,7),G(R(b,a),x,x)}. Similarly, we can prove
that G(R(b,a),x,x) < Amax{G(R(a,b),7,7),GR(b,a),k,x)}.
Therefore, we have
max{G(R(a,b),7,7),G(R(b,a),x,x)} < Amax{G(R(a,b),7,7),GR(b,a),x,x)}

which is impossible. Hence G(R(a,b),7,7) = 0 and G(R(b,a),x,x) = 0 which implies that
R(a,b) =1 and R(b,a) = «. It follows that R(a,b) =7 = ga and R(b,a) = x = gb. Since {R, g}
is weakly compatible pair, we have R(7,x) = g7, R(x,7) = gx. Now we prove that gt =7 and
gK =K.
By using and taking the limit as n — oo, we have

¢((G(gT,g7,7)) = lim ((G(gT,87,a2n+1))

= ’}LI{JOC(G(R(T,K),R(T,K),T(a2n+1,b2n+1)))

< (A lim M(x,x,a3041,b2041)) = 7 (1 lim M(z,K,a5n+1,b20+1))

+L lim N(7,x,a9,+1,b2n+1), 3.7

n—oo
where

r}il&M(T,K,azn+1, bo,+1) = max{max{G(gTt,g71,7),G(R(7,x),7,7),G(R(7,x),R(7,%),T),
GR(r,x),g71,7),G(R(1,x),T,T),
G(t,R(1,x),1),G(1,7,T)},
max{G(gk, gx,x),G(R(x,1),x,x),G(R(x,1),R(x,T),x),
GR(x,1),2x,x),G(R(x,T),K,K),
Gx,R(x,1),x),G(x,x,K)}}
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=max{G(gT,1,7),G(gK,K,k)}
and
I}Lm N(a,b,a9,+1,b2n+1) = min{min{G(g7,g7,7),G(R(1,%),7,7),G(R(7,%),R(1,%),T),
GR(r,x),g71,7),G(R(7,x),T,T),
G(,R(7,x),1),G(1,7,7)},
min{G(gx, gx,x),G(R(x,T1),x,x),G(R(x,1),R(x,T),%),
GR(x,1),8x,%x),G(R(x,T),k,K),
Gx,R(x,1),x),G(x,x,x)}}
= min{min{0,G(g7, 1, 7)},min{0,G(gk,x,«)}}
=0.
From (3.7), we have
{(G(gT,T,1)) < {(Amax{G(gT,T,7),G(gKk,x,x)}) — y(Amax{G(gT,7,7),G(gK,k,x)}) + L(0)
<{(Amax{G(gTt,1,7),G(gK,Kx,K)})
which implies that G(g7,7,7) < Amax{G(grt,7,7),G(gK,k,x)}.
Similarly, we can prove that G(gx,«,x) < Amax{G(gT,1,7),G(gK,K,K)}.
Therefore, we have
max{G(grt,1,1),G(gK,«x,x)} < Amax{G(gT,7,7),G(gK,Kx,K)}
which is impossible. Hence G(g7,7,7) = 0 and G(gx,x,x) = 0 which implies that g7 =7 and
gx =«. It follows that R(r,x) =7 = g7 and R(x,7) = x = gk. Thus (1,x) is coupled fixed point of
R and g. Since R(P?) < f(P), so there exist p,qg € P such that R(r,x)=7=fp, R(x,71)=x =fq.
By using (3.1) and taking the upper limit when n — oo, we have
((G(r,7,T(p,) = lim {(G(agn, a2, T(p,q))
= I}LI{OIO((G(R(azn’ b2n),R(02n, b2n), T(p’ q), ))

< ((A,}L%M(azn’b%’p’q)) —X()lnli_%oM(azn,an,p,Q))
+ LT}LIEON(azn,b%,p,q)

< {(Amax{G(7,7,T(p,q)),G(x,x,T(q,p)})
- y(Amax{G(r,7,T(p,q)),G(x,x,T(q,p)}) + L(0)
<{(Amax{G(z,7,T(p,q)),G(x,x,T(q,p)).

