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1. Introduction

The Menger space is hot spot for researchers because it has various applications in mathematics
as well as other fields. Due to its novelty, expansion, continuity, contribution attracted many
researchers to work on this field. The notion of fuzzy set is coined by Zadeh [12]. In continuation
Kramosil and Michalek [2] initiated the Structure of fuzzy metric space. In Menger space
the topology was given by Schweizer et al. [7] through t-norm. After words many researchers
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contributing their results by extending the concepts from metric space to Menger space and
fuzzy metric space. In this aspect, Mishra [4] use the concept of compatible mappings this
channelize to generate fixed points in Menger space. Mishra et al. [5]] used the concept of weakly
compatible mappings in fuzzy metric space and generated some results. Singh and Devi [[10]]
generated coincidence points in Menger space by applying absorbing maps. By employing the
CLR; property Reddy and Srinivas [6] obtained some results in fuzzy metric space. Shrivastav et
al. [9] introduced fuzzy Menger space by generalizing Menger space. Singh et al. [11] generated
coincidence points in fuzzy Menger space by employing the concepts of common property
(E.A) and weakly compatible mappings. Some more results can be witnessed by Sharma and
Sharma [8]. The aim of the paper is to generate two common fixed point theorems by using
common property (E.A), absorbing maps and occasionally weakly compatible mappings in fuzzy
Menger space.

2. Preliminaries

Definition 2.1 ([11]]). A non-empty set Y and a mapping F,from Y x Y into the collection of all
fuzzy distribution functions F, € R for all a € [0, 1] make up a fuzzy probabilistic metric space
(FPM-space) (Y,F,) and the fuzzy distribution function is expressed by F(a,b) and Fy(q »)(w)
is the value of Fy(, ) at u in R.

The function Fy(, p) for all a €[0,1] is to satisfy the following properties:

(@) Foap(u)=1l<a=0,

(0) Fo,6)(0)=0,

(©) Fap,a)=Faia,b)

(d) if Faepy(uw)=1and Fyp () =1 = Fyeeou+v)=1,

for all a,b,c€Y and u,v > 0.

Definition 2.2 ([1]). A binary operation ¢4: [0,1]x[0,1] —[0,1] is stated as ¢-norm if
() typla,1)=a, t40,0)=0,

(ii) typla,b)=ty(b,a),

(iii) ty(a,tp(b,c)) =ty(tpla,b),c),

(iv) if cza,d 2b = ty(c,d) = ty(a,b),
for all a,b,c,d €[0,1].
Definition 2.3. A fuzzy Menger space (Y,Fq,t) is formed by (Y,F,)FPM-space, ¢, where ¢ is
t-norm and satisfy triangle inequality

Fo(a,0)(u +0) = t3(Fo(q,0)(1), Fop,0)(0)),

forall a,b,c€eY and u,v >0 and a €[0,1].

Example 2.4. If (Y,d) is metric space then F,: Y xY — L given by
@) Fa(a,b) = Ha(x—d(a,b)): a, be 13, for all a € [0, 1],
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and if ¢4: [0,1] x[0,1] — [0, 1] is given by
(ii) ty(c,d) = min{c,d}, then (J,Fq,tp) forms fuzzy Menger space. Further, it is complete
whenever (Y,d) is complete.
Definition 2.5. In fuzzy Menger space (Y,F,,t) two mappings y,6: Y — Y are compatible if
Foysanoyan(ty) — 1, forall ¢y >0,

whenever (a,) €Y in order for ya,,6a, — p for some pey.

Definition 2.6 ([11]). Let (Y,F,,ty) is fuzzy Menger space. Two pairs (a,f), (y,0) of self
mappings are said to satisfy the common property (E.A) if there exists two sequences (c,,), (d,;)
in Y and for some p €Y such that

lim a(c,) = lim B(cp)= lim y(d,)= lim 6(d,,)=p.

m—oo m—oo m—oo m—oo

If a =y and B =6 then we say the self mappings a,  are mentioned to hold the property (E.A).

Example 2.7. Let (Y,F,,¢4) be a fuzzy Menger space, where Y = [0, %] and define

_la-b|

td) .
Fogapte) = e ) ?f typ >0,
0, if t(p = 0,

(2.1)

forall a,b€Y.
Define the self mappings «a,f,y,0 on Y as
a(a) = sin(wa),
B(a) = cos(ma),
(@) = (V2)sin®(ra),
0(a) = (\/§)cos2(na), forallae Y.