Because of
r}i_%loM(azn, bon,p,q) = max{max{G(r,7,fp),G(,T(p,q),fp),G(t,7,fp),G(t,7,fPp),
GGa,fp,T(p,9),G(fp,7,7),G(1,7,1),G(T(p,9), T(p,q),f p)},
max{G(x,x, fq),Gx,T(q,p),fq),Gxk,x,fq),G(x,x, fq),
G(,fq,T(q,p),G(fq,x,x),G(x,x,x),G(T(q,p), T(q,p), f}}
=max{G(r,7,T(p,q)),G(x,x,T(q,p))}
and
r}i_rgoN(agn, baon, p,q) =min{min{G(z,7,fp),G(,T(p,q),f p),G(t,7,fp),G(1,T,[p),
G(,fp,T(p,9),G(fp,7,7),G(1,7,7),G(T(p,q), T(p,q), f p)},
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min{G(x,x,fq),G(x,T(q,p),f Q),G(x,x,fq),G(x,x,fq),
G(,fq,T(q,p),G(fq,x,x),G(x,x,x),G(T(q,p), T(q,p), f )1}

= min{min{0,G(z,7,T(p,q))},min{0,G(x,x,T(q, p))}}

=0
which follows that G(r,7,T(p,q)) < Amax{G(r,7,T(p,q)),G(x,x,T(q,p))}. Similarly, we can
prove that G(x,«x,T(q,p)) < Amax{G(7,7,T(p,q)),G(x,x,T(q,p))}
Therefore, we have

max{G(z,7,T(p,q)),G(x,x,T(q,p))} < Amax{G(z,7,T(p,q)),G(x,x,T(q, p))}
which is impossible. Hence G(7,7,T(p,q)) = 0 and G(x,x,T(q,p)) = 0 which implies that
T(p,q) =1 and T'(q,p) = «. It follows that T(p,q) =7 = fp and T(q,p) =« = fq. Since {T, [}
weakly compatible pair, we have T'(1,x) = ft and T'(x,7) = fx. Now we prove that ft =1, fx =x,
((G(r,7,f7) = lim {((G(azn, agn, [ T))

= r}i_{go((G(R(azn, bon),R(agn,b2,),T(7,x)))

< (A lim M(agn,ban,7,1)) = x (A lim M(agn,ban,7,%)) +L lim N(asn,ban,7,€)
<{(Amax{G(7,7,f1),G(x,x, fx)}) — y(Amax{G(7,7, f1),G(x,k, fx)}) + L(0)
<{(Amax{G(1,1,f1),G(x,x,fK)}).
Because of
’}L%M(azn, bon,7,x) =max{max{G(,7,f1),G(,T(1,x), f1),G(7,71,f1),G(1,7,f7),
G@,f1,T(1,x),G(ft,1,1),G(T,T,T)},
max{G(x,x, fx),G(,T(x,1),fx),G(x,x,fx),G(x,x, %),
G, fx,Tx,1),G(fx,x,x),G(x,x,x)}}
=max{G(7,1,1),G(K, X, fx)}
and
r}ilgloN(azn, baon,T,x) =min{min{G(z,7,f1),G(z,T(1,x),f1),G(1,7,f1),G(7,7,fT),
G(,f1,T(7,x),G(f,7,71),G(7,7,7T)},
min{G(x,x, fx),G(x,T(x,1), fx),G(K,x, fx),Gx,x,[K),
Gk, fx,T(x,1)),G(fx,x,x),G(x,K,x)}}
=0
which deduce that G(z,1, /1) < Amax{G(7,1,[71),G(x,k, fx)}.
Similarly, we can prove that G(x,«, fx) < Amax{G(t,1, f1),G(x,k, fx)}.
Therefore, we have max{G(r,7,f7),G(x,x,fx)} < Amax{G(7,7,f1),G(x,x,fx)} which is
impossible. Hence G(7,7,f7) = 0 and G(x,x,fx) = 0 which implies that f7 =7 and fx = «.
It follows that T'(7,x) =7 = f1 and T(x,7) = x = fx. Thus (7,x) is common coupled fixed point of