Then, there exist sequences (¢,,), (d;,) in X with

1 1
= — 4+ —
(cm) 2t

1
dp)=-+2, forallm=1
4 m

such that
1

i _E'H
V2 ove

Thus, the four self mappings satisfied common property (E.A).

lim a(c,,) = lim B(cy)= lim y(d;)= lim 6(d,,)=
m—0o0 m—0o0 m—0o0 m—0o0

Definition 2.8 ([11])). Two mappings v,6: Y — Y are weakly compatible in fuzzy metric space if
these are commuting at their coincidence points.

Definition 2.9 ([10]). Two mappings y,d: Y — Y are occasionally weakly compatible in fuzzy
metric space if there is a coincidence point at which the mapping commutes.

The following example demonstrates that OWC not necessarily weakly compatible.
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Example 2.10. Define the mappings are

3
y(a):2sin2(7m), for all a € 0,§ ,
. 3
6(a) =sin(ra), foralla € 0,51.
Then the mappings coincide ata:%,l,O;however ata:%:
1 94 2( 1)_21_1
y6—s1n n6—4 5’
1 1) 1
o= :sin(n—):—,
6 6/ 2
1) (1)_1
"6)~°\6) " 2
1 1 1
Y6 (6) :7/(5) = 2sin? (ni) =2,
1 1 1
5')/(6):6(5)2811’1(7[5):1

y(1) = 2sin®(n1) = 0,
0(1)=sin(n1) =0,
y(1)=6(1)=0,
y6(1)=y(0)=0,
0y(1) = 6(0) = sin(7r0) = 0.
Resulting y6(1) = 6y(1) but y5 () # 8y (3). Hence the result.

Definition 2.11 ([1]). Here we extend the notion of absorbing maps from Menger space to fuzzy
Menger space as: Let y,6 are two mappings on fuzzy Menger space (Y,Fg, ) if
(i) vy is 6-absorbing if 3 R € Z" such that

Fosasya)te) = Fosaya) (%) , forall aeV.

(ii) 6 is y-absorbing if 3 R € Z™ such that
Fatya,ys0)tp) = Fatyasa) (%p) , forall aely.

(iii) 7y is called point wise §-absorbing if for given a € X, 3 R € Z* such that
Fosasya)te) = Fosa,ya) (%) , forall aely.

(iv) ¢ is point wise y-absorbing if for given a € Y, 3 R € Z* such that

t
Fa(ya,y&a)(t(l)) = Fa(ya,&a) (E(p) , forall a€l.
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The following example explains that point wise absorbing maps are not necessarily weakly

compatible.

Example 2.12. By defining y(a) = 3%, for all a € R as well as 6(a) = 33¢, for all @ € R then the
mapping are point wise absorbing but not commutes at a =3, i.e., 6y(3) # y6(3). Further

t
F o(50,5y0)() = F o(50,y0) (}—3) .
Definition 2.13 (Implicit relation [3]]). Take ® be the collection of all continuous real valued

functions
$o(R)): [0,1] = R,
non-decreasing in the argument satisfies as under:
(i) for a,b =0, ¢y(a,b,a,b,1)=20 = a=b.
(i1) ¢o(a,1,1,a,1)=0 or ¢y(a,a,1,1,a)=0 or ¢y(a,l,a,1,a)=0 = a=1.

Example 2.14. Defying
4 3 2 1 1 1
¢o(ta, thyte,td,te) = gta - gtb - gtc + gtd + gte - g .

Then 3 2 1 1.1
-b-=-b+-a+-1-=-=20a-b=0implies a = b.

4
(i) ¢o(a,b,b,a,1)=0 implies sa-gb-zbtzats
(ii) ¢o(a,1,1,a,1)=0 implies a —1 =0 implies a > 1

or
¢o(a,1,a,1,a) =0 implies 3“5—_3 >0 impliesa=1

or
¢Pola,a,1,1,a) =0 implies 2“5_2 >0 implies a > 1.

Thus ¢, € ®.

The following theorem proved by Singh et al. [11]].
Theorem 2.15. Let p,q, [ and g be four self-mappings on a fuzzy PM space (X,Fq,t¢) satisfying

the following:
(i) the pair (p,f) and (q,g) shares the common property (E.A),

(ii) for any p,qe X, €D, for all ty >0,
OF a(pa,qp)tp), Fafa,gp)(tp), Fafa,pa)tp) Fagb,gb)(tp), Fa@p pa)(te)) =0,

(ii1) f(X)andg(X) are closed subsets of X,

(iv) the pairs (p,f) and (q,g) are weakly compatible.
Then the pairs (p,f) and (q,g) have a point of coincidence each. Moreover p,q,f and g have a

unique common fixed point.

Now we generalize above theorem as under.

Commaunications in Mathematics and Applications, Vol. 15, No. 2, pp. [777 , 2024



782 Some Outcomes on Fuzzy Menger Space via Common Property (E.A) and Absorbing Maps: K. Satyanna et al.

3. Main Results

Theorem 3.1. Let d,e,f and g be four self-mappings on a fuzzy PM space (,Fq,ty) having
(i) the pairs (d,f) and (e, g) are sharing the common property (E.A),

(ii) forany a,be, p€ @, forall ty >0,
(P(Fa(da,eb)(t([)),Fa(fa,gb)(tcp),Fa(fa,da)(tgb),Fa(gb,eb)(tcp),Fa(gb,da)(tcp)) =0, 3.1)

(ii1) f(Y) and g(Y) are having closed property in Y.
(iv) d is point wise f-absorbing and the pair (e, g) is occasionally weakly compatible.
Then the four mappings d,e, f and g have a unique common fixed point in Y.
Proof. By (i) the pairs (d, ) and (e, g) are sharing the common property (E.A) implies 3 (¢,,)
and (d,;) €Y such that
lim dc¢p, = lim fe,, = lim ed,, = lim gd,, =, (3.2)
m—0o0 m—0o0 m—0o0 m—00
for some pey.
By (iii), f(Y) and g(Y) closed subsets of Y resulting

p=lim fenef(d) and p=lim gdn € g(y)
implies

pef(Y) and peg(y).
So that there exist « and v in Y such that u=fu = gv.
Claim y=du.
By assigning a =u, b =d,, in (3.1),

PEF aduedn) ), Faru,gdn) o) Fafu,du) ) Fagdm,edmn) o) Falgd,,du)(te)) =0

as m — oQ.

Using and u=fu,
O a(du,wEp)s Fa(um(te)s Fau,dw) ) Faw(Ee), Faqu,duw(te)) =0
DEF o du )y 1, Faqudu)(tp), L F au,du)te)) = 0.
From Example [2.14{ii) implies
Fo@uw(ty) =1 implies Foqu m(ty) =1.
Thus p =du, implies
p=du=fu=guv. (3.3)
Claim ev = p.
By assigning the valuesa=u, b=v in and using (3.3),
PEF a(du,ev)tp)s Faifu,go)tp)s Fo(fu,du)te), Faigo,en)tp), Fagu,du)te)) =0,
PEF a(,e)p)s Fau, iy p)s Fau, o)y Faqu,en)(Ep)s Fagup(Eg)) = 0,
GF auen)tp), 1,1, Fo(uen)(ty), 1) = 0.
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From Example [2.14{ii) implies
Foen)(tp) =21 = p=ev.
Therefore from (3.3), we have
p=du=fu=ev=gv. (3.4)
The pair (e, g) is OWC resulting ev = gv = egv = gev — eu=gpu.
Claim ey = p.
By employing a = u, b = p in (3.1),
PF aduep)tp), Faru,gwto)s Fafu,du) (), Faguew o) Fagudu(te)) = 0.
Using 3.4), g = ep,
PEF a(uen)tp)s Faquew o) Fauw(tp) Faepen o) Faep,w(te)) =0,
GEF (e )y Faguemtp)s 1,1, Faep,(te)) = 0.
By Example [2.14[ii),
Foeupw(ty) =1
implies ey = .

Therefore,
gu=eu=p. (3.5)
Since du = fu = gv = u. d is point wise f-absorbing implies 3 R € Z* such that
t
Fo(fu,rau)te) = Fofu,du) (%) :

fu=fdu=ffu= p=fp
Claim u=du.
By employing a = u, b = u in in (3.1),
PEF adp,en)tp)s Faifugw o), FarudwEo) Faguew ), Fagudw(te)) = 0.
Using and u=fu,
GF o) Ep)s FatunEp)s FogudwEp), Faum®, Faq,dw(te)) = 0,
PE a(dp(t), 1L Faudaw(Ee), L Foudute)) = 0.
By Example [2.14(ii),
Fo@uw(ty) = 1.
This implies du = .
Therefore,
fu=dpu=gu=ep=p. (3.6)

Hence u is common fixed of four mappings.
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Uniqueness: Assume 6 be another such point of mappings d,f,e and g.

By (3.1),
PEF a(dp,e0)Ep), Fa(ru,go)Ep), Fa(rudw(te), (Fago,e0)(tp), Fagodwte)) = 0.
Using (3.6),
O (1,00t 0), Fa(u,0)t ) Fa(um(tp), (Fa0,0)(tp), Fao,1)(tp) = 0,
PFa(u,0)(tp), Fa(u,0)(tp), 1,1, Fa,1(tp)) = 0.
By Example [2.14[ii),
Foom(te) =1,
Fooumitp)=1= p=0
Hence the theorem. O

Now our theory substantiated by following example.