R,T,f and g. In the following we will show the uniqueness of common coupled fixed point in
P. For this purpose, assume that there is another coupled fixed point (7/,x’) of R, T, g, f. Then,
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from (3.1), we have
{(G(1,7,7) = {(GR(7,x),R(1,x), Tz ,x")))
<{(AM(t,x,7’,x")— y(AM(z,x,7’,x")) + LN (1,x,7’,%)
<{(Amax{G(1,1,7"),G(x,x,x)}) — y(Amax{G(1,1,7"), G(x,x,x")}) + L(0)
< ((Amax{G(1,1,7"),G(x,%,)}).
Because of
M(z,x,7',x") = max{max{G(g1,g7,f1),GR(1,x), T(r' ,«'), f1),GR(1,x),R(1,x), 1),
GR(1,x),g71,f1),GR(,x), 1, T ,«)N,GTE ,«), fr', T ,«")),
G(f1',R(1,x),81),G(R(1,%x),R(1,x),87)},
max{G(gx, gk, fx),GRx,1), T, 1), fx),GRx,1),R(x,1),fK'),
GR(x,1),8x,fx),GR(«,1),fx',T«',7"),G(T ", T, fx', T 1),
G(fx',R(x,7),8x),G(R(x,T),R(x,T),8K)}}
=max{G(1,7,7),G(x,x,«")}
and
N(1,x,7’,x") = min{min{0, G¢(z,7,7)}, min{0, G(x,x,x")}} =0

which deduce that G(t,7,7’) < Amax{G(z,1,7"),G(x,x,x')}.

Similarly, we can prove that G(x,«,x’) < Amax{G(1,1,7'),G(x,x,x")}.

Therefore, we have max{G(t,7,7'),G(x,x,x")} < Amax{G(z,1,7’),G(x,x,x’)} which is impossible.
Hence G(7,7,7') = 0 and G(x,x,x’) = 0, which implies that 7 = 7/ and x = . Therefore, (7,x) is
uniqueness of common coupled fixed point of R, T, f and g. In the similar lines follows we get
the unique common fixed point in P. O

From Theorem assuming L = 0 we deduce the following result:

Corollary 3.2. Let (P,G) be a G-metric space. Suppose ( :[0,00) — [0,00) is an altering distance
function and y :[0,00) — [0,00) is a lower semi continuous function with y(t)=0 < t=0.
Moreover, suppose that R,T : P2 — P and f,g: P — P be a four mappings satisfying the following:

{(G(R(a,b),R(a,b),T(p,q)) <{(AM(a,b,p,q))— x(AM(a,b,p,q))
(@) R(P>) < f(P), and T(P?) < g(P),
(b) either (R,g) or (T,f) are w-compatible,

(c) one of g(P) or f(P) is complete,
where M(a,b,p,q) be defined in Theorem and 0 < A < 1. Then there is a unique common
coupled fixed point of R,T,f and g in P.

Corollary 3.3.Let (P,G) be a complete G-metric space. Suppose that R : P> — P be a
mapping such that G(R(a,b),R(a,b),R(p,q)) < Amax{G(a,a,p),G(b,b,q)} for all a,b,p,q € P
with 0 < A <1, then there is a unique coupled fixed point of R in P.
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Example 3.4. Let P =[0,00) and G(x,y,z) = max{|x — yl|,|y —zl|,|z — x|}, (P,G) is a complete G-
. . +

metric spaces. Let R,T: P2 — P and g, f : P — P be given by g(x) = 4x, f(x) = x and R(x,y) = %,

T(x,y)= x%y.

The terms ((¢) and x(¢) :[0,00) — [0,00) defined as, {(¢) = % and y(¢) = % for all ¢ € [0,00). Then

obviously, R(P?) c £(P), T(P?) c g(P) and the pairs (R, g),(T, f) are w-compatible. Now we have

2
{(G(R(a,b),R(a,b),T(x,))) = EG(R(a, b),R(a,b),T(x,y))

< %max{lR(a,b) T, y)l)

1 {a+b x+y}
= —max -
2 2 8

1
= 1—6max{l4a +4b—x—yl}

= 7o max{max({j4a — x],0}, max{|4b — y|,0}}
< % (% max{max{G(ga,ga, fx),0},max{G(gb, gb, fy),()}})
< ; (%max{max{G(ga,ga,fx),O},max{G(gb,gb,fy),o}})

1(1
“F (E max{max{G(ga,ga, fx),0},max{G(gb,gb,fy), O}})
<{(AM(a,b,x,y))— x(AM(a,b,x,y))+LN(a,b,x,y).
Thus all the conditions of the Theorem [3.1| are satisfied and (0,0) is unique common coupled
fixed point of 7' and f.

4. Application to Integral Equations

In this section, we study the existence of an unique solution to an initial value problem, as an
application to Corollary

Theorem 4.1. Consider the initial value problem

d
T =Staw, tel=I0,11, %0)=x0, (4.1

f(fS(s,x,x)ds

where S : I xR? — R and xo € R with tS(s,x, )ds = max
0 Jo Y fgS(s,y,y)ds

}. Then there exists
unique solution in C(I,R) for the initial value problem (4.1).
Proof. The integral equation corresponding to initial value problem is

X=X +f0tS(s,x,x)ds.

Let P=C(,R) and G(x,y,z)=|x—y|+|y—2z|+|z—x]| for x,y,z € P.
Define ¢, y :[0,00) — [0, 00) by(z%, xzi. Define R,T:P2—-Pand g,f: P — P by

X0 ¢ X0 t
R(x,y)= —+f S(s,x,y)ds, T(x,y)= —+f S(s,x,y)ds,
8 0 16 Jo
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t t
f:x0+16f S(s,x,x)ds, g:2x0+16f S(s,x,x)ds.
0 0

Now
{(G(R(a,b),R(x,y),T(p,q))

2
- gG(R(a,b),R(x,y),T(p,qr))

2
= g(IR(a,b) —R(x,y)|+|R(x,y)-R(p,@)| +|R(p,q) - R(a,b)])

4

+

t t
% +f S(s,(a,b)ds — 2 +f S(s, (x,y))ds
8 0 8 0

o, [f _Po f
3 +f0 S(s,(x,y))ds 16+ 5 S(s,(p,q))ds

t t
+ @+f S(s,(p,q))ds—a—°+f S(s,(a,b))ds
16 Jo 8 Jo

}

< —4max{|g(a)—g| +lg=fl+If —gla),lg—gl+1g—f(@l+|f(q)—gl}
< —max{G(ga,gx,fp),G(gb,gy,fq)}

1
< — (5 max{G(ga,gx,fp),G(gb,gyafq)})

2
1 1(1
(5maX{G(ga,gx,fp),G(gb,gy,fq)}) - Z(5maX{G(gaagxyfp)yG(gb7gy’fq)}

1
- (5 max{max{G(ga, gx, f p),0}, max{G(gb, gy, q), 0}})

<{(AM(a,b,x,y,p,q)) — x(AM(a,b,x,y,p,q)).

It follows from Corollary we conclude that the equation (4.1) has a unique solution in
C(,R). O

5. Application to Homotopy Theory

In this section, we study the existence of an unique solution to Homotopy theory.

Theorem 5.1. Let (P,G) be completg G-metric space, U and U be an open and closed subset
of P such that U <U. Suppose H:U x[0,1]1 — P be an operator with following conditions are

satisfying,
(to) x # H(x,y,x), y # H(y,x,x), for each x,y € 0U and « €[0,1] (here U is boundary of U
in P),

(t1) G(H(x,y,x),H(x,y,x),H(a,b,x)) < Amax{G(x,x,a),G(y,y,b)} for all x,y € U and «x €[0,1],

(t9) AM =05 G(H(x,y,x),H(x,y,x),H(x,y,0) < Ml|x — | for every x,y,a,b € U and «,{ €[0,1].
Then H(-,0) has a coupled fixed point <= H(-,1) has a coupled fixed point.
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Proof. Let the set
X ={e€l0,1]: H(x,y,x)=x,H(y,x,x) =y for some x,y,z,w,e U}.
Since H(-,0) has a coupled fixed point in U2, we have that (0,0,) € X2. So that X is non-empty set.
Now we show that X is both closed and open in [0, 1] and hence by the connectedness X =[0,1].
As a result, H(-,1) has a coupled fixed point in U2. First, we show that X closed in [0,1]. To see
this, Let {x,} 2, € X with x,, > x €[0,1] as n — co. We must show that x € X. Since x, € X for
n=0,1,2,3,---, there exists sequences {x,},{y,} with x,+1 =H(Xn, Yn,Xn), Yn+1 =HYn,%n,Kn).
Consider
G(xn+1,%n+1,2%n+2) = GUEH Xn, Y, Kn), Hp, ¥y, Kn), H(Xp+1, Yn+1,Kn+1))
= G(H(xn, yn,%n), H(xn, yn,Kn),
H(xp+1,Yn+1,Kn)) + GUH (Xn11, Yn+1,Kn), H(Xn 41, Yn+1,Kn),
H(xp+1, Yn+1,Kn+1))
= GH@xn, yn,kn), H@n, yn,Kn), H(Xn+1, Yn+1,Kn)) + M|Kp — K41l

Letting n — oo, we get

nli_)rgoG(xn+1,xn+1,xn+2) = I}LIEOG(H(xnayna Kn)y H(xXn, Yn,Kn), H(Xp 41, Yn+1,Kn))