Example 3.2. Let (Y,F,,ts) be a induced fuzzy Menger space, where Y = [0,2]. Define
the mappings as

v2cos(na), ifac|0,3],

d(a)=e(a)=10, ifae(3,1], (3.7)
a, if a (1,2,
V2sin(ra), ifae€ |0, %] ,

fl@)=gl@)=11, ifae(3,1], (3.8)
y if g € (1,2].

Choose (a,,) =2~ Y2, forall m = 1.

Then, from (3.7) and (3.8),

2
lim da,, = lim (2 - £) =2, (3.9
m—oo m—oo m
(. v2°

lim fa, = lm —-|2-— |[=2. (3.10)

m—oo m—oo m
From (3.9) and (3.10),

lgn da, = 11_1}1 fa,=2. (3.11)
Thus, the pairs (d, f) and (e, g) satisfy the common property (E.A).
Ifael0,3],

d(f(a),fd(a)) <Rd(f(a),d(a))
—  d(v2sin(na), V2sin(n(v2cos(ra))) < Rd(V2sin(rwa), V2 cos(na)).
Itis true for 2<R.
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Ifae(i,1],
d(f(a),fd(a)) <Rd(f(a),d(a))
= d(1,0)<Rd(1,0)
= 1=<R.
Ifae(1,2],

d(f(a),fd(a)) < Rd(f(a),d(a))

2 2 2
— d(“—,“—) st(a—,a)

2° 2 2
= O0=<R.
Hence we can choose R = 2.
Moreover, from (3.7) and (3.8), f(Y) = g(Y) =10,2] are closed subsets and the mapping d is point
wise f-absorbing and the pair (e, g) is occasionally weakly compatible but not weakly compatible.
Because 3 a = 2 with e(2) = g(2) implies eg(2) = ge(2), where as at a = 1, e(3) =g(3) =1,
eg(z)=e(1)=0, ge(3) =g(1) =1 = eg(3) #ge(3)-
Moreover at a =2, d(2) = f(2) =e(2) = g(2) = 2.
Therefore, a = 2 is the unique common fixed point mappings d,f,e and g and fulfilled all
conditions of Theorem [3.1]

Now we discuss another theorem.
Theorem 3.3. Let d, e, f and g be four self-mappings on a fuzzy PM space (J,Fq,ty) having
(1) the pairs (d,f) and (e,g) are sharing the common property (E.A),
(ii) forany a,b€, p€ @, forall ty >0,
PF a(da,eb)tp)s Faifa,gh)tp)s Fa(fa,da)(tp), Faigbeb)tp), Fagp,da)te)) =0,

(ii1) f(Y) and g(Y) are having closed property in Y,

(iv) the mappings d,e are point wise f-absorbing, g-absorbing, respectively.
Then, the four mappings d,e,f and g have a unique common fixed point in Y.
Proof. By (i) the pairs (d, f) and (e, g) are sharing the common property (E.A) implies 3 (c,,)
and (d,;) €Y such that

lim dc¢p, = lim fc¢,, = lim ed,, = lim gd,, =y, (3.12)
m—0o0 m—0o0 m—0o0

m—00

for some peY.
By (iii) £(Y) and g(Y) closed subsets of Y resulting u = ”lll_xgo femef(Y)and u= L}LI&gdm egy)

implies p € f(Y) and p e g(Y).
So that there exist u and v in Y such that u=fu = gv.

Claim u=du.
By assigning a = u,b =d,, in (3.1),
OEF a(du,edm)Ep)s Faifu,gdm)Eo) Faru,dw) ) Fagdm,edm)tp) Fa(gd,,duwtep)) =0 as m — oo.
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Using and u=fu,
P a(du,wEo)s Fa(umt o), Fau,du)tp) FauEe), Faqduw(te) =0,
PF a(du,w(Ee)s 1, Fauduw)tp), 1, Fau,du)(te)) = 0.

From 2.4(ii) implies
Foduw(ty) =1 implies Faqy u(tp) =1.

Thus u =du implies
u=du=fu=_gv.

Claim ev = p.

By assigning the values a = u,b =v in and using (3.13)),
DEF o du,e)p)s Faifu,go)tp)s Foaru,du)Ee), Faigo,en)tp), Fagu,du)(te)) = 0,
PEF a(,e)p)s Fa, iy p)s Fa, o)y Fa(u,en)(E)s Fagup(Eg)) = 0,
PEF o pe0)tp), 1,1, Fouen)(te), 1) = 0.

From Example [2.14{ii) implies
Fopen(tp) =21l = p=ev.

Therefore, from (3.13), we have
p=du=fu=ev=gv.

The mapping d is point wise f-absorbing implies 3 R € Z* such that

Ly
Fa(fu,fdu)(t(p) = Fa(fu,du) (—) .

Eq. implies !
fu=fdu=ffu.
This gives
p=rfp.
Claim pu=dy,
By employing a = u, b =v in (3.1),
O(F a(dpen)tp), Fofugo)tp), Fairudw(Ee)s Faguen)tp), Fago,dw(te)) = 0.
Using (3.17),
PEF () Ep), Fair i Ep)s FairpdwEp)s FaumEe)s Faqdw(te)) = 0.
This consequences
DEF o dpuwte), L Fouaw(te), 1, Foqudw(te)) =0,
Foaup(te) = 1.
This implies dy = .
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Hence
du=fu=p.

The mapping e is point wise g-absorbing implies 3 R € Z* such that

t
Fa(gv,gev)(t(p) = Fa(gv,ev) (E(p) .

Then, from (3.19),
gu =gev =ggu.

This implies
H=8H.

Claim ey = p.

By assigning a = u, b = u in (3.1), using (3.21)
¢(Fa(du,ep)(t¢),Fa(fu,g,u)(t(p),Fa(fu,dp)(td)),Fa(g;t,ep)(t(p),Fa(gu,du)(t(p)) =0,
(P(Fa(p,ey)(td))’Fa(u,u)(ttp):Fa(u,y)(t(p):Fa(u,eu)(td))’Fa(u,u)(t¢)) =0,
(P(Fa(p,ep)(t({)): 1, lyFa(p,e,u)(t([)): = 0,

Fouew(ty) = 1.

Hence
©=epu.

From (3.18), (3.20), (3.21) implies we get
du=fu=eu=gu=p.

Uniqueness follows from Theorem

Now our theorem is validated by discussing suitable example.

Example 3.4. Let (Y,F4,ty) be a induced fuzzy Menger space, where Y = [0,v/2]
the mappings as

v2cos(2ma), ifa€l0,1],
d(a)=e(a)={ 0, ifae (1],
a, iface (%,\/Q],
v2sin(2ma), ifa€0,1],
fl@=g@=<1, iface (3 3],
2 .
a—ﬁ, iface (%,\/5]

Choose (a,,) = V2 - %, for all m = 1.
Then from (3.23) and (3.24),

lim da,, = lim (\F—i) =2,

m—o00 m—o00 m
li ~ 1im [va-L')-va
i fam = oy V2T |7V
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From and (3.26),

lim day, = lim fay = V2. (3.27)
Thus the pairs (d, f) and (e, g) satisfy the common property (E.A).
Ifael0,1],

d(f(a),fd(a)) <Rd(f(a),d(a))
— d(\/ﬁsin(2na), V25in(27(V2 cos(27a))) < Rd(\/ésin(Zna), V2cos(27a)).
It is true for 2<R.

Ifae (3],
d(f(a),fd(a)) =Rd(f(a),d(a))
= d(1,0)<Rd(1,0)
— 1<R.
Ifac (%,\/5],
d(f(a),fd(a)) < Rd(f(a),d(a))
a® a? a?
= d(E’E)SRd(E’a)

— O0=<R.

Hence, we can choose R = 2.

Moreover from (3.23) and (3.24), f(Y) = g(Y) = [0, V2] are closed subsets, the mappings d,e
are point wise f-absorbing and point wise g-absorbing. Further, the pairs (d,f), (e,g) are
occasionally weakly compatible but not weakly compatible.

Because 3 a = 2 with e(2) = g(2) implies eg(2) = ge(2), where as at a = %, e(%) = g(%) =1,
eg(g)=e()=1, ge(3) =g(1) = 7 = eg(3) # ge(3).

Moreover at a = v2, d(v2) = f(V2) = e(v2) = g(v/2) = V2.

Therefore, a = V2 is the unique common fixed point mappings d,f,e and g and fulfilled all
conditions of Theorem [3.3l

4. Conclusion
We generalized Theorem [2.15|in fuzzy Menger space by using

(i) the pairs (d,f), (e,g) are sharing the common property (E.A) along with the map d is
f-absorbing and the second pair (e, g) is occasionally weakly compatible mapping in
Theorem

(i) the pairs (d,[), (e,g) are sharing the common property (E.A) along with the mappings d,
e are assumed to be point wise f-absorbing and point wise g-absorbing respectively in
Theorem [3.3]

Further, these two theorems are justified by a suitable examples.
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