= lim Amax{G(xn,%n,¥n+1), G(Yn, Y, yn+ 1} (5.1)
Similarly, we can prove
r}i_)rgoG(yn+1,yn+l>yn+2) = r}i_)rgoﬂmaX{G(xn’xn,xn+l)a G(Yn, Y, Yn+1)} (5.2)

Combining both (5.1) and (5.2), we have

r}i_%lomaX{G(xn+1>xn+1,xn+2)>G(yn+1,yn+17yn+2)} = ’}i_)I{.lo/lmaX{G(xn,xnaxn+1)>G(ynayn>yn+1)}

< lim A" max{G(xo,x0,x1), G0, ¥o, y1)}

n—oo
=0.
Therefore, lim G(x;+1,%n+1,%n+2) =0 and lim G(y,+1,Yn+1,Yn+2) = 0. By use of the rectangle
n—o0 n—oo
inequality, for n > m, we get

Lim G(x,,%5,xm) < lim G(xXn,Xm+1,Xm+1)+ Im G(xpi1,%n,%5),
m—00 m—0o0 m—00

< lim G(xm,Xm+1,%m+1) + lim G(xpi2,Xm+2,Xme1) +-+-+ lim G(xp-1,%,,%5,)
m—oo m—oo m—oo

=0.

By similar arguments, we obtain G(y,,yn,ym) — 0 as m — oo. This shows that {x,}, {y,} are
Cauchy sequences in the G-metric space (P,G) and by completeness of (P,G), there exist a,b € P
with ,}Lm Xni1=0a, ,}Lm Yn+1 =b. By using (71), we have
G(H(a,b,x),H(a,b,x),a) = Y}L%G(H(a,b,K),H(a,b,K),H(xn+1,yn+1,1<))
< lim Amax{G(a,a,x,+1),G(b,b,yn+1)}.

n—o0
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Thus, we have
max{G(H(a,b,x),H(a,b,x),a),GH(b,a,x),H(b,a,«),b)}
< ’}Lngoﬂmax{G(a,a,xn+1),G(b,b,yn+1)} =0.

It follows that H(a,b,x) =a,H(b,a,x)=b. Thus x € X. Hence X is closed in [0, 1]. Let x¢ € X,
then there exist xg,yo € U with xo = H(xg, y9,%0), yo = H(y9,%0,%0). Since U is open, then there
exist r > 0 such that Bg(xg,x9,7) S U. Choose « € (kg — €,k¢ + €) such that [x —xg| < % < %, then
for x € Bq(xg,x0,7) = {x € X/G(x,x,x0) < r+ G(x0,x0,%0)}. Also

GH((x,y,x),H(x,y,x),x0)
=G(H(x,y,x),H(x,y,x),H(xo,y0,%0))
<GH(x,y,x),H(x,y,x),H(x,y,x0)) + GH(x,y,x0), H(x,y,x0), H(x0, y0,%0))
< M|x —xol + G(H(x,y,x0),H(x,v,%0),H(x0, y0,%0))

=

s +G(H(x,y,x0), H(x,y,%0), H(x0, y0,%0))-
Letting n — oo, we obtain
G(H(x,y,1),H(x,y,x),x0) < G(H(x, y,%0), H(x,,Kk0), H(x0, y0,%0))
< Amax{G(x,x,x0),G(y,y,y0)}.
Thus, we have
max{G(H(x,y,«),H(x,y,x),x0)GH(y,x,x), H(y,x,x), y0)}
< Amax{G(x,x,x0),G(y,y, y0)}

< Amax{r + G(xg, x9,x0),7 + G(0, ¥0,y0)}.

Thus, for each fixed « € (xg—€,x0+€), H(-,x) : Bg(x,x0,r) — Bg(x9,x0,7), H(:,x) : Bg(y0,y0,7) —
Bg(vo,y0,r). Then all conditions of Theorem are satisfied. Thus, we conclude that H(-,x)
has a coupled fixed point in 52. But this must be in U?. Since (7¢) holds. Thus, x € X for any
K € (kg —€,x9 +€). Hence (xg—€,x9+¢€) € X. Clearly, X is open in [0,1].

For the reverse implication, we use the same strategy. O

6. Conclusion

We ensured the existence and uniqueness of a common fixed point for four mappings via
generalized contractive condition in G-metric space which involve altering distance function.
Two illustrated applications have been provided.
